Soc Choice Welfare (2000) 17: 125-141

Social Choice
maWelfare

© Springer-Verlag 2000

Double implementation of Lindahl allocations by a pure
mechanism

Guogiang Tian

Department of Economics, Texas A&M University, College Station, TX 77843, USA
(e-mail: gtian@tamu.edu)

Received: 19 August 1997/Accepted: 16 November 1998

Abstract. This paper considers the issue of designing mechanisms whose Nash
allocations and strong Nash allocations coincide with Lindahl allocations for
public goods economies when coalition patterns, preferences, and endow-
ments are unknown to the designer. It will be noted that the mechanism
presented here is feasible and continuous, and the implementation result is
obtained without defining an artificial preference profile on prices announced
by individuals. In addition, unlike most existing Nash-implementing mecha-
nisms which need to distinguish the case of two agents from that of three or
more agents, this paper provides a unified mechanism which is irrespective of
the number of agents.

1 Introduction

The incentive issue is a basic problem that any social (especially economic)
organization needs to consider when participants have private information,
and may use such information strategically to advance their own interests. A
basic principle of mechanism design then must require an organization to
provide individuals with appropriate incentives so that individuals’ interests
are compatible with the goals of the organization. Implementation theory,
which regards mechanisms as unknown, deals with precisely this problem by
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designing a game form (rules of the game) such that a prespecified welfare
criterion is guaranteed to be achieved by the game across a large domain of
possible environments. That is, constructing a mechanism such that the set of
equilibrium outcomes of the mechanism coincides with the set of socially de-
sirable alternatives for all environments under consideration.

In the general equilibrium approach to the efficient provision of public
goods, the Lindahl equilibrium has been commonly used in the literature. As
is well known, the Lindahl mechanism, however, is not incentive-compatible,
in the sense that it has a free-rider problem. Since Hurwicz (1972) formalized a
general model to deal with the incentive problem of economic organizations,
many incentive-compatible mechanisms have been proposed to implement the
Lindahl correspondence for various economic environments, including those
in Hurwicz (1979), Hurwicz et al. (1995), Walker (1981), Nakamura (1989),
Tian (1989, 1990, 1993), Li, Nakamura, and Tian (1995), and Tian and Li
(1995) for complete information and Tian (1996a) for incomplete information.

However, all of the foregoing mechanisms only considered implementation
of Lindahl allocations by using Nash equilibrium or Bayesian Nash equilib-
rium as a solution concept to describe individuals’ self-interested behavior.
(Bayesian) Nash equilibrium is a strictly noncooperative notion and only
concerned with single individual deviations at which no one’s position can be
improved by unilateral deviation from a prescribed strategy profile. No co-
operation among agents is allowed. As a result, although a Nash equilibrium
may be easy to reach, it may not be stable in the sense that there may exist a
group of agents whose positions can be improved by forming a coalition. Thus
it is natural to adopt the strong Nash equilibrium which allows all possible
cooperation (coalitions) among agents. Thus, to have a solution concept
combining the properties of Nash and strong Nash equilibria, it is desirable to
construct a mechanism which doubly implements a social choice rule by Nash
and strong Nash equilibria so that its equilibrium outcomes are not only easy
to reach, but also hard to leave. Also, by double implementation, the solution
concept can cover the situation where agents in some coalitions will cooperate
and in some other coalitions will not, and thus the designer does not need to
know which coalitions are permissible and consequently it allows the possi-
bility for agents to manipulate coalition patterns.

While the domain of Nash implementable social choice rules (correspond-
ences) is relatively large, the domain of strong Nash implementable social
choice rules is much smaller, as is the domain of double implementable social
choice rules in Nash and strong Nash equilibria. Maskin (1979) proved that
any social choice rule which satisfies no veto power cannot in general be
implemented in strong Nash equilibrium when the domain of preferences is
unrestricted. However, when the domain of economic environments is
restricted, the results can be positive. Maskin showed that the social choice
correspondence, which selects all Pareto-efficient and individual allocations,
are doubly implementable in Nash and strong Nash equilibria. Suh (1997)
further provided a necessary and sufficient condition for a social choice cor-
respondence to be doubly implementable in Nash and strong Nash equilib-
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rium for a class of economic environments. By applying his characterization
result, Suh (1997) investigated double implementation of Lindahl allocations
in Nash and strong Nash equilibria. However, due to the general nature of the
social choice rules under consideration, the implementing mechanisms turn
out to be quite complex. Characterization results show what is possible for the
implementation of a social choice rule, but not what is realistic. Thus, like
most characterization results in the literature, Suh’s mechanism is not natural
in the sense that it is not continuous; small variations in an agent’s strategy
choice may lead to large jumps in the resulting allocations. Further, it has a
message space of infinite dimension.

Recently, Peleg (1996b) gave a feasible and continuous mechanism with a
finite dimensional message space, which attempts to doubly implement Lin-
dahl allocations. The main drawback of his mechanism is that the mechanism
is not a pure mechanism in the sense that a preference relation is artificially
introduced for individuals to rank announced prices. In other words, his im-
plementation result is obtained based not on the original preferences defined
on the allocation space, but on the re-defined preferences on the outcome/
message space which consists of allocations and price determinations (see
Peleg (1996b, p. 318)). In Peleg’s approach, an individual is not only a player,
but also an inside auctioneer. Unlike the usual auctioneer defined in the liter-
ature, the auctioneers defined in Peleg (1996b) not only announce and adjust
prices, but are also as assigned preferences on the level of prices announced. In
an incentive mechanism design, the preferences of agents should be given, not
assigned, since it is private information to the designer. The designer cannot
vary an agent’s preferences since they are in fact determined by the agent
himself. Thus, it leaves a question as to there is a pure natural mechanism
which is feasible and continuous, and, further, doubly implements the Lindahl
correspondence in Nash and strong Nash equilibria.

A similar situation prevailed with regard to double implementation of the
(constrained) Walrasian correspondence in Nash and strong Nash equilibria
until Tian (1996b) presented a pure continuous and feasible mechanism which
doubly implements the constrained Walrasian correspondence in Nash and
strong Nash equilibria.

This paper will affirmatively answer this question by giving a pure feasible
and continuous mechanism which doubly implements the Lindahl correspon-
dence in Nash and strong Nash equilibria. Our implementation result is
obtained without changing individuals’ preferences and thus improves the
mechanism proposed in Peleg (1996b) so as to avoid introducing artificial
preference relations for prices announced by individuals.! In addition, our
mechanism works not only for three or more agents, but also for a two-agent
world. While most of the mechanisms mentioned above need to distinguish

1 We also use a weaker assumption that preferences are increasing only in private
goods while Peleg (1996b) assumed that preferences are increasing in both private and
public goods.
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the case of two agents from that of three or more agents, this paper gives a
unified mechanism which is irrespective of the number of agents. Further, our
implementation result holds on a large domain of economic environments,
including some non-neoclassical economic environments. No continuity as-
sumption on preferences is needed, and, further, preferences may be nontotal
or nontransitive. Finally, our mechanism is simple and natural. Not only does
it have a finite dimensional message space, but also a type of ““‘market game”
which is similar to the Lindahl rule: the strategies of the mechanism are
“prices” and ‘“‘quantities”, and agents’ consumption is chosen from their
budget sets.

The plan of this paper is as follows. Section 2 sets forth a public goods
model and gives some notation and definitions. Section 3 presents a mecha-
nism which has the desirable properties mentioned above. Section 4 shows that
this mechanism doubly implements the Lindahl correspondence in Nash and
strong Nash equilibria. Finally, concluding remarks are offered in Section 5.

2 The model

2.1 Economic environments

In a public goods economy, there are n agents (n > 2) who consume L private
goods and K public goods, x being private and y being public. Denote by
N ={1,2,... n} the set of agents. Each agent’s characteristic is denoted by
e; = (W;, P;), where w; € ]Rf . 1s the initial endowment of private goods and P;
is the strict (irreflexive) preference relation defined on ]RfLK which may be
nontotal or nontransitive. We assume that there is no initial endowment of
public goods, but that public goods can be produced from private goods. Let
% be the production possibility set. A generic element of % is (r, y), where
re —]Ri is the vector of private goods inputs and y e IRf is the vector of
public goods outputs. An economy is the full vector e = (ey,...,e,,%). The
following assumptions are made on e:

Assumption 1. P; is convex?, strictly monotonically increasing in private goods,
and nondecreasing in public goods.

Assumption 2 (Indispensability of private goods). (x;, y)Pi(x], y') forall i € N,

X; € IRiJr, Xj € GIRJI;, and y,y' € IRf, where GIRf: is the boundary 0f]Ri.

Assumption 3. The production possibility set % is a closed convex cone; 0 € ¥,
(—lRﬁ,O) S ¥ (free disposal); and for any y € lRf, there is an r € —]Ri such
that (r,y) e %¥.

Remark 1. Observe that under Assumption 3, if (r, y) € %, then (¢, y) € # for
any ' <rand (r,y’) € % for any y’ < y (cf. Debreu 1959, p. 42).

2 P; is convex if for bundles a,b,c with 0 < A < 1 and ¢ = Za + (1 — 1)b, the relation
a P; b implies ¢ P; b.
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Remark 2. Assumption 2 cannot be dispensed with. Tian (1988) showed that
(constrained) Lindahl allocations violate Maskin’s (1977) monotonicity con-
dition even under the strict monotonicity and convexity of utility functions,
and thus cannot be Nash-implemented by a feasible mechanism. Conse-
quently, it cannot be dispensed with for double implementation in Nash and
strong Nash equilibria.

2.2 Lindahl allocations and core allocations

An allocation (x,p) = (x1,...,X,, p) is feasible if (x,y)e R and
(XCimi Xi = Xl Wi, y) €.

An allocation (x*, y*) is a Lindahl allocation for an economy e if it is fea-
sible and there is a price vector p* € ]R_f and personalized price vectors g; €
]Rf , one for each i, such that

1) p*-xf+qf-y*=p*-wiforallie N,
2) (xi, y)Pi(x}, y*) implies p* - x; + ¢} -y > p*-w; foralli e N;
3Gy +prrt =gt -y+prorforall (r,y) e,

where r* = Y"1 xF — > Wi, and ¢* = > ¢; which should be regarded as
the (market) price vector of public goods. Note that conditions 1 and 3 in the
preceding definition is equivalent to ¢* - y + p* - r < 0 for all (r, y) € %, which
is the familiar zero-profit maximizing condition under constant returns. De-
note by L(e) the set of all such allocations. Let E be the class of public goods
economies which satisfies Assumptions 1-3, and on which L(e) # .

Let %* be the dual cone of % which is defined by

Y ={(p,q) eR" :p-r+q-y<0V(r,y) e ¥}. (1
Denote by #% = #* A [R%, x RX] the nonnegative dual cone of %. Since
L(e) # &, %, # & by Assumptions 1 and 3. Thus, any element in %7 gives

an efficiency price system of private and public goods, which means the zero-
profit (maximizing) condition holds, i.e.,

Gg-y+p-r<0 (2)

for all (r, y) e #.

A coalition C is a non-empty subset of N.

A feasible allocation (x, y) € R”**X can be improved upon by C = N if
there exists an allocation (x’; y) such that

(1) (ZieC(xi - ﬁ)i)a y) €%, and
(i) (x!, »")Pi(x;, y) forallie C.

A feasible allocation (x, y) is in the core of e if there does not exist a
coalition C that can improve upon (x, y).

An allocation (x, y) is Pareto-optimal with respect to the strict preference
profile P = (Py,..., P,) if it cannot be improved upon by N.

An allocation (x, y) is individually rational with respect to the strict pref-
erence profile P = (Py, ..., P,) if it cannot be improved upon by every single
individual i.
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Note that every Lindahl allocation defined on e € E must be in the core,
and thus it is Pareto-optimal and individually rational (cf. Foley 1970).

3 Mechanism

In the following we will present a feasible and continuous mechanism which
doubly implements the Lindahl correspondence in Nash and strong Nash
equilibria.

Let M; denote the i-th message domain. Its elements are written as m; and
called messages. Let M =[], M; denote the message space. The message
spaces of agents are defined as follows.

For each i € N, the message domain of agent i is of the form

M; = (0] x 7, x R"™ x RX, (3)
Here @, = {(p,q1, ..., qn) e R+ (p, 3] q)) e W1}
A generic element of M is m; = (Wi, iy qits - -+ s Gin, Xils - - - , Xin, V;), Whose

components have the following interpretations. The component w; denotes a
profession of agent i’s endowment, the inequality 0 < w; < w; means that the
agent cannot overstate his own endowment; on the other hand, the endow-
ment can be understated, but the claimed endowment w; must be positive.
Note that, although the true endowment is the upper bound of the reported
endowment, the designer does not need to know this upper bound. This is
because whenever an agent claims an endowment of a certain amount, the
designer can ask him to exhibit it (one may, for instance, imagine that the
rules of the game require that the agent ‘put on the table’ the reported amount
w;). The component p; is an efficiency price vector of private goods proposed
by agent i and is used as a price vector of agent i — 1 where i — 1 is read to be
n when i = 1. The component g; = (¢i1,-..,¢) is an efficiency personalized
price vector profile, so that the sum of personalized price vectors is the effi-
ciency price vector of public goods. The component x;; is a proposed contri-
bution that agent i is willing to make to agent j (a negative x; means agent i
wants to get —x; amount of goods from agent j) and the component y,
denotes the proposed contribution to the production of public goods by agent
i (a negative y;, means the agent wants to receive a subsidy from society).

For each i € N, define a price vector function for private goods p, : M —
RE by

pi(m) = pis1- (4)

and a price vector function for public goods ¢, : M — ]Rf by
q;(m) = Z%’H,p (3)
j=1

where n + 1 is to be read as 1.
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Define the personalized price vector for the i-th consumer by
qi(m) = qis1,i- (6)

Note that even though p;(m), ¢;(m), and ¢;(m) are functions of only the price-
components p;,; and g;41 ;, announced by agent i + 1 for agent i, we can write
it as a function of m without loss of generality.

Define a correspondence B, : M — 2RY by

By (m) :{ye]Rf: (—Zwi,y> e,

ieN

pi(m) - wi :
— —q,(m)-yZOVzeN}, (7)
L lpi = Pl +119: = Gl
where || - || is the Euclidian norm. B, (m) is clearly nonempty, compact, and

convex for all m e M. We will show the following lemma in the Appendix.
Lemma 1. B,(-) is continuous on M.
Define the outcome function for public goods Y : M — B by
v = {r: min -5} ®)
yeB,(m)

which is the closest point to y. Here y = Y, y;. Then Y (m) is single-valued
and continuous on M.3 ’
We then define a feasible correspondence B, : M — 2R*" by

B, (m) = {x e R (Zx_/ — Zw_,, Y(m)) ¥

jeEN JEN

Pi(m) C Wi .
pim) -+ qulm) - ¥(m) < _ w}<%
L+ lp; = pictll + 17 — i

which is a correspondence with non-empty, compact, and convex values. We
will prove the following lemma in the Appendix.

Lemma 2. B.(-) is continuous on M.

Now define the outcome function for private goods consumption X (m) :
M — B, by

X(m) = {x: min ||x — >~c||}, (10)
x € By(m)
which is the closest point to X. Here X = (Xi,...,%,) with % =Y"" x;

3 This is because Y (m) is an upper semi-continuous correspondence by Berge’s Maxi-
mum Theorem (see Debreu 1959, p. 19) and single-valued (see Mas-Colell 1985, p. 28).
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for j=1,...,n. Then X(m)= (X1(m),...,X,(m)) is single-valued and
continuous on M.

Thus the outcome function is continuous and also feasible on M since
(X (m), Y(m)) e R and (300, Xi(m) — Y1 vy, Y(m)) € % for all me
M.A

Denote by 7: M — IRi”K the outcome function, or more explicitly,
hi(m) = (X;(m), Y(m)). Then the mechanism consists of {(M,h) which is
defined on E.

A message m* = (mj{,...,m;) € M is said to be a Nash equilibrium of the
mechanism {M,h) for an economy e if for each i € N and m; € M;, it is not
true that

hi(m;,m”*;)P;hi(m™), (11)

where (m;,m*;) = (my,...,m; ,mym ,...,mr). h(m*) is then called a
Nash (equilibrium) allocation of the mechanism for the economy e. Denote by
Vr.in(e) the set of all such Nash equilibria and by Ny, ;(e) the set of all such
Nash (equilibrium) allocations.

The mechanism {M, k) is said to Nash-implement the Lindahl correspon-
dence L on E, if, for all e € E, Ny p(e) = L(e).

A message m* = (mf,...,m") € M is said to be a strong Nash equilibrium
of the mechanism (M, &) for an economy e if there does not exist any coali-
tion C and mc € [[;. -~ M; such that for all i e C,

hi(mamiC)P,-h,-(m*). (12)

h(m*) is then called a strong Nash (equilibrium) allocation of the mechanism
for the economy e. Denote by SV ,(e) the set of all such strong Nash
equilibria and by SN/ ,(e) the set of all such strong Nash (equilibrium)
allocations.

The mechanism {M,h) is said to doubly implement the Lindahl corre-
spondence L on E, if, for all e € E, SNy () = Nas n(e) = L(e).

Remark 3. The notion of strong Nash equilibrium adopted in the paper has
been used in the double implementation literature such as those in Peleg
(1996a,b) and Suh (1996, 1997). It may be remarked that, even when conti-
nuity and strict monotonicity conditions on preferences are imposed, Propo-
sition 3 below will no longer be true if the following stronger condition of
strong Nash equilibrium is adopted: A message profile m* = (mf,...,m}) e
M is a strong Nash equilibrium if there does not exist any coalition C and a
combination of messages to the coalition m¢ € [[;. M; such that (1) it is not
true that h;(m*)P;h;(mc,m* ) for all i € C, and (2) h;(mc, m* ) Pihi(m*) for
some 7€ C. This is because the mechanism does not allow taking small

4 Although the outcome function is feasible, it is not balanced (merely weakly bal-
anced) in the sense that the resulting allocation may not be on the frontier of the pos-
sibility set for some messages. One can see this fact from formula (9).
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amounts of private goods from one agent and distributing them among other
agents to make everyone better off, or it may violate someone’s budget
constraint when the agent’s budget set cannot be changed by varying a
combination of messages to the coalition mic.

Remark 4. The above mechanism is irrespective of the number of agents. It is
thus a unified mechanism which works for two-agent economies as well as for
economies with three or more agents. For two-agent economies with one pri-
vate good and one public good, a feasible and continuous mechanism which
Nash implements the Lindahl correspondence was given only by Nakamura
(1989). Here we give an even simpler feasible and continuous mechanism
which implements the Lindahl correspondence not only in Nash equilibrium,
but also in strong Nash equilibrium.

Remark 5. By the construction of the mechanism, one can see that the mech-
anism constructed in the paper only yields weakly balanced allocations since
the feasibility condition may not hold with equality for all messages, although
in equilibrium it necessarily holds with equality. However, since the above
mechanism is a unified mechanism which deals with both cases of two-agent
economies and economies with three or more agents, by a result given by
Kwan and Nakamura (1987), it is impossible to find a mechanism which Nash
implements the Lindahl correspondence with a balanced (not merely weakly
balanced) feasible and continuous mechanism that works for two-agent eco-
nomic environments.> Consequently, it is impossible to have a mechanism
which doubly implements the Lindahl correspondence in Nash and strong
Nash equilibria by a balanced feasible and continuous mechanism that works
for two-agent economic environments.

4 Double implementation

The remainder of this paper is devoted to the proof of equivalence among
Nash allocations, strong Nash allocations, and Lindahl allocations. Proposi-
tion 1 below proves that every Nash allocation is a Lindahl allocation. Prop-
osition 2 below proves that every Lindahl allocation is a Nash allocation.
Proposition 3 below proves that every Nash equilibrium is a strong Nash
equilibrium. To show these results, we first prove the following lemmas.

Lemma 3. Under Assumptions 1-3, if (X(m*),Y(m*)) € Ny n(e), then
Xi(m*) e RE, forallieN.

Proof: Suppose, by way of contradiction, that X;(m*) e@]Rf_ for some

ieN. Since w; e R, there is some x;e RY  such that p;(m*) x; <

5> For economies with three or more agents, however, it is possible to find a mechanism
which Nash implements the Lindahl correspondence by a balanced feasible and con-
tinuous mechanism. Tian (1990, 1993), Li et al. (1995), and Tian and Li (1995) gave
this type of mechanisms.
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pi(m*) - wi .
- - ——— and (x;,0)P;(X;(m*), Y(m*)) by Assumption
L+ lpf = pinll + 147 — @il R
2. Now suppose agent i chooses y; =— Z_;’# Vi Xi =Xi— D g i Xp o
Xj == X, for j#i, and keeps other components of the message

unchanged. SlnceOG@ we have 0 € B,(m;,m*}). Also, (0,...,0,x;,0,...,0)
€ By(m;,;m*;). Then, we have (X(m,,m_,) Y(m,,m_l)) = (x;,0), and
thus (X;(m;,m*,), Y (m;,m*,))P;(X;(m*), Y(m*)). This contradicts (X (m*),
Y(m* ))eNM’h() and thus we must have X;(m*)eRZ%,  for all ie
N. QE.D.

Lemma 4. Under Assumptions 1 73, if m* is a Nash equilibrium, then
pi=p3=-"=pp 4 =8 ==, Consequently, p\(m")= py(m")
= :pn(m*) = PA( )EIR++’ ql( ) _qZ(M*) = :qn(m*) = q(m*),
and y ;. y qi(m*) = q(m”

Proof: Suppose, by way of contradiction, that p;# p/, and/or
g7 #q;,, for some ieN. Then p;(m*)-Xi(m*)+q;(m*) Y(m*) <
1 1

* * — % — pl(m*) : W* < * — —x !
L pf = piall + 137 = il R Rl VR Y [l [ 7 Y
pi(m*)-w; for all p, and ¢; such that |p;—p/ |+ 7 — 3/l <
lp;i — piol+ 1147 — G|l Thus, there is x; > X;(m*) such that
1
pi(m™) - xi + qi(m”) - Y (m*) < . ———
e L+ {lpi = piall + 12 — 474 |l
(x;, Y(m™*))P;(X;(m*), Y(m*)) by monotonicity of preferences. Since
X(m*) e ]R” by Lemma 3, we can actually make x; < Z X;(m*), and thus
we have (x, Zjerj,Y( m*)) e % by Remark 1. Also by Lemma 3,

q;j(m*) - Y(m*) < r—— — pj
! L+p; = piall + 1T — @il
Thus, if agent i chooses p; and g; such that they are sufficiently close to p/ and
g; and satisty |[p; — pi |l + 1 — @i |l < llpf = piall + 147 — @i ll, xa =
Xi =D ggiXip Xj=—D ;X  for j#i, and keeps other components
of the message unchanged, then Y(m*)e B,(m;m*;) by noting that
1
” " —————p.(m*)-w; for all je
L+1lp; = piall + 1197 — giall /
N, p;(-) and g;(-) are continuous. Also, (0,...,0,x;,0,...,0) € By(m;;m ,)

p;i(m™) - w, and

-w’% for all jeN.
J

qj(mim=;) - Y (m*) <

Therefore, (X;(m;,m*,;), Y (m;,m*,)) = (x;, Y (m*)). Hence (Xi(m;,m*;),
Y (m;,m*;))Pi(X;(m*), Y(m*)). This contradicts (X (m*), ( *)) € Nu, h( ).
Thus we must have pf =p;=---=p; and ¢/ =g, =---=¢,. Conse-
quently, py(m*) = py(m*) = —pn( ) =plm*), qi(m ) G2(m”) =

= qy(m*) = q(m"), and 3,y ¢i(m*) = g(m*).  Q.E.D.
Lemma 5. Under Assumptions 1-3, if m* is a Nash equilibrium, then w; =w;
forallieN.

Proof: Suppose, by way of contradiction, that w; #w; for some i€ N.
Then p;(m*) - X;(m*) + q;(m*) - Y(m*) < p;(m*) - wf < p;(m*) - w;, and thus
there is x; > X;(m*) such that p;(m*)-x; 4+ ¢q;(m*) - Y(m*) < p;(m*) -w;,



Double implementation 135

(xi =D jen W Y(m*)) €%, and (x;, Y (m*))Pi(X;(m*), Y(m*)) by monoto-
nicity of preferences. Thus if agent i chooses w; =W;, Xx; =x; — Y ;. PR
Xj ==X, for j#i, and keeps other components of the mes-
sage unchanged, then Y (m*)e B,(m;m*;) and (0,...,0,x;,0,...,0)¢€
B, (mj,m*;), and thus (X,-(m”m_) Y (m;,m*,)) = (x;, Y(m*)). Therefore,
(Xi(mi,m*,), Y (mj,m*;))Pi(X;(m*), Y(m*)), a contradiction. Q.E.D.

Lemma 6. If (X(m*),Y(m*))e Ny p(e), then p(m*)- Xi(m*)+ q;(m*)-
Y (m*) = p(m*) -

Proof: Suppose, by way of contradiction, that p(m*)- X;(m*) + g;(m*)-
Y (m*) < p(m*) - ;. Then there is x; > X;(m*) such that p(m*) - x; + ¢;(m*) -
Y(m*) < plm*) 1ii, (xi— 33y ey w5, Y(m*)) €%, and (x;, ¥ (m*))Py(Xi(m"),
Y(m*)) by monotonicity of preferences. Thus if agent i chooses x; =
Xi = D kgi X s Xij = — Dy X4 ; for j # i, and keeps other components of the
message unchanged, then Y(m*)e B,(m;,m*;) and (0,...,0,x;,0,...,0) €
B.(m;,m*;), and thus (X;(m;,m*,),Y(m;ym*,)) = (x;, Y(m*)). Therefore,
(Xi(mi,m*,), Y (m;,m*,))Pi(X;(m*), Y (m*)). This contradicts
(X (m*), Y(m*)) € Nyr.p(e). Q.E.D.

Proposition 1. Under Assumptions 1-3, if m* is a Nash equilibrium of the
mechanism defined above, then the Nash allocation (X(m*),Y(m*)) is a
Lindahl allocation with the price system (p(m*),q1(m*),...,q.(m")) as the
Lindahl price vector, i.e., Ny n(e) < L(e) for all e € E.

Proof: Let m* be a Nash equilibrium. Now we prove that (X (m*), Y (m*)) is a
Lindahl allocation with (p(m*),q(m*),...,q,(m*)) as the price vector.
First note that, by Lemmas 3-6, the mechanism is feasible, >." | ¢;(m*) =
Ggm*), p(m*)- X;(m*) + q;(m*) - Y(m*) = p(m*) -w; for all ieN. Also,
since (p*(m*),q(m*)) e %" is an efficiency price vector, we have g(m*)-
V4 pm) - < 0= glm*) - Y(m*) + p(m*) - (S0, Xi(m*) — Y31y for all
(r, ) € %, which means Y (m*) is a profit maximizing level of output. We only
need to show that each individual is maximizing his/her preferences. Suppose,
by way of contradiction, that there is some (x;,y) € ]R_f*K such that
(xi, y)Pi(Xi(m*), Y (m*)) and p(m*) - x; + q;(m*) - y < p(m*) - ;. Because of
the monotonicity of preferences, it will be enough to confine ourselves to the
case of p(m*) - x; + g;(m*) - y = p(m*) - ;. Also, by Assumption 3, for such a
y e RX, there is r e — RZ such that (r, y) € . Let

X, = Ax;i + (1 = A)Xi(m™)

yp =2y + (1 =AY (m").

r,=Ar+ (1= A)r(m").
Here r(m*) =3 ", X;(m*) — > " w;. Then, by convexity of preferences
and the productlon p0s51b111ty set, we have (xy;, y,)P:/(X;(m*), Y(m*)) and

(ri,y,) €% for any 0<i<1. Also, (x;,y;) e REFK and p(m*) - x;+
qi(m*) -y, = p(m*) - wi.
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Since X (m*)e R, we must have p(m*)-w;—q;(m*)-Y(m*)>0
for all jeN and r(m*) =377, X;(m*) —w* > X;(m*) —w*, where w* =
>, wi. Then, we have p(m;,m*)-w; — qj(m;;m*) -y, >0 for all je N and
x;; —w* <r; as A is a sufficiently small positive number. Thus, by Remark 1,
(xip —w*, ;) €% and (—w*, y;) € ¥ since —w* < x; —w* < rj.

Now suppose that player i chooses y, =y, — Z;l#i Vi, Xi=Xi—
dkziXi and keeps x;(j#1i), w; and p; unchanged. Then
wi —gqj(mi,m*) -y, >0 for all jeN, (=3 .yw,y,)€¥, and
(X2 = 2 jen W ¥;) €% as A is sufficiently small. Thus, y, € By(m;,m*,)
and (0,...,0,x;,0,...,0) € By(m;,m*;). Then Y(m;m*)=y, and
X;(m;,m*;) = x;;. From (x,h’yi)P(X-(m*), Y (m*)), we have (X;(m;,m*,),
Y (m;,m*,))Py(X;(m*), Y(m*)). This contradicts the hypothesis that
(X (m*), Y(m*)) € Nyr.p(e). Q.E.D.

Proposition 2. Under Assumptions 1-3, if (x*, y*) is a Lindahl allocation with
the price system (p*,qi,...,q.), then there is a Nash equilibrium m* for the

mechanism defined above such that X;(m*) = x}, p(m*) = p*, and q;(m*) =
gr, forallie N, Y(m*) = y*, ie.,, L(e) S Ny p(e) for all e € E.

Proof: We first note that p* e RE Ly and x* e ]R”L by Assumptions 1-2. We
need to show that there is a message m* such that (x*, y*) is a Nash
allocation. For each ie N, define m} = (W, p, g}, a5, X5, X5 V)
by wi=wi, pi=p, qy=q for j=1,...n (xj,...,x;)=
(0, .. O,x, ,0,...,0), and y/ = p*/n. Then, it can be easily verified
that Y( ") = y*, p(m*) = p*, and ¢;(m*) = q;, X-( *)=x}, forall ie N.
Notice that p(m;,m*;) = p(m*) and g¢;(m;;m*;)=q;(m*) for all m,e
M;, (X(mivmii)ﬂ Y (mi,m* )) € IRnL+K and ]7( *) - X(mnmii) +qi(m”) -
Y (m;,m*;) = p(m*) - w; for all i € N and m; € M;. Therefore, for all m; € M;,
it is not true that

(Xi(mi,m=,), Y (mi,m”,)) Pi(Xi(m™), Y (m”)),

or it contradicts the fact that (X;(m*),Y(m*)) is a Lindahl alloca-
tion. Q.E.D.

Proposition 3. Under Assumptions 1-3, every Nash equilibrium m* of the
mechanism defined above is a strong Nash equilibrium, that is Ny ,(e) =
SN i(e) for all e € E.

Proof: Let m* be a Nash equilibrium. By Proposition 1, we know that
(X(m*), Y(m*)) is a Lindahl allocation with (p(m*),q(m*),...,q.,(m*))
as the Lindahl price system. Then (X (m*), Y(m*)) is Pareto optimal and
thus the coalition N cannot be improved upon by any m € M. Now for any
coalition C with (F # C # N, choose i € C such that i+ 1¢ C. Then no
strategy played by C can change the budget set of i since p;(m) and ¢;(m)
are determined by p;.,; and g1, respectively. Furthermore, because
(X(m*), Y(m*)) € L(e), it is P;-maximal in the budget set of i, and thus C
cannot improve upon (X (m*), Y (m*)). Q.E.D.
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Since every strong Nash equilibrium is clearly a Nash equilibrium, by
combining Propositions 1-3, we have the following theorem.

Theorem 1. For public goods economies E, there exists a feasible and continuous
mechanism which doubly implements the Lindahl correspondence in Nash and
strong Nash equilibria. That is, Nys p(€) = SNy n(e) = L(e) for all e € E.

5 Concluding remarks

In this paper, we have presented a simple mechanism which doubly imple-
ments the Lindahl correspondence in Nash and strong Nash equilibria when
coalition patterns, preferences, and endowments are unknown to the planner.
This implementation result is obtained without defining an artificial preference
profile on prices announced by individuals. The important reasons for prefer-
ring double implementation over Nash implementation or strong Nash im-
plementation are: (1) the double implementation covers the case where agents
in some coalitions may cooperate and in some other coalitions may not, when
such information is unknown to the designer, and (2) this combining solution
concept which characterizes agents’ strategic behavior may give a state that is
easy to reach and hard to leave. An advantage of our mechanism is that it
works not only for three or more agents, but also for a two-agent world.
While all the mechanisms in the existing literature, which Nash implement
Lindahl allocations, need to distinguish the case of two agents from that of
three or more agents, this paper gives a unified mechanism which is irrespec-
tive of the number of agents. Furthermore, we allow preferences of agents to
be nontotal-nontransitive and discontinuous. In addition, this mechanism 1is
well-behaved and natural in the sense that it is feasible and continuous, and
has a message space of finite dimension. Of course, a disadvantage of the
mechanism is that it is merely weakly balanced, but not balanced in the sense
that the resulting allocation may not be on the frontier of the possibility set for
non-equilibrium messages. Whether or not there exists a balanced feasible and
continuous mechanism which doubly implements the Lindahl correspondence
in Nash and strong Nash equilibrium for economies with three or more agents
remains an open question. Another disadvantage of the mechanism is that it
requires that production technologies be known to the designer. Tian (1999)
gave a mechanism which doubly implements Lindahl allocations for constant
return economies with one private good and K public goods when production
functions are unknown to the designer.

Appendix

Proof of Lemma 1: By,(m) is clearly upper hemi-continuous for all m e M. We
only need to show that B, (m) is also lower hemi-continuous at every m € M.
Let me M, ye By(m), and let {m,} be a sequence such that m, — m,
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where m, = (m{,...,m}) and m! = (w},pl,q},...,q},x}y,....x}, y}). We
want to prove that there is a sequence {y,} such that y, — y, and, for
all t: Vi € By(mt): i'e'9 Y € Rf: (7 ZiEN wit7yt) € @7 and Qi(mt) Vi <

pi(mt) i Wit

— — forallie N.
U+ pf = pigll + 114] — @il

Let N':{iENiqi(m)~y= p,~(m)~wi_ - } Two cases
L+ lpi = piall + 11 — @il
will be considered.
Case 1. N' =, ie., qi(m) -y < pim) - vi for all ie N.

L+ {lpi = piaill + 12 — @i
Then, for all ¢ larger than a certain integer ¢, we have g¢;(m,) -y <
t

pi(me) - wj
L+ 1lpi = piall + 147 — qinll
Let y, be the closest point to y in [0, y] n T'(m;,). Since 0 € T'(m) and T'(m) is
closed and convex, j, is well-defined and unique. Notice that, since , € [0, y],
¥, = a;y for some o, € [0, 1]. We claim that j, — y, i.e., o, — 1. Suppose, by
way of contradiction, that there is a subsequence {y, } such that y, — y, and
Yo # ¥, 1.e., ¥y = oy for some oy < 1. Then, there is k£’ such that, for every
k > k', the production plan (=3 ;. w/*, y, ) must be on the frontier of %
(i.e., it is technologically efficient), and thus ¢ - Y (m,) — p- >,y wi* = 0 for
an efficiency price vector (p,qi,...,q1) €% . Thus, §-yog—p-> jcnWi=
0>¢G-y—p-> ;cywi, which implies «g-y > ¢-y and thus oy > 1. This
contradicts the fact that «p < 1. So we must have y, — y. Now, let y, = y, for
all > ¢ and y, =0 for t <t'. Then, y, — y, and, for all 1, y, € B,(m,), i.e.,

(my;) - w!

V€ RE (= Ly i vi) € Wand gilmo) -y, < —pzif’ﬂtll) ]
for all i € N by noting that y, < y. Thus, the sequence { y,} has all the desired
properties.

Let T(m)={zeRX: (=3, ywiz)e¥}.

: pi(m) - w .
Case 2. N' # (4, i.e., qi(m) - y = ! — for all ie N'.
l L+ lpi = picall +11G: — @i
W . -l
Let o — 1 pi(m) - w; = : P,(trm) Wl—z .
+pi = pivall + 114 = @iyl L+lpf = pigll + 1 — aill
and let a; = Ly for ieN'. For each 1t let N'(t)=
qi(my) - y

{ieN'":qi(m;) -y > wy}, let a; = min;c vy {a;}, and define y, as follows:

j}t:{a, itN'() # D

y otherwise

R . (0073 Wit
Then p, < y by noting that <1 and gy =———y <y for
Je= Yoy g %‘(mt) -y ' qi(my) - yy 4
Wit Wi

i € N'(1). Also, since — = 1forallie N', we have a;;, — y
qi(m;) -y qi(m) -y

for all i € N’ and thus y, — y. Now we claim that y, also satisfies all individ-
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uals’ budget sets. Indeed, for any i € N'(z), we have

qi(my) -y, < qi(my) - aiy = wyr.

For any i € N\ N'(¢), we have
qi(my;) - 3, = qi(my) - y < wy

by noting that y, = y and ¢;(m;) - y < w; for i e N'\N'(¢). For all i e N\N’,
since ¢;(m) - y < w;, we have g;(m;) -y, < qi(m;) - y < w;, for all ¢ larger than
a certain integer ¢'. Finally, let y, = min(j,, ,). Then y, — y since y, — y and
V;— y. Also, y, >0, (=> .y W/, »,) €% by Remark 1 (because y, < y, and

— 1 5)ed A . pi(my) - wj

(= 2ure i) €19 and om0 Ty g g

i€ N by noting that y, <, Thus, y, e B,(m;) for all > t'. Therefore,
the sequence {y,} has all the desired properties. So B ,(m) is lower hemi-
continuous at every me M. Q.E.D.

for all

Proof of Lemma 2: B(m) is clearly upper hemi-continuous for all m € M. We
only need to show that B,(m) is also lower hemi-continuous at every m € M.
Let me M, x=(x1,...,x,) € By(m), and let {m,} be a sequence such
that m, — m, where m, = (m{,...,m}) and m! = (W}, pl.q}\,...,q}, x}, ...,
x},, v}). We want to prove that there is a sequence {x,} such that x; — x,
and, for all 1, x, € By(m,), i.e, x, = (x,...,x) e R™, (3, n xF =3, p wh,
g vl g . pilmy) - wj
Y(m) € @, and pi(mi) - xj + qi(mi) - ¥ (my) < 3= = ol =a
for all ie N. We first prove that there is a sequence {%,} such that
X, —x, and, for all 7 X € ]RiL and p;(my) - X/ + qi(m;) - Y(m,) <

!
- p’(tmt) W’_, — for all ie N. For each i € N, two cases will be
1+ ||Pi - Pi+1” + ”qi - qi+1||
considered.

pi(m) - wi
L+ llpi = piaill + 19 = @il
for all ¢ larger than a certain integer ¢, we have p;(m;)-x;+
pilmy) - wj

1+ ”pit - pit-H H + ”qf - qi[+1 ”
and p,(-) are all continuous. Let X/ = x; for all > ¢ and X/ =0 for t < 7'.

pi(mf) ) Wil
L+ lpf = piall + 1@ — gyl

Case 1. p;(m)-x;+qi(m)-Y(m) <

Hence,

qi(m,) - Y (m,) < by noting that Y(-), ¢i(-),

Then, we have p;(m;) - X! + q;(m;) - Y(m,) <

pi(m) - wi
Case 2o i) b)Y =, = g gl
we can simply let %/ =0 for all r. We assume x; #0. Let w; =
pi(m) - wi pi(my) - wj
L+ 11pi = Pl 112 — Gyl L+ [lpf = piall+ 113 — @i Il
X, as follows:

Define

and w;; =
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i — qi(my) - Y (my) i — qi(my) - Y (my)

x; if <1
Xit = pi(my) - x; l pilmy) - x;
X; otherwise
Then X< x, and pi(my) - X] 4 qi(my) - Y (m;) <
t
4 ! S Y
] - pl(tm,) W’ft . Also, since @i = gi(m) - ¥ (my)
+lpf = piall +11d7 — @il pi(my) - x;

w; — qi(m) - Y (m)

pi(m) - x;
sequence {%,} such that %, — x, and, for all 7, X, € R?" and p;(m,)- X!+

pi(mt) ) Wit
) YO < ot T = a0

We now show that there is a sequence {x,} such that X, — x, and, for all ¢,
freR™ and (3, .y X — Y ey Wi, Y(m,)) € #. Again, we need to consider
only the case x # 0.

Let G(m) = {x" e R"™ : (3, .y xI — S icn Wi, Y(m)) € #}. Let %, be the
closest point to x in [0, x] N G(m,). Since 0 € G(m) and G(m) is closed and
convex, X; is well-defined and unique. Notice that, since X, € [0, x], X, = f,x
for some f3, € [0, 1]. We claim that X, — x, i.e., f, — 1. Suppose, by way of
contradiction, that there is a subsequence {x;, } such that x,, — xo and x¢ # x,
i.e., xo = fyx for some S, < 1. Then, there is k' such that, for every k > k',
the production plan (3. y(x/* — w/*), Y(m,,)) must be on the boundary of
%, and thus G- Y(m,) — p->,c (W — x/*) = 0 for an efficiency price vector
(p,q1,...,q1) €. Therefore, §¢-Y(m)—p-> ;. ywi—x0)=0>¢q-
Y(m)—p->;cn(wi —x;), which implies Sop; > ey Xi =P+ > ey Xi and
thus 5, > 1. This contradicts the fact that f, < 1. So we must have X, — x.

Finally, let x, =min(X,X,) with x/=min(x/,x/) for i=1,...,n.
Then x; — x since X, —»x and X, — x. Also, for every ¢, x;,>0,
O ienxi—=>;cnwl, Y(my)) e% by Remark 1 (because x, <X, and
ien X = 2ien Wi, Y(m))) € 9), and pilmy) - xj + qi(my) - Y (my) <

pilm) -
T = Pl + 13— i
X; € By(m,) for all > ¢'. Therefore, the sequence {x,} has all the desired
properties. So B,(m) is lower hemi-continuous at every me M. Q.E.D.

=1, we have X/ — x;. Thus, in both cases, there is a

forallie N.

for all ie N by noting that x! < x!. Thus,
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