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Abstract

In this paper we consider the problem of double implementation of Linear Cost Share
Equilibrium (LCSE) allocations by a feasible and continuous mechanism whose Nash allocations
and strong Nash alocations coincide with Linear Cost Share Equilibrium allocations. The
mechanism presented here allows preferences and initial endowments as well as coalition patterns
to be privately observed, a feature missing from much recent work in implementation theory.
Since LCSE contains Lindahl equilibrium and Ratio equilibrium as specia cases, it doubly
implements these two equilibria allocations. Further, if one reinterprets the commodity space, this
mechanism also doubly implements Walrasian allocations for private goods economies. Thus, the
mechanism given in the paper appears to represent a ‘generic’ mechanism to doubly implement
market-type allocations in private and/or public goods economies. [0 2000 Elsevier Science BV.
All rights reserved.

JEL classification: C72; D61; D78

1. Introduction

This paper considers the problem of double implementation of Linear Cost Share
Equilibrium (LCSE) alocations in Nash and strong Nash equilibria by a feasible and
continuous mechanism when coadlition patterns, preferences, and endowments are
unknown to the designer. The important reasons for preferring double implementation
over Nash implementation and strong Nash implementation are two-fold: (1) The double
implementation covers the case where agents in some coalitions may cooperate and in
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some other coalitions may not, when such information is unknown to the designer. (2)
The combining solution concept, which characterizes agents' strategic behavior, may
give a state which uses the advantages of both Nash equilibrium and strong Nash
equilibrium so that it may be easy to reach and hard to leave.

The notion of Linear Cost Share Equilibrium for public goods economies, which was
introduced by Mas-Colell and Silvestre (1989), has the desired property that it yields
Pareto efficient alocations even in the increasing returns case and in the presence of
externalities (when the equilibrium concept is applied to pure private goods economies).
Until recently, for the general equilibrium approach to the efficiency of resource
allocation of public goods, the most commonly used general equilibrium notion was the
Lindahl equilibrium principle. Many mechanisms have been proposed which implement
Lindahl allocations such as those in Hurwicz (1979), Walker (1981), Tian (1989, 1990,
2000), and Li et al. (1995), among others. However, for the general variable returns
case, the Lindahl equilibrium principle must occur at a price-taking, profit-maximizing
point. This precludes the existence of an equilibrium if increasing returns to scale (IRS)
are present. Further, if profits are positive, they must be distributed in accordance with
some exogenously given profit distributions. Also, when a firm is owned by the state and
the technology of the firm does not display constant returns to scale (CRS), the
conventional Lindahl mechanism is problematic since it is not clear how the profits or
losses should be distributed. In addition, unlike the Walrasian equilibrium principle, the
core equivalence result for the Lindahl equilibrium does not hold in the case of a
continuum of agents; the core of a public goods economy can be much larger than the
set of Lindahl alocations (cf. Muench, 1972). Some alternative solution concepts for
public goods economies have been proposed in the literature, including the Ratio
equilibrium notion of Kaneko (1977) and the Generalized Ratio equilibrium notion of
Tian (1992) and Tian and Li (1994), as well as the more general solution notions of the
various Cost Share equilibria of Mas-Colell and Silvestre (1989). The Cost Share
equilibrium notion is not radically different from the Lindahl equilibrium solution. In
fact, it coincides with the Lindahl equilibrium notion for the case of convex economies
with constant returns to scale.

However, like the Lindahl mechanism, the Cost Share Equilibrium mechanism is not
incentive-compatible in the sense that some agents may not revea their characteristics
truthfully (that is, the truth-telling is not a Nash equilibrium). Tian (1993) constructed a
mechanism which implements the Cost Share Equilibrium allocations by using Nash
equilibrium as a solution concept to describe individuals self-interested behavior. Nash
equilibrium is a strictly non-cooperative notion and is only concerned with single
individual deviations such that no one can be improved by unilateral deviation from a
prescribed strategy profile. No cooperation among agents is alowed. As a result,
although a Nash equilibrium may be easy to reach, it may not be stable in the sense that
there may exist a group of agents which can be improved by forming a coalition. Thus it
is natural to adopt strong Nash equilibrium which allows all possible cooperation
(coalitions) among agents. To have a solution concept combining the properties of Nash
and strong Nash equilibria, it is desirable to construct a mechanism which doubly
implements a socia choice rule by Nash and strong Nash equilibria so that its
equilibrium outcomes are not only easy to reach, but also hard to leave. Also, by double
implementation, it can cover the situation where agents in some coalitions will cooperate
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and in some other coalitions will not. Thus the designer does not need to know which
coalitions are permissible and, consequently, it allows the possibility for agents to
manipulate coalition patterns.

Similar situations prevailed with regard to double implementation of the Walrasian
correspondence, Lindahl correspondence, and Ratio equilibrium correspondence in Nash
and strong Nash equilibria until Corchon and Wilkie (1996), Peleg (1996ab), Tian
(1996, 2000) presented continuous and feasible mechanisms which doubly implement
these correspondences in Nash and strong Nash equilibria.

In this paper we give a feasible and continuous mechanism whose Nash alocations
and strong Nash allocations coincide with Linear Cost Share Equilibrium allocations.
The mechanism presented here alows not only preferences and initial endowments, but
also coalition patterns to be privately observed. Unlike most mechanisms proposed in the
literature, our mechanism works not only for three or more agents, but also for
two-agent economies, and thus it is a unified mechanism which is irrespective of the
number of agents. Also, if one reinterprets the commodity space (cf. Mas-Colell and
Silvestre, 1989), our mechanism also doubly implements Walrasian allocations to
economies with purely private goods. Thus, our mechanism is sufficiently genera to
cover Walrasian equilibrium, Lindahl equilibrium, Ratio equilibrium, and cost share
equilibrium. In other words, the mechanism in the paper appears to represent a ‘ generic’
mechanism to doubly implement competitive-type allocations in private and public
goods economies. However, as will be noted, an undesired property of the mechanism is
that it is a destruction mechanism in the sense that under-reported endowments are
destroyed but not consumed although all agent will report their endowments truthfully at
equilibria.

The remainder of the paper is organized as follows. Section 2 sets forth a public goods
model and gives the definition of Linear Cost Share Equilibrium. Section 3 presents a
mechanism which has the desirable properties mentioned above. Section 4 proves the
mechanism doubly implements Linear Cost Share Equilibrium allocations in Nash and
strong Nash equilibria. Concluding remarks will be offered in Section 5.

2. The model and linear cost share equilibria
2.1. Economic environments

We will consider public goods economies with n= 2 agents, K public goods, and one
private good, X being private (as a numeraire) and y public. Denote by N ={1,2, ... ,n}
the set of agents. The single private good x can, and probably should, be thought of as a
Hicksian composite commodity or money, and public goods y can be thought of as K
public projects and are producible from the private good. The technology is given to us
as a single cost function C(y). We assume throughout that C(0) =0 and that C is
increasing (i.e. C(y’) > C(y) if y’ >y)," continuous, and convex.

Each agent’s characteristic is denoted by e = (W, P,), where W, is the true initial

'As usua, vector inequaities are defined as follows: Let abER™ Then a=b means a,=b, for al
s=1,..., m; a=b meansa=b but azb; a>b means a,>b, for al s=1,..., m.
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endowment of the private good and P, is the strict (irreflexive) preference defined on
R*" ? We assume that W, > 0, and preference P, is convex®, continuous, and strictly
monotonically increasing in the private good. We further assume that the private good is
indispensable (i.e. for adl i €N, (x,y) P, (0,y') for dl x €R, ., and y,y' €R¥). An
economy is the full vector e=(e,,...,e,,C) and the set of all such economies is
denoted by E.

A state, also called an alocation, of the economy e is a vector (x,y) € R" X RS. A

state is feasible if

Zx +C(y) é_:Zlv"vi (1)

A coalition S is a non-empty subset of N.

A feasible alocation (x,y) can be improved upon by SC N if there exists an allocation
(x',y’) such that: (i) =,cox + C(Y) =3, caWi; (if) (X,y)Pi(x,y) for dl i €S

A feasible alocation (x,y) is in the core of e if there does not exist a codlition S that
can improve upon (X,Y).

An alocation (x,y) is Pareto-optimal with respect to the strict preference profile
P=(P,,...,P,) if it cannot be improved upon by N.

An alocation (x,y) is individually rational with respect to the strict preference profile
P=(P,,...,P,) if it cannot be improved upon by any single individual i.

2.2. Linear cost share equilibria

Let AT ' ={teR":2"_,t, =1} be the n — 1 dimensional unit simplex.

An alocation (x*,y*) is a Linear Cost Share Equilibrium (LCSE) allocation for an
economy e if it is feasible and there are (a¥,...,a*) €R™ with = ;a* =0 and
(b*,...,b*)E A" such that: (1) x* +a* - y* + b*C(y*)=w, for dl i EN; (2) for
al i €N, there does not exist (x,y) such that (x,y) P, (<*,y*) and x +af -y+
b¥ C(y) =W,. Denote by LCSE(e) the set of al such allocations. Note that the Linear
Cost Share Equilibrium solution concept does not preclude the presence of increasing
returns to scale (IRS). The interpretations of the parameters of the linear cost share
system are clear. The b, parameters are direct cost share parameters while the a;;, which
can be positive or negative, are side compensations based on consumption of public
goods.

Remark 1. Mas-Colell and Slvestre (1989) showed that every LCSE allocation is
Pareto optimal even in the increasing returns case. Further they showed that, if one
reinterprets the commodity space, the equilibrium concept can be applied to economies

?If we define the binary relation P* in the way that a P¥ b if and only if =b P, a where - stands for ‘it is not
the case that, then P} is the weak (reflexive) preference. Let concepts used in this paper such as Nash
equilibrium and Linear Cost Share Equilibrium allocations be interpreted in terms of the P. Then the results
obtained in this paper for P, are, in particular, valid for the P¥.

®P. is convex if for bundles ab,c with 0<A=1 and c=Aa+ (1— A)b, the relation a P, b implies ¢ P, b.
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with purely private goods or with externalities. Thus, the equilibrium concept can also
be viewed as optimality-guaranteeing equilibrium concepts.

Remark 2. An LCSE allocation does not always result in individually rational
allocations. Wilkie (1990) provided such a counter-example. Therefore, an LCSE
allocation may not be in the core. However, every interior LCSE allocation belongs to
the core of the economy (cf. Weber and Wiesmeth, 1991).

Given profit share vector §# € A" *, an alocation (x*,y*) is a #-Lindahl equilibrium
allocation for an economy e if it is feasible and there are personalized price vectors,
q* €R", one for each i, such that: (1) y* maximizes profits g* -y — C(y); (2)
X¥+qF-y* =W +6[q* - y* —C(y*)] for al i €N; (3) for adl i €N, there does not
exist (x,y) such that (x.,y) P, (x,y*) and x +q - y=w, + 4[q* - y* — C(y*)]; (4)
>'.q* =q*. Denote by L(e;#) the set of all such alocations.

Mas-Colell and Silvestre (1989) showed that in the convex technology case LCSE
alocations are in one-to-one correspondence with Lindahl equilibrium allocations. The
correspondence is established by varying the profit share parameters which characterize
Lindahl equilibrium allocations, i.e. LCSE(€) = U ,cn-1 L(€;60). Thus, the existence of
a LCSE is guaranteed under the same conditions which guarantee the existence of
Lindahl equilibria (cf. Foley, 1970; Milleron, 1972; Raoberts, 1974). Note that in the
constant returns case, a Linear Cost Share Equilibrium allocation reduces to a Lindahl
equilibrium allocation.

Remark 3. Even though the indispensability condition is not necessary for the existence
of LCSE, this assumption cannot be dispensed with for feasible implementation. Tian
(1988) showed that the Lindahl correspondence violates Maskin’s (1997) monotonicity
condition without this assumption and thus cannot be Nash-implemented by a feasible
mechanism. Since a Linear Cost Share Equilibrium allocation reduces to a Lindahl
equilibrium allocation for constant returns economies, they are also necessary con-
ditions for the feasible and continuous implementation of Linear Cost Share Equilibrium
allocations.

3. Mechanism

In the following we will present a feasible and continuous mechanism which doubly
implements the LCSE correspondence in Nash and strong Nash equilibrium.
Let M, denote the ith agent’s message domain. Its elements are written as m, and

called messages. Let M =H M, denote the message space. The message spaces of agents

are defined as follows.
For each i €N, his/her message domain is of the form

M, = (0] X 2™ x AT ' XR*XR,, (2

where 0™ ={(a;,...,a,) ER™Z" ¢ =0}. A generic element of M, is m =
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W, &y, ... &, B, -8B YY) whose components have the following interpretations.
The component w;, denotes a profession of agent i's endowment, the inequality
0<w, =W, means that the agent cannot overstate his own endowment; on the other
hand, the endowment can be understated, but the claimed endowment w, must be
positive which is necessary to guarantee the feasibility even at disequilibrium points®
The intuition here is straightforward: if a mechanism alows agents to overstate their
endowments, then it allows for infeasible outcomes — it will sometimes attempt to
allocate more than is possible, given the true aggregate endowment. The component
o = (g, .. .,q,) is the side compensation vector profile proposed by individual i. The
component B =(B,,--.,B,) is the direct cost share profile proposed by individua i.
The component y, denotes the proposed level of tax (measured in public goods) that
agent i is willing to contribute (a negative y, means the agent wants to receive
compensation from society). The component 7 is a shrinking index of agent i used to
shrink the private good consumption of other agents.

Define the side compensations for consumption of public goods for the ith agent by

a,(m) = Qi 3

where n + 1 is to be read as 1. Note that even though a;(m) is only a function of the
a-component, « _,, announced by agent i + 1 for agent i, we can still write it as a
function of m without loss of generality.

Define the direct cost share for consumption of public goods for the ith agent by

bi(m) =8, (4)
Define a feasible correspondence B: M - - R by
B(m) ={y ER’:C(y) =2 w,, and w, —a(m)- y —b(MC(y) =0, ViEN}  (5)
i=1

which is clearly non-empty, compact, and convex [by the convexity of C(-)] for all
m& M. Notice that 0€ B(m) for all me M. We will show the following lemma in
Appendix A.

Lemma 1. B(-) is continuous on M.

Let y==!,y,. Define the outcome function for public goods Y: M — R% by
Y(m) = {yml nyeB(m)”y - gl”} (6)

which is the closest point to y. Then Y(m) is single-valued and continuous on M.
Define a preliminary private good consumption x;: M - R, by
W
1+ ||ai - ai+1|| + H:B. - Bi+l||

x(m) = — a,(m) - Y(m) — b, (M) C(Y(m)) (M

*When goods are physical goods, this requirement can be guaranteed by asking agents to exhibit their reported
endowments to the designer.
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for each i €N.
Define a shrinking index correspondence A: M - - R, by

AMm) ={yER,yy =1, Vi €N, and ’y_i ¥ (M) + C(Y(M) éiwi} (8)

which is clearly a continuous correspondence with non-empty, compact and convex
values.

Let ¥(m) be the largest element of A, i.e. ¥(m) € A(m), v(m) =1y for al y € A(m).
Thus, () is continuous on M.

Finally, define the outcome function for private good consumption X(m): M - R, by

X, (m) = A{m)yx(m) 9

which is agent i’s consumption resulting from the strategic configuration m. It may be
remarked that, because y(m)y =1 and y(m)y -1 as y -, X(M)=x(m) and
X,(m) - x(m) as x - =.

Thus the outcome function is continuous and also feasible on M since, by the
construction of B(m), (X(m),Y(m)) € R and

_:Elx (m) + C(Y(m)) g_:Elwi g_:Zlv‘\’/i (10)

for all me M. Note that the last inequality comes from the assumption that agents
cannot overstate their endowments.

Denote h:M - R the outcome function, or more explicitly, h,(m) = (X (m),Y(m)).
Then the mechanism consists of {M,h) which is defined on E.

Remark 4. Note that the mechanism constructed above is a destruction mechanism.
That is, the unreported endowments are destroyed but not consumed. One can also
construct a withholding mechanism by using the techniques similar to those in Tian
(1993).

A message m* =(mj,..., m*)EM is said to be a Nash equilibrium of the
mechanism (M,h) for an economy e if, for each i €N and m; €M,, it is not true that

h(m,m*,) P, h,(m*) (11)

where (m,m*,) = (my, ..., m",,m,m‘ ., ..., m}). h(m*) is then called a Nash (equilib-
rium) allocation of the mechanism for the economy e. Denote by Ny, , (€) the set of all
such Nash (equilibrium) allocations.

The mechanism (M,h) is said to Nash-implement Linear Cost Share Equilibrium
alocations LCSE on E, if, for al e€ E, N, ,(€) = LCSE(e).

A message m* = (mj, ... m{)EM is said to be a strong Nash equilibrium of the
mechanism (M,h) for an economy e if there does not exist any codlition S and
mSEHSMi such that for all i €S

e

h,(mg,m*¢) P, h(m*) (12)
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h(m*) is then called a strong Nash (equilibrium) allocation of the mechanism for the
economy e. Denote by SN,, ,(€) the set of al such strong Nash (equilibrium) allocations.

The mechanism (M,h) is said to doubly implement the Linear Cost Share Equilibrium
alocations on E, if, for al e E, S\, ,(6) = N, ,,(€) = LCSE(e).

Remark 5. Note that our mechanism works not only for three or more agents, but also
for a two-agent world. While most mechanisms which implement market-type social
choice correspondences (such as Walrasian, Lindahl, Ratio, or LCSE allocations) in the
existing literature need to distinguish the case of two agents from that of three or more
agents, this paper gives a unified mechanism which is independent of the number of
agents.

4. Double implementation
The remainder of this paper is devoted to proving the following theorem.

Theorem 1. For the class of public goods economies specified by E, the above feasible
and continuous mechanism doubly implements the LCSE correspondence in Nash and
strong Nash equilibria on E.

Proof. The proof of Theorem 1 consists of the following three propositions which show
the equivalence among Nash allocations, strong Nash allocations, and LCSE alocations.
Proposition 1 below proves that every Nash allocation is an LCSE allocation.
Proposition 2 below proves that every LCSE alocation is a Nash allocation. Proposition
3 below proves that every Nash equilibrium allocation is a strong Nash equilibrium
allocation.

To show these propositions, we first prove the following lemmas.

Lemma 2. Suppose (x,(m),Y(m)) P, (x.,y) for i €N. Then agent i can choose a very
large  such that (X;(m),Y(m)) Pi(x;,y).

Proof. If agent i declares a large enough 7, then »(m) becomes very smal (since
ym)y =1) and thus almost nullifies the effect of other agents in y=!_,yx (m) +
C(Y(M) =="_,w.. Thus, X(m) = y{(m)yx (m) can arbitrarily approach x,(m) as agent i
wishes. From the hypothesis that (x,(m),Y(m)) P, (x;,y) and continuity of preferences, we
have (X;(m),Y(m)) P, (x;,y) if agent i chooses a very large . O

Lemma 3. If (X(m*),Y(m*)) €N, ,(e), then X(m*)ER,, for all i EN.

Proof. Suppose, by way of contradiction, that X,(m*) = 0 for some i €N. Let

1
X =
O v e e 1

w¥ .
I
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Then (x;,0) P, (X,(m*),Y(m*)) by indispensability of the private good and w¥ > 0. Thus
if agent i chooses y, = —Ej';i yj*, and keeps other components of the message
unchanged, then 0&B(m,m*;). Thus (x,(m,m*,),Y(m,m*))=(x,0) so that
(x;(m,m*;), Y(m,m*,)) P (X (m*),Y(m*)). Then, by Lemma 2, (X,(m,m*;),Y(m,,m*,))
P, (X.(m*),Y(m*)) if agent i chooses avery large . This contradicts the hypothesis that
(X(m*),Y(m*)) € N, ,(€) and thus we must have X,(m*)€R_, foradl ieN. O

Lemma 4. If m* is a Nash equilibrium, then a* =a% = - - - =a* and B¥ =% =
... =B Therefore =, a(Mm*) =0 and =, b,/(m*) = 1.

Proof. Suppose, by way of contradiction, that af # a,, and/or B} # B}, , for some
i €N. Then

1
* <wk,

W’
Lt llef = afll+lI8F = BEM

a,(m*) - Y(m*) + b, (m)C(Y(m*)) =

Let x=w'—a(m*)-Y(m*)—bMm*)C(Y(m*)). Then x >X(m*), and thus
(x,Y(M*)) P, (X (m*),Y(m*)) by monotonicity of preferences. Thus, if agent i chooses
a = al.,, B =B, and keeps other components of the message unchanged, we have
Y(m*) € B(m,m*,) and x,(m,m*,) = x. Hence, (x,(m,m*,),Y(m,m*,)) = (x,Y(m*)) so
that (; (m,,m*,),Y(m,,m*,)) P, (X,(m*),Y(m*)). Then, by Lemma 2,
(X (m,m*,),Y(m,m*,)) P, (X(m*),Y(m*)) if agent i chooses a very large . This
contradicts the hypothesis that (X(m*),Y(m*)) € N, ,(€). Thus we must have o = a3 =

. =al and BF =B5 = ... =B}, and therefore =, a,(m*) =0 and =, . \b,(Mm*) =
1. 0O

Lemma 5. If m* is a Nash equilibrium, then w¥ =w, and consequently X (m*) +
a;(m*) - Y(m*) + b,(m*)C(Y(m*)) =W, for all i €N.

Proof. Suppose, by way of contradiction, that w¥ W, for some i € N. Then X,(m*) +
a,(m*) - Y(m*) + b, (m*)C(Y(m*)) = wf <W. Let X, =W, —a(m*) - Y(m*) —
b,(Mm*)C(Y(m*)). Then we have x. > X, (m*) and thus (x,,Y(m*)) P. (X,(m*),Y(m*)) by
monotonicity of preferences. Thus if agent i chooses w, =W, y, = Y(m*) — Ej”#iyj*, and
keeps other components of the message unchanged, then (x,(m,m*.),Y(m,m*.))=
(x,,Y(m*)) so that (x,(m,m*.),Y(m,m*))) P, (X,(m*),Y(m*)). Therefore, by Lemma 2,
X (m,m* ), Y(m,m*.)) P (X.(m*),Y(m*)) if agent i chooses a very large . This
contradicts the hypothesis that (X(m*),Y(m*)) € Ny, ,(€). So we must have wf =W,.
Thus, by the definition of X(m), we have X(m*)=w"—a(m*)-Ym*)—
b, (m*)C(Y(m*)) = W, — a (m*) - Y(m*) — b,(m*)C(Y(m*)) and therefore X.(m*)+
a;(m*) - Y(m*) + b,(m*)C(Y(m*)) =W, for dl ieN. O

Lemma 6. If (X(m*),Y(m*)) EN,, ,(6), then »m*)y} =1 for all iEN and thus
X(m*) = x(m*).

Proof. Thisis a consequence of Lemma 5. Suppose y(m*)y* <1 for somei € N. Then



184 G. Tian / Mathematical Social Sciences 40 (2000) 175-189

X (m*) = y(m*)y*x.(m*) <x,(m*), and therefore X (m*) + g,(m*)- Y(m*) < x (m*) +
g (m*) - Y(m*) =W,. But this is impossible by Lemma 5. [

Proposition 1. If the mechanism defined above has a Nash equilibrium m*, then the
Nash allocation (X(m*),Y(m*)) is a Linear Cost Share Equilibrium allocation with
(@,(m*),...,a,(m*)) and (b,(m*),...,b,(m*)) as the parameters of the linear cost
share system, i.e. N, ,(€) = LCSE(e) for all e€E.

Proof. Let m* be a Nash equilibrium. We need to prove that (X(m*),Y(m*)) is an LCSE
alocation with (a,(m*),...,a,(m*)) and (b,(m*),...,b,(m*)) as the parameters of the
linear cost share system. Note that the mechanism is feasible, =_,a,(m*) =0, and
S .b(m*) =1 aswel as X (m*) + a(m*) - Y(m*) + b,(m*)C(Y(m*)) =W, for al i €N
by Lemmas 4 and 5. So we only need to show that each individua is maximizingK;

his/her preferences. Suppose, by way of contradiction, that there is some (x;,y) € Ry
such that (x,y) P, (X(m*),Y(m*)) and x, +a(m*)-y + b,(m*)C(y) = ;. Let:

Xy = A% + (1= )X (m*)

Y, = Ay + (1 — )Y(m*)

Then by the convexity of preferences we have (x,,y,) P, (%(m*),Y(m*)) for any
0<A<1 Also (x,,y,) ERY™ and x,, +a,(m*)-y, + b,(m*)C(y,) =W, by convexity
of the cost function and non-negativity of b,(m*). Now suppose that player i chooses
Y=Y, — 2.y, and keeps w, af, by, and y} unchanged. Since w{ —a(m*)-
Y(m*) — b,(m*)C(Y(m*)) >0 for &l jEN by noting the fact that X(m*)>0, by the
continuity of the cost function and outcome functions, we have w* — a,(m,,m*;)-y, —
b,(m;,m*;)C(y,) >0 for al j EN as A is sufficiently small. Hence y, € B(m;,m*,) and
therefore Y(m,m*,)=y, as well as, by Lemma 6 and the convexity of C(-),
X(me,m) = x(m*,m) = W —a(m*)- Y(m*,m)— b (m*)C(Y(m*, m)) = W —
a(m*)-y, —b(m*)C(y,) = AW —a(m*)-y—b,(m*)C(y)] + (1 - VW, — a(m*)-
Ym*) — b (M )CYM* )] = Ax +(1-DX(M) = x,. From  (x,y,)P,
(X.(m*),Y(m*)), we have:

(& (m*;,m),Y(m*,m)) P (X,(m*),Y(m"))

This contradicts the hypothesis that (X(m*),Y(m*)) EN,, (e). O

Proposition 2. If (x*,y*) isa LCSE allocation with (a7, ... ,a%) and (b}, ... ,b*) asthe
parameters of the linear cost share system, then there is a Nash equilibrium m* such
that X,(m*)=x*, a(m*)=a*, and b(m*)="b’, for all ieN, Ym*)=y*, ie
LCSE(e) = Ny, (€) for all e€E.

Proof. We first note that x* €R" ., by the assumption that the private good is
indispensable. We need to show that there is a message m* such that (x*,y*) is a Nash
equilibrium alocation. Let a¥ = (@*,...,a%), B¥ = (b*,....,b}), w* =W, y* =y*/n,
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and y* =1 for dl i €N. Then, a,(m*) = a*, b,(m*) =b¥, Y(m*) =y*, and X(m*) =
x¥, for al i € N. Notice that agent i cannot change a,(m*) and b,(m*) by changing m..
Then, (a,(m,m*.)b,(m,m*))) = (a(m*),b,(m*)) for al meM. Also, (X(m ,m*)),
Y(m,m* ) ERY and  X(m,m*) +a(m*) - Y(m,m*,) + b (m*)C(Y(m,m* ) =,
for al i €N and m € M,. Therefore, we know that it is not true that:

G (m,m*;),Y(m,m=,)) B, (%(m*),Y(m*))
for otherwise it contradicts the fact that (X,(m*),Y(m*)) is a LCSE allocation. O

Proposition 3. Every Nash equilibrium m* of the mechanism defined above is a strong
Nash equilibrium, that is N, ,(e) = SN, ,(€) for all e€ E.

Proof. Let m* be a Nash equilibrium. By Proposition 1, we know that (X(m*),Y(m*)) is
a Linear Cost Share Equilibrium alocation with (a,(m*),..., a,(m*)) and
(b, (m*), ..., b,(m*)) as the parameters of the linear cost share system. Then
(X(m*),Y(m*)) is Pareto optimal and thus the coalition N cannot be improved upon by
any me M. Now for any codlition S with § # S## N, choosei €S suchthati + 1€ S
Then no strategy played by S can change the budget set of i since a,(m) and b;(m) are
determined by a,,; and b;,,;, respectively. Furthermore, because (X(m*),Y(m*)) €
LCSE(e), it is P,-maximal in the budget set of i, and thus S cannot improve upon
X(m*),Y(m*)). O

Since every strong Nash equilibrium is clearly a Nash equilibrium, by combining
Propositions 1-3, we know that N,, ,(€) = LCSE(e) for al e € E and thus the proof of
Theorem 1 is completed. [

5. Concluding remarks

In this paper, we have presented a general market-type mechanism which doubly
implements the Linear Cost Share Equilibrium allocations when coalition patterns,
preferences and endowments are private information and unknown to the designer. The
mechanism is well-behaved in the sense that it is feasible and continuous. Furthermore,
unlike most mechanisms proposed in the literature, it gives a unified mechanism which
is independent of the number of agents. Also, if one reinterprets the commodity space,
our mechanism results in Pareto efficient allocations for private goods economies even
with externalities at Nash equilibria without considering the profit-maximization
principle. Thus, our mechanism is sufficiently general to implement Walrasian equilib-
rium for pure exchange economies and Lindahl equilibrium or Linear Cost Share
Equilibrium allocations for public goods economies. In other words, the mechanism in
the paper appears to represent a unified mechanism to implement market-type allocations
in private and public goods economies.
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Appendix A. Proof of Lemma 1

Itis clear that B(- ) has closed graph by the continuity of a,(- ), b;(-), and C(-). Since
the range space of the correspondence B(-) is bounded by the set {y € R¥:C(y) =
3w}, it is compact. Thus, B(-) is upper hemi-continuous on M. So we only need to
show that B(m) is aso lower hemi-continuous a every me M. Let me M, y € B(m),
and let {m} be a sequence such that m, — m, where m = (m,...,m5) and m=
W<,k BE,Y<,75). We want to prove that there is a sequence {y,} such that y, - y, and,
for al k, y.€B(m,), i.e y, € R", Wik —a(m) -y, —b(m)C(y,)=0foralieN, and
C(y,) ==, . W< Wefirst prove that there is a sequence {§,} such that §, — y, and, for all
k 9. ERY, w—a(m)- ¥, —b(m)C(§,)=0 for al i EN.

Let N’ ={i €N:w, —a,(m)- y — b,(m)C(y) = 0}. Two cases will be considered.

Case 1I: N'=0, i.e. w,—a(m)-y—bmC(y)>0 for dl i €N. Then, by the
continuity of a(-) and b,(-), for al k larger than a certain integer k', we have
wf—a(m)-y—b,(m)C(y)>0. Let §, =y for al k>k’ and §, =0 for k=k'. Then,
¥ - v, and, for al k, §, R and w —a,(m,)- ¥, — b,(m)C(¥,) =0 for al i EN.

Case 2: N'#0. Then w, —a,(m)-y — b,(m)C(y) =0 for al i €N’'. Note that, since
w, > 0, we must have a,(m) - y + b,(m)C(y) >0, and thus, by the continuity of a,(-) and
b.(-), iy =am)-y+b(m)C(y) >0 for al k larger than a certain integer k’. For

each k=k' and i €N', let A, =15, let

k

Ay fprs =1
’ | =
WGy

y otherwise

yik:

and let ¥, = min, ¢ {¥i} = ymin, o {1,A, ). Then §, =y, =v. Also, since

A = i N i =1
k ai(mk) "yt bi (mk)c(y) & (m)-y+ bi (m)C(y)
for all i €N’, we have §, - y and f(y,.) >0 for all k larger than a certain integer k.
Now we claim that ¥, also satisfies w —a,(m,)- 9§, — b,(m)C(9,) =0 for al i €N and
k= max{k’ k". Indeed, for each i EN’, if A, =W/t (y)=1, then §, =¥, = A, y, and
thus we have f(9,) = f(9,) = f.(A,y) = A, f(y) = w'. This is because f(y) is convex
with f,(0) = 0 by the convexity of C(-) and C(0) = 0, and thusf, (A, y) = A, f.(y). So the
second inequality holds. To see the first inequality also holds, writing y, = Ay., for some
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A=1 (because y, =V, and y, and ¥, are both proportional to y, such a A exists), we
have f.(V,) = f.(AV,,) = AT (V) =f.(V,,) by noting that f (V) >0 for k=k". Conse-
quently, we have W:‘ —a(m)-y—b(m)C(y,)=0.

Now, for each i €N’, if W/ (y)>1, i.e a(m)-y+b(m)C(y)<w, then §, =
Y. =V, and thus f (9,) =f(5,) =f.(y) <w}, as above, by the convexity of f(-) and
f.(0) = 0. Consequently, we have w' — a,(m,) - . — b,(m,)C(¥,) > O.

For al i € N\N’, since w* — a,(m,)- y — b,(m)C(y) >0, we have w' —a,m,)-§, —
b,(m,)C(¥,) > 0 for al k larger than a certain integer k™ by the continuity of C(-). Thus,
for al k= max{k' k" k"} and i €N, we have w* — a,(m,) - §, — b,(m)C(J,) = 0.

We now show that there is a sequence {y,} such that y, — v, and, for al k, y, € R
and C(y,) ==, W'. Again, two cases will be considered.

Case (1): C(y) <Z,c\W,. Then, for al k larger than a certain integer k', we have
C(y) <=, W Lety, =y foral k>k' and y, =0 for k=k’. Then, y, — y, and, for all
K Y €RY and C(¥,) = 2\ Wi

Case (ii): C(y) ==, c\W;. Define y, as follows:

2wk > W
— ieEN ¢ i EN
%=1cy? Ty =t
y otherwise

Then y,=vy. Also, since

2w 2w,

ieEN iEN =1

Cly)  Cly) ™
we have y, — y. We now claim that y, satisfies C(y,) =3, W. Indeed, if C(y)=
S e

2w

ieN 4

Clyy =~

then

2wk

= ieEN

Y = C(y) y

and thus

w

C(%) = "Gy OO = 2w

by the convexity of C(-) and C(0) = 0. If C(y) <=, W, i.e.
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2wk

iEN

C(y)

then y, =y and thus C(y,) = C(y) <=, W

Thus, in both cases, there is a sequence {y,} such that y, —»y, and, for al k,
CY) = T, _ _

Finaly, let y, = min(y,,%)- Theny, - y sincey, — y and §, - y. Also, for every k
larger than a certain integer k, we have y, =0, C(y,)=C(y,) =3, W' by the
monotonicity of C(-), and, as above, by the convexity of f(-), f(0)=0, and 0<
(V) =f(%), we have a(m)-y, +b(m)C(y,) =a(m)- ¥+ b(m)C¥) = Wik
which implies that w' — a,(m,)- y; — b,(m)C(y,) =0 for al i EN. Let y, =y, for all
k>k and y,=0 for k=k. Then, y, -y, and y, € B(m,) for al k. Therefore, the
sequence {y, } has all the desired properties. So B(m) is lower hemi-continuous at every
meM. O

>1,
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