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Abstract

In this paper we investigate incentive aspects of a general price-setting equilibrium princi-
ple in production economies with increasing returns or more general types of non-convexities.
We do so by introducing the notion of generalized mechanism. We allow preferences and
individual endowments to be unknown to the planner. We present a simple generalized mech-
anism whose social equilibrium allocations coincide with pricing equilibrium allocations. The
pricing equilibrium solutions are very general and include marginal pricing equilibrium, loss-
free pricing equilibrium, average pricing equilibrium, and voluntary trading equilibrium as
special cases. When a pricing equilibrium principle yields Pareto efficient allocations, the
mechanism doubly implements the pricing equilibrium correspondence in social and strong
social equilibria. Furthermore, the mechanisms work not only for three or more agents, but
also for two-agent economies.
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1 Introduction

This paper studies the problem of incentive mechanism design for a general price-setting equi-

librium principle in economies with increasing returns to scale or more general types of non-
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convexities. For the general equilibrium approach to allocations of private goods, the most
commonly used equilibrium notion is the Walrasian equilibrium principle which is a general
equilibrium concept for private-ownership institutions. Since the Walrasian mechanism, in gen-
eral, is not incentive-compatible even for classical economic environments when the number of
agents is finite, many incentive mechanisms have been proposed to implement Walrasian allo-
cations at Nash equilibrium and/or strong Nash equilibrium points such as those in Hurwicz
(1979), Schmeidler (1980), Hurwicz, Maskin, and Postlewaite (1995), Postlewaite and Wettstein
(1989), Tian (1989, 1992, 1996, 1999), Hong (1995), and Peleg (1996) among others.

For the general variable returns case, however, the Walrasian equilibrium principle may have
a problem of failure. It is well known that firms’ profit maximizing behavior is inconsistent
with the existence of competitive equilibrium in an economy with increasing returns to scale or
non-convex technologies. The Walrasian equilibrium principle assumes that production takes
place at a price-taking, profit-maximizing point. This precludes the existence of an equilibrium
if increasing returns to scale (IRS) are present. Thus, the standard behavioral assumption of
profit maximization may be inapplicable in the presence of increasing returns to scale.

To overcome this defect of the Walrasian equilibrium principle, one has to consider alternative
solution rules about firms’ behavior that can incorporate increasing returns into the setting. One
needs to seek alternative mechanisms in the framework that have the generality of the Walrasian
model, but in which no convexity assumption is made regarding the individual or the aggregate
production sets. Several such solution concepts for economies with increasing returns or more
general types of non-convexities have been proposed in literature. In these solution principles,
non-convex firms are assumed to follow a pricing rule, while the convex firms may or may not
behave competitively. One does not need to distinguish in a priori the convex firms from the non-
convex ones or the price-taking firms from the price-setting ones. The economic environment
is one in which firms with non-convex production sets, perhaps as a result of regulation, follow
pricing rules which do not necessarily guarantee maximum profits. The profit may be distributed
among the consumers according to exogenously given rules, as in the Arrow-Debreu model. The
pricing equilibrium notion is not radically different from the Walrasian equilibrium solution. In
fact, it coincides with the Walrasian equilibrium notion in the case of convex economies under
the marginal pricing rule. With the pricing equilibrium notion, all firms are assumed to follow
a pre-specified pricing rule when the self-interested behavior of consumers are still described by
utility maximization and the market clearing condition is satisfied. If firms adopt price setting

behaviors, i.e., if they follow pricing rules which are mappings from the boundaries of their



production sets to the price simplex, then under certain assumptions, there exists a price setting
equilibrium even in an economy with non-convex technologies, in the sense that (i) consumers
maximize their utilities subject to their budget constrains, (ii) all firms set the same prices, and
(iii) all markets clear.

Each firm follows a general pricing rule which may be profit maximizing, marginal, or average
cost pricing. The two rules of behavior that are considered most often are marginal and average
cost pricing rules. The marginal cost pricing doctrine was elaborated on in the nineteen thirties
and forties by Allais, Hotelling, Lange, Lerner, Pigou, etc. The most common justification
of marginal cost pricing is that a suitable price system and distribution of income allow the
decentralization of every Pareto optimal allocation when each producer is instructed to follow
the marginal cost pricing rule. The existence of marginal cost pricing equilibria was first studied
by Beato (1982) and Mantel (1979), then Beato and Mas-Colell (1985), Bonnisseau and Cornet
(1990), Brown and Heal (1982), Brown et al. (1986), and Cornet (1989). The existence of pricing
equilibria under other pricing rules, such as the average cost pricing rule has been studied by
Brown and Heal (1983, 1985), Dierker et al. (1985), MacKinnon (1979) and Reichert (1986).
The existence of a general pricing rule which includes the marginal pricing equilibrium, average
rule, and loss-free pricing rule as special cases can be found in Beato (1982), Brown and Heal
(1982), Cornet (1988, 1989), Bonnisseau (1988), Bonnisseau and Cornet (1988), Kamiya (1988),
Vohra (1988), and Quinzii (1991, 1992).

However, all the studies mainly concerned with welfare properties and the existence and
uniqueness of pricing equilibrium, but incentive aspects of the pricing equilibrium principle were
neglected. In fact the incentive problem in the presence of non-convexities in production is
more severe than one in conventional convex economies (because of the failure of markets). The
non-convex firms can be thought of as privately owned public utilities, which are regulated (cf.
Brown and Heal (1883, 1985)). Any pricing rule imposed by a regulator then should be incentive
compatible. One needs to design mechanisms which implement pricing equilibrium allocations
under solution concepts of self-interested behavior of individuals, such as Nash equilibrium
strategy. Thus, an important question is whether or not one can design an incentive mechanism
that implements a proposed pricing equilibrium rule for non-convex production technologies.
This paper attempts to fill this gap.

This paper deals with the problem of the incentive mechanism design for production economies
with non-convexities in production technologies. We do so by investigating the incentive aspect

of a general price setting solution for general non-convex economies and by introducing the no-



tion of a generalized mechanism in which one agent’s feasible message domain depends on the
other agents’ choices. We allow preferences and individual endowments to be unknown to the
planner. We propose a generalized mechanism which implements a general pricing equilibrium
rule in social equilibrium. When a pricing rule results in Pareto efficient allocations, this mech-
anism in fact doubly implements the pricing equilibrium allocations in social and strong social
equilibria. That is, in the mechanism not only social equilibrium allocations, but also strong
social equilibrium allocations coincide with pricing equilibrium allocations. By double imple-
mentation, the solution can cover the situation where agents in coalitions may cooperate and
those in other coalitions may not. Thus, the designer does not need to know which coalitions
are permissible and, consequently, it allows the possibility for agents to manipulate coalition
patterns. Notice that, since the profit maximizing rule is a special case of the general pricing
equilibrium principle, this mechanism doubly implements Walrasian allocations in social and
strong social equilibria for convex production economies.

The notion of a generalized mechanism is best used for considering implementation of a social
choice rule. There are two technical difficulties in using the conventional mechanism approach
to consider the implementation problem for non-convex production technologies when one wants
to use a well-behaved mechanism that has a finite-dimensional message space. First, in order
to have a feasible and continuous mechanism for the case of convex economies, the existing
approach constructs a feasible and continuous allocation correspondence with nonempty, closed,
and convex values. The allocation outcome at a message is then chosen from the resulting
feasible set so that it is closest to the allocation proposed by individual agents. The outcome
function is thus single-valued, continuous, and feasible. Such a projecting approach has been
used by Postlewaite and Wettstein (1989), Tian (1989, 1992, 1996, 1999), Hong (1995), and Peleg
(1996) among others to obtain the continuous and feasible mechanisms. When production sets
are non-convex, however, the feasible correspondence is not convex-valued, and a single-valued
and continuous mechanism cannot be obtained. Therefore, the approach may not, in general,
be applied to the case of non-convex economies.

Secondly, even when one can have a feasible and continuous mechanism for convex economies
by using the approach of constructing the feasible correspondence, the resulting mechanism
generally is not forthright. Forthrightness requires that, in equilibrium, each agent receives
what she has announced as her own consumption bundle, and produces what she has proposed.
If a mechanism satisfies forthrightness, then it is easy to compute the equilibrium outcome.

This is why the existing feasible and continuous mechanisms mentioned above do not satisfy the



forthrightness property.

These two technical problems have led us to adopt the generalized mechanisms approach.
By using a generalized mechanism, the designer constructs a feasible message set for each agent,
which depends on the other agents’ messages. The agents are then asked to report consumption
bundles and production plans from the feasible sets of agents, but not from the whole message
space. Thus, from the very beginning, one eliminates those unrealistic and/or unfeasible out-
comes so that the mechanism becomes simpler, and more intuitive, and also the equilibrium
becomes easier to compute. For instance, no projection mapping is needed since agents are
required to report messages from feasible sets. Such a generalized mechanism can be partic-
ularly useful for non-convex production economies. Furthermore, it may have many desirable
properties such as forthrightness, continuity, and feasibility.

The mechanism proposed in the paper has many desired properties. It is feasible with
respect to the feasible choice subset of the message space, and forthright, and thus is a natural
mechanism using the terminology of Saijo, Tatamitani, and Yamato (1996). Additionally, the
mechanism is continuous, is a market type mechanism, uses a finite-dimensional message space,
and works not only for three or more agents, but also for two-agent economies. This means
it is a unified mechanism irrespective of the number of agents. The modified mechanism does
not use the projection approach to determine consumption allocations, the resulting allocation
is no longer a rationing scheme. A generalized mechanism, but not a conventional mechanism,
should be used when one considers implementation issues by a well-behaved mechanism and/or
for economies with non-convex production technologies. This is somewhat similar to the case of
studying the existence of competitive equilibrium in the general equilibrium literature, in which
the generalized game approach, but not the conventional game, approach has been used to prove
the existence of Walrasian equilibrium.

The remainder of this paper is as follows. Section 2 sets up a general model and states
the notion of pricing equilibrium, notation, and definitions used for mechanism design. Section
3 gives a mechanism which has the desirable properties mentioned above when preferences
and individual endowments are unknown to the designer, but production possibility sets are
known. We then prove that this mechanism implements pricing equilibrium allocations in social

equilibrium. Concluding remarks are presented in Section 4.



2 The Model

2.1 Economic Environments

We consider production economies in which there are n = 2 consumers, J firms, and L com-
modities.! Let N = {1,2,...,n} denote the set of consumers. Production technologies of firms
are denoted by Vi,...,Y;,...,Y;. We assume that, for j = 1,...,J, V; is closed, contains 0
(possibility of inaction), and Y; — R C Y, (free-disposal). Thus, 9Y;, the boundary of the
production set )}, is exactly the set of (weakly) efficient production plans of the jth producer,

that is,
0V =A{y; € Vi : By; € Vi, u; >y}

Each agent’s characteristic is denoted by e; = (C;, w;, R;), where C; = Ri is the consumption
set, w; € ]Ri . is the true initial endowment vector of commodities, and R; is the preference
ordering defined on Ri. Let P; denote the asymmetric part of R; (i.e., a P; b if and only if
a R; b, but not b R; a). We assume that R; is continuous and convex on Ri, and strictly
monotonically increasing on RJLr +.2

An economy is the full vector e = (ey,...,en, V1,...,) ) and the set of all such economies
is denoted by E.

An allocation of the economy e is a vector (x1,...,Zn,Y1,...,Y7) € RE(M+)) guch that: (1)
x:=(z1,...,2,) € R and (2) y; € Yj for j = 1,J. Denote y = (y1,...,4,).

An allocation (x,y) is feasible if

n n J
DT ED Wity )
i=1 i=1 j=1

Denote the aggregate endowment, consumption and production by w = Y1 | w;, & = > 1 |,

Y= Z;-Izl Yi, respectively.? Then the feasibility condition can be written as

A

&<+

An allocation (z,y) is Pareto-optimal with respect to the preference profile R = (Ry, ..., Ry)

if it is feasible and there is no other feasible allocation (2’,y’) such that z} P;z; for all i € N.

!As usual, vector inequalities are defined as follows: Let a,b € R™. Then a = b means a, = b, for all

s=1,...,m; a>bmeans a =b but a # b; a > b means as > bs for all s=1,...,m.
2R, is convex if, for bundles @ and b, a P; b implies Aa 4+ (1 — A\)b P; b for all 0 < A 5 1. Note that the term

“convex” is defined as in Debreu (1959), not as in some recent textbooks.
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3For notational convenience, “4”will be used throughout the paper to denote the sum of vectors a;, i.e.,
R P
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2.2 Pricing Equilibrium Allocation

Let ALt = {te R : Zle t; = 1} be the L — 1 dimensional unit simplex.

The behavior of the jth producer is described by its supply correspondence, 7;, which asso-
ciates with each normalized price vector in p € Ai_l, a subset of j(p). The production equilib-
rium condition of the jth producer at the pair (y;,p) € 0Y; x Ai_l is defined by y € n;(p). Since
n;(p) is in general not convex in the presence of increasing returns, there is an alterative approach
to describe the behavior of production with the notion of a pricing rule which is the inverse cor-
respondence of 7;. In the absence of convexity assumptions, a pricing rule correspondence may
satisfy continuity and convex valuedness properties even when the supply correspondence does
not. This is the main reason why most papers on the existence of equilibrium for economies with
non-convex production technologies the notion of a pricing rule even though they are equivalent.

A pricing rule for firm j is a correspondence ¢; : 0Y; —— A_Lfl defined by ¢;(y;) = {p €
Ai_l :y; € n;(p)}. We assume that ¢; has a closed graph and that, for all y; € 0Y;, ¢;(y;) is a
closed convex cone of vertex 0. The jth firm is said to follow the pricing rule ¢; at the pair of a
price vector p € A_Lfl and an efficient production plan y; € 0Y; if p € ¢;(y;). Such (p,y;) is then
called a production equilibrium. Denoted by PE = {(p,y) : Ai_l X H}']=1 0Y;:pe ﬁ‘jjzlqﬁ(yj)}
the set of all such production equilibria of economy e.

It may be remarked that the above general notion of the supply correspondence or the pricing

rule contains the following rules as special cases.

(1) The profit maximizing rule: n;(p) ={y; €Y :p-y; 2 p- y;- for all y; €V}

(2) The marginal pricing rule: MC};(y;) = Ny, (y;) where Ny, (y;) is Clarke’s normal
cone to YV; which is a generalization of the notion of the marginal rate of transfor-

mation for the producer in the absence of smoothness and convexity assumptions

(cf. Clark (1975)).

(3) The average pricing rule: AC;(y;) = {p € RY : p-y; = 0}.

(4) The voluntary trading pricing rule: VT;(y;) = {p e RL : p-y; = p- y; for all
y; € Vj such that y; = y;4}, where y;1 = max{0,y;}. Note that the voluntary
trading rule implies, in particular, cost minimization.

(5) The loss-free pricing rule: LF;(y;) = {p € RY : p € ¢;(y;) imlies p - y; = 0}.

The i-th consumer’s wealth function is denoted by r; : Ri X RI; X H;-Izl 0Y; — Ryq.
This abstract wealth structure clearly encompasses the case of a private ownership economy

for which ri(wi,p,y1,...,ys) = p-w; + > .oy 0ijp - y;, where 0;; € Ry are the profit shares
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of private firms j, j = 1,...,J, satisfying > " | 6;; = 1. It is assumed that r; : Ri X Rf_ X
H}I:l 9Y; — Ry, is increasing in w;, continuous, Y -, mi(wi, p,y) = Yy 7i(Wiy D, Y1, - -+, Yg) =
P (Xl y S wi), riwitp, s - yg) = tri(wi poy, - yg) for all (p,y) € REYxTT, 9,
D - (Zle yj + > w;) > 0 for (p,y) € PE, and p - (Z;;l y;j + > w;) > 0 implies that
ri(wi, Dy Y1, ..., y5) > 0.

A pricing equilibrium of the whole economy is a list of consumption plans (z7), a list of pro-
duction plans (y]*), and a price vector p* such that (a) every consumer maximizes his preferences
subject to his budget constraint, (b) every firm follows his pricing rule, i.e., p* € ¢;(y;) for all
j=1,...,J, and (c) the excess demand over supply is zero. The nature of the equilibrium (b)
is the main difference to the Walrasian model. Formally, we have the following definition.

An allocation z* = (z*,y*) = (2%, 25, ..., 25, 5, v3. ..., y5) € RTEX Y is a pricing equilibrium

allocation for an economy e if it is feasible and there is a price vector p* € Ri such that

(1) p* - af < p* - ri(w;, p*, y*) for all i € N;

7

(2) for all i € N, x; P; x} implies p* - x; > ri(w;, p*,y*); and
(3) y; € 0Y; and p* € ¢;(y;) for j=1,....J.

Let PR(e) denote the set of all such allocations.

The detailed discussions on the settings of the model in economies with increasing returns
and the existence of pricing equilibrium for the general setting can be found in Beato (1982),
Brown and Heal (1982), Cornet (1988, 1989), Bonnisseau (1988), Bonnisseau and Cornet (1988),
Kamiya (1988), Vohra (1988), and Quinzii (1991, 1992).

An advantage of the notion of pricing equilibrium is that it is quite flexible in allowing prices
or quantities to be exogenous variables or endogenous variables. It allows price-taking behavior,
such as in the Walrasian model. It also allows price-setting behavior such as the models of
Dierker, and Guesnerie and Neuefeind (1985).

In this paper, we consider implementation of pricing equilibrium allocations by designing a
feasible and continuous mechanism which implements the above pricing equilibrium allocations.

In doing so, we need make the following indispensable assumption.

Assumption 1 (Interiority of Preferences): For all i € N, z; P; 2 for all z; € Rﬁ 4, and for all

z} € ORY, where ORY is the boundary of RE.

Remark 1 Assumption 1 cannot be dispensed. Like the Walrasian correspondence, one can
show that the pricing equilibrium correspondence violates Maskin’s (1995) monotonicity condi-

tion on the boundary of the consumption space, and thus it cannot be Nash implemented by an



individually feasible and balanced mechanism. However, by changing Condition 2 in the pricing

equilibrium allocation to the following condition:

Conditioin (2'): for all ¢ € N, x; P; xf implies either p* - z; > r;(w;,p*,y*) or

Ti > Z?:l w; + Z?:l yj*a

we can modify the pricing equilibrium principle to the constrained pricing equilibrium principle.
Now the constrained pricing equilibrium correspondence satisfies Maskin’s monotonicity condi-
tion, and in fact, it can be shown that the mechanism presented below implements constrained
pricing allocations in social equilibrium without Assumption 1. It is clear that every pricing
equilibrium allocation is a constrained pricing equilibrium allocation, and the reverse may not
be true. However, it can be proven that the constrained pricing equilibrium correspondence

coincides with the pricing equilibrium correspondence for interior allocations.

Remark 2 The family of Cobb-Douglas utility functions satisfies Assumption 1.

2.3 Mechanism

Let M; denote the i-th agent’s message domain. Its elements are written as m; and are called
messages. Let M = []; M, denote the message space. Denoted by h : M — ]Rfmrj) the
outcome function, or more explicitly, h(m) = (X1(m),..., X, (m),Yi(m),...,Y;(m)). Then the
mechanism consists of (M, h) which is defined on FE.

A message m* = (mj,...,m}) € M is said to be a Nash equilibrium of the mechanism (M, h)

for an economy e if, for all i € N and m; € M;,
Xi(m") R; Xi(mi,mZ;), (2)

*). h(m*) is then called a Nash (equilibrium,)

where (m;,m*;) = (m,...,mi_y,my,mi q,...,m;
allocation of the mechanism for the economy e. Denoted by Vi x(e) the set of all such Nash
equilibria and by Njz 4 (e) the set of all such Nash equilibrium allocations.

A mechanism (M, h) is said to Nash-implement pricing equilibrium allocations on F, if, for
all e € £, Nyrp(e) = PR(e).

A coalition C' is a non-empty subset of V.

A message m* = (mj,...,m}) € M is said to be a strong Nash equilibrium of the mechanism
(M, h) for an economy e if there does not exist any coalition C' and m¢ € [];c M; such that
for all ¢ € C,

Xi(me,m* o) Py X;(m™). (3)



h(m*) is then called a strong Nash (equilibrium) allocation of the mechanism for the economy
e. Denoted by SV (e) the set of all such strong Nash equilibria and by SNy (e) the set of
all such strong Nash equilibrium allocations.

A mechanism (M, h) is said to doubly implement pricing equilibrium allocations on E, if, for
all e € E, SNy p(e) = Narp(e) = PR(e).

A mechanism (M, h) is said to be continuous, if the outcome function h is continuous on M.

In some cases, an agent’s strategy domain may depend on the other agents’ choices. The re-
sulting mechanism (game form) is thus similar to the so-called abstract economies or generalized
games studied by Debreu (1952) and Shafer and Sonnenschein (1975). This kind of mechanism
design problem is also similar to the implementation problem when partial verification of private
information is possible, which was studied by Green and Laffont (1986). Partial verification oc-
curs when the message space is a correspondence that varies with economic environments. We
will call this type of mechanism a generalized mechanism, and like Debreu (1952) call resulting
equilibrium a social equilibrium. In what follows, we will first give the general definition of gen-
eralized mechanism and related equilibrium concepts. We then present a specified generalized
mechanism which doubly implements equilibrium allocations.

Given a message space M, the choice of messages of agent i is restricted to a subset
G;(m) C M, called the feasible strategy set; each agent i chooses m; € G;(m) so as to maximize
preferences. Denoted G : M — 2M by G(m) = [[;cny Gi(m). The generalized mechanism is
defined by (M, G, h). Note that, if G;(m) = M; for all m; € M; and i € N, the generalized

mechanism reduces to the conventional mechanism defined in Section 2.

*

*) € M is said to be a social equilibrium of the generalized

A message m* = (m},...,m
mechanism (M, G, h) for an economy e if, (1) m* € G(m*) and (2) for all i € N and all
m; € G;(m*),

Xi(m*) R; X;(m;,m~,). (4)
Denoted by SEj p(e) the set of all such social equilibria and by SE A, p(e) the set of all such
social equilibrium allocations.

A message m* = (mj,...,m}) € M is said to be a strong social equilibrium of the generalized

mechanism (M, G, h) for an economy e if, (1) m* € G(m*) and (2) there does not exist any

coalition C' and m¢ € [[;c Gi(m*) such that for all i € C,
Xi(me,m?* o) Py X;(m™). (5)

Denoted by SSEj p(e) the set of all such strong social equilibria and by SSE Ay, (e) the set

of all such strong social equilibrium allocations.
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A generalized mechanism (M, G, h) is said to doubly implement pricing equilibrium alloca-
tions in social and strong social equilibria on E, if, for all e € E, SSEApn(e) = SEAp p(e) =
PR(e).

A mechanism (M, h) is said to be feasible with respect to the feasible set G(M), if, for
all m € G(M), (1) X(m) € R™, (2) Yj(m) € Y; for j = 1,...,J, and (3) Y1, X;(m) <
Yo wi + Z}IZIY}(m), where, G(M) = [[, Gi(M) with G;(M) = {m; € M; : Im_; €
M_; st.m; € Gi(m)}.

3 Implementation of Pricing Equilibrium Allocations

3.1 The Description of the Generalized Mechanism

In the following we will present a feasible and continuous mechanism which implements pricing
equilibrium allocations in social equilibrium, and further doubly implements pricing equilibrium
allocations in social and strong social equilibria when they are Pareto efficient. It is well known
by now that, to have feasible implementation, the designer has to know some information about
individual endowments. That is, we have to require that an agent cannot overstate his own
endowment although he can understate his endowment. This requirement is necessary to guar-
antee the feasibility even at disequilibrium points. The intuition here is straightforward: if a
mechanism allows agents to overstate their endowments, then it allows for infeasible outcomes—
it will sometimes attempt to allocate more than possible, given the true aggregate endowment.
Note that, when goods are physical goods, this requirement can be guaranteed by asking agents
to exhibit their reported endowments to the designer.

The message space of the mechanism is defined as follows. For each i € N, let the message

domain of agent i be of the form
M; = (0,w;] x PE x RY xRy x (0,1]. (6)

A generic element of M; is m; = (vi, Pi, Yil, - Yid, Ziy Vi, i) whose components have the
following interpretations. The component v; denotes a profession of agent i’s endowment, the
inequality 0 < v; < w; means that the agent cannot overstate his own endowment; on the other
hand, the endowment can be understated, but the claimed endowment v; must be positive. The
component (p;,y;) € PE is the profile of agent i’s proposed production equilibria, which is used
to determine the wealth of agent ¢ — 1, where ¢ — 1 is read to be n when ¢ = 1. The component

z; is a consumption proposed by agent ¢. The component ~; is a shrinking index of agent ¢ used
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to shrink the consumption of other agents. The component 7; is the penalty index of agent 4 for
avoiding some undesirable social equilibria.

We point out that we need to impose some restrictions on choices of p;, y;, and z;. We
require that, for each i, (p;,y;) € PE(m) with y; being a feasible production plan, and z; is
a feasible consumption bundle that satisfies the proposed budget constraint and the proposed

total supply constraint. Thus, for each agent i, the feasible choice set G;(m) is defined by
Gi(m) = (0,w;] x PE(m) x Bj(m) x Ry4 x (0,1], (7)

where the feasible production equilibrium set PE(m) is defined by

PE(m) ={(p,y) € PE: ) _vi+y1 > 0} (8)
=1

and the feasible consumption set B;(m) is defined by

n
Bi(m) = {x; € RE : piyy -2 < ri(viy pig1, vi1) & o < Zvi +uy1 } 9)
i=1

which is clearly nonempty for all m € G(M).

Before we formally define the outcome function of the mechanism, we give a brief description
and explain why the generalized mechanism works. For each announced message m € M,
the designer first determine the production outcome Y (m) that is proposed by a designated
consumer, say consumer 1. The production level used to determine the wealth of consumer ¢
and the price vector facing each consumer ¢ are determined by the production plan and the price
level proposed by consumer ¢ + 1 so that each individual takes his wealth and prices as given
and cannot change them by changing his own messages. A preliminary consumption outcome
x;(m) is determined by the product of what he/she announces and a penalty multiplier that
gives an incentive for all agents to announce the same production plan and price vector when
m € G(M), and zero otherwise (see Eq. (13) below). To obtain the feasible consumption
outcome X (m), we need to shrink the preliminary outcome consumption z;(m) in some way
that will be specified below. We will show that the generalized mechanism constructed in such a
way will have the properties we desire. In addition, at equilibrium, all consumers unanimously
agree on a production plan and maximize their preferences, all firms are at equilibrium, and
all individuals take the prices of goods as given. The generalized mechanism will be shown to
implement the pricing equilibrium allocations.

Now we formally present the outcome function of the mechanism. Define the feasible produc-

tion outcome to be the production plan proposed by any agent, say agentl’s proposed efficient
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production plan. That is, define the feasible production outcome function Y : M — Ri{r by
Y(m) =Y1. (10)

To determine each agent’s wealth at m that is independent of his own proposed production

profile, define agent i’s production profile outcome function Y; : M — R’ by

Yi(m) = yit1 (11)

and define agent i’s proposed price vector p; : G(M) — Riﬁ by

pi(m) = pig1, (12)

where n + 1 is to be read as 1.

Agent i’s wealth at m is given by r;(v;, pi(m), Y;(m*)). Note that although Y'(-), Y;(+), and
pi(+) are functions of the proposed production plan and price vector announced by an agent only,
for simplicity, we write Y'(+), Y;(-), and p;(-) as functions of m without loss of generality. Also
notice that every individual takes prices of goods as given.

Define agent i’s preliminary consumption outcome function z;: M — Ri by

1 L
zi(m) = T (Tyi i [Hpi—pigl) = if m € G(M)

0 otherwise

Define the y-correspondence A: M — 2R+ by

Am)={yeRi: 7 <1Vie N& ’YZ%’%’(m) <04 Y(m)}. (13)
=1

Let 4(m) be the largest element of A(m), i.e., ¥(m) € A(m) and 5(m) > ~ for all v € A(m).

Finally, define agent i’s outcome function for consumption goods X;: M — ]Rf; by
Xi(m) =3(m)vizi(m), (14)

which is agent i’s consumption resulting from the strategic configuration m.

Thus the outcome function (X (m),Y (m)) is continuous on m and feasible on G(M).

Remark 3 The mechanism works not only for three or more agents, but also for a two-agent

world.
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3.2 Implementation Result

The remainder of this section is devoted to proving the following theorem.

Theorem 1 For the class of production economic environments E, specified in Section 2, if the

following assumptions are satisfied:

(1) w; >0 for alli € N;

(2) For each i € N, preference orderings, R;, are continuous and conver on Rf;,

strictly increasing on Ri_H and satisfy the Interiority Condition of Preferences;
(3) For each j =1,...,J, the production set Y; is nonempty, closed, and 0 € Y;.
(4) The wealth function r; : RE x RE x H;-Izl 0Y; — Ry is increasing in wj,
continuous, S ri(wi,pyy) = p - (S0 y5 + S wi), rawitp i,y ys) =
tri(w%pvyla o 7yJ) fOT all (p7 y) S Ri X H;‘Izl 83)], and Ti(wivpa Y1,y yJ) >0
for all (p,y) € PE,

then the above defined mechanism, which is continuous, feasible, and forthright, and uses a
finite-dimensional message space, implements pricing equilibrium allocations on E in social equi-
librium. Furthermore, it doubly implements pricing equilibrium allocations in social and strong

social equilibria on E when the pricing equilibrium allocations are also Pareto efficient.

Proof. The proof of Theorem 1 consists of the following three propositions which show the
equivalence among social equilibrium allocations, strong social equilibrium allocations, and pric-
ing equilibrium allocations. Proposition 1 below proves that every social equilibrium allocation
is pricing equilibrium allocation. Proposition 2 below proves that every pricing equilibrium allo-
cation is a social equilibrium allocation. Proposition 3 below proves that every social equilibrium
allocation is a strong social equilibrium allocation when the pricing equilibrium allocations are
also Pareto efficient.

To show these propositions, we first prove the following lemmas.
Lemma 1 Suppose x;(m) P; x;. Then agent i can choose a very large ~; such that X;(m) P; z;.

Proof: If agent i declares a large enough ~;, then 4(m) becomes very small (since y(m)vy; < 1)
and thus almost nullifies the effect of other agents in (m) > 7" | vizi(m) < D" U¢+Z}]:1 Yj(m).
Thus, X;(m) = y(m)yx;(m) can arbitrarily approach to x;(m) as agent i wishes. From
x;(m) P; x; and continuity of preferences, we have X;(m) P; x; if agent i chooses a very large

14



Lemma 2 If m* € SEpp(e), then X(m*) € R7E

Proof: We argue by contradiction. Suppose X (m*) € OR". Then there is some i € N
such that X;(m*) € OR%L. Since r;(v},pi(m*),Y;(m*)) > 0 by assumption and >, , v} +
ZJ LY;(m*) > 0 by construction, then there is some z; € RY, such that p;(m*) - 2; <
ri(vf, pi(m*), Yi(m*)), x; < >0, vl ZJ 1 Y;(m*), and x; P; X;(m*) by interiority of pref-
erences. Then z; € B;(m;,m*;). Now suppose that agent i chooses z; = z;, v > 77,
and keeps other components of the message unchanged. We have m; € G;(m;,m*;) and

zi(m;, m*;) = xz; > 0. Then, we have z;(m;,m*,) P; X;(m*) by in-

1
T+nf (lpi—p; 1 1+ yi—yi 1 1D
teriority of preferences. Therefore, by Lemma 1, X;(m;, m* ;) P; X;(m*) if agent i chooses a

very large ;. This contradicts m* € SViy,(e) and thus we must have X;(m*) € RE, for all
i€ N. QE.D.

Lemma 3 If m* is a social equilibrium, then pi = p5 = ... =p}, and y] =y5 = ... = y.
Consequently, p1(m*) = p2(m*) = ... = pp(m*) = p(m*), and Yi(m*) = Yo(m*) = ... =
Y, (m*) =Y (m").

Proof: Suppose, by way of contradiction, that y; # y;,, or p; # p;,, for some i € N. Then
agent ¢ can choose a smaller n; < 7} in (0, 1] so that his consumption becomes larger and he would

be better off by monotonicity of preferences. Hence, no choice of 7; could constitute part of a

social equilibrium strategy when y; # vy, | or pi # p;, ;. Thus, we must have pj = p; = ... = pj,
and y] = y5 = y;, for all © € N at social equilibrium. Therefore, pj = p5 = ... = p;,, and
yi = y3 = ... =y’. Consequently, we have p;(m*) = pa(m*) = ... = pp(m*) := p(m*), and
Yi(m*) =Yo(m*) = ... =Y, (m*) :=Y(m*). Q.E.D.

Lemma 4 Suppose X(m*) € RL for some m* € G(m*) and there is x; € RY, for some
i € N such that p(m*) - z; < (v, p(m*),Y(m*)) and x; P; X;(m*). Then there is some
) such that X;(m;, m* ;) P; X;(m™).

m; € Gi(mi, m*_z

Proof: Since X (m*) > 0, X;(m*) <>,y v;—}—Z}]:l Yj(m*). Let zy; = Az + (1 —X) X;(m*).
Then, by convexity of preferences, we have xy; P; X;(m™*) for any 0 < A < 1. Also z); € ]Ri 1

p(m*)-zx < ri(vf, p(m*), Y (m*)), and xx; < Y p_y UZ"‘Z}]:l Y;(m*) when X is sufficiently close

to 0. Then zy; € B;(m;,m* ;). Now suppose agent i chooses z; = x);, i > 7, and keeps other

components of the message unchanged, then m; € G;(m;,m*;) and z;(m;,m*;) = z; = xy,.

Thus, we have x;(m;, m* ;) P; X;(m*). Therefore, by Lemma 1, agent i can choose a very large

7vi such that X;(m;, m*,) P; X;(m*). Q.E.D.
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Lemma 5 If m* is a social equilibrium, then v = w; for all i € N.

Proof: Suppose, by way of contradiction, that v} # w; for some i € N. Then p(m*)-X;(m*) <
ri(vi,p(m*), Y (m*)) < ri(w;,p(m*),Y (m*)), and thus there is some z; > X;(m*) such that
p(m*) - z; < ri(wi, p(m*),Y (m*)) and x; P; X;(m*). Since X (m*) € R™ by Lemma 2, there
is some m; € Gi(m;,m*;) such that X;(m;,m*;) P; X;(m*) by Lemma 4. This contradicts

(X(m*),Y(m*)) € SEAmp(e). QE.D.

Lemma 6 If (X(m*),Y(m")) € SEAp i(e), then p(m*)- X;(m*) = ri(w;, p(m*), Y (m*)). Con-

sequently, the feasibility condition must hold with equality, i.e., X(m*) =W+ Y( ).

Proof: Suppose, by way of contradiction, that p(m*)- X;(m*) < r;(w;, p(m*), Y (m*)). Then,
there is z; > X;(m™*) such that p(m*) - x; < ri(w;, p(m*), Y (m*)) and x; P; X;(m*) by mono-
tonicity of preferences. Since X (m*) € R74 by Lemma 2, there is some m; € G;(m;,m*,)
such that X;(m;, m*;) P; X;(m*) by Lemma 4. This contradicts (X (m*),Y (m*)) € Nasn(e).
Consequently, the feasibility condition must hold with equality. Otherwise, there exists i € N
such that p(m*) - X;(m*) < ri(w;, p(m*), Y (m*)). Q.E.D.

Lemma 7 If (X(m*),Y(m*)) € SEAy i(e), then ¥(m*)y} =1 for alli € N and thus X (m*) =

Proof: This is a direct corollary of Lemma 6. Suppose 7(m*)y} < 1 for some ¢ € N. Then
Xi(m*) = 3(m*)yfx;(m*) < x;(m*), and therefore p(m*) - X;(m*) < r;(w;, p(m*),Y (m*)). But
this is impossible by Lemma 6. Q.E.D.

Lemma 8 The generalized mechanism satisfies the forthrightness property, i.e., for every social

equilibrium m*, Y (m*) = y¥, p(m*) = pf, v* = w;, and X;(m*) = 2} for alli € N.

Proof: This is a consequence of Lemmas 3, 5, and 7. By Lemma 3, Y(m*) =y}, p(m*) = pf,
and thus z;(m*) = 2! for all i € N. By Lemmas 5, v = w;. By Lemma 7, X(m*) = z(m").

Thus, we have X;(m*) = 27 for all i € N. Q.E.D.

Proposition 1 If the mechanism defined above has a social equilibrium m*, then the social
equilibrium allocation (X (m*),Y (m*)) is a pricing allocation with price vector p(m*), i.e.,

SEAM,h(e) - PR(e) .

Proof: Let m* be a social equilibrium. We need to prove that (X (m*),Y (m*)) is a pricing

equilibrium allocation with p(m*) as a price vector. Note that, by construction, the mechanism
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is feasible, and the budget constraint holds with equality by Lemma 6. So we only need to show
that each individual is maximizing his/her preferences subject to his/her budget constraint.
Suppose, by way of contradiction, that there is some x; € Ri such that z; P; X;(m"*)
and p(m*) - z; < ri(w;, p(m*),Y (m*)). Since X (m*) € R by Lemma 2, there is some m; €
Gi(m;, m* ;) such that X;(m;, m*;) P; X;(m*) by Lemma 4. This contradicts (X (m*),Y (m*)) €

SEApp(e). Thus, (X(m*),Y (m*)) is a pricing equilibrium allocation.

Proposition 2 If (z*,y*) is a pricing allocation with p* € Affl as the price vector, then there
is a social equilibrium m* such that Y (m*) = y*, p(m*) = p*, and X;(m*) =« fori € N, i.e.,

PR(€) - SEAMyh(e) .

Proof: We first note that =* € Ri , by interiority of preferences. Also, by the strict
monotonicity of preference orderings, the normalized price vector p* must be in Af_;l. We
need to show that there is a message m* such that (z*,y*) is a social equilibrium alloca-
tion. For each i € N, define m; = (v*,p},y,.... ¥/ 2570,0) by v = w;, pf = p*,
(Wi uly) = (yf,yg‘,...,y;), zf =, vf =1, and nf = 1. Then, it can be easily veri-
fied that Y (m*) = y*, pi(m*) = p*, and X;(m*) = z} for all i € N. Since p(m;, m* ;) = p;(m”*)

and Yj(m;,m*,) = Y;(m*) = Y (m*) for all m; € G;(m;,m*,), then we have
p(m™) - Xi(mi,m=;) < ri(wi, p(mi, m=;), Yi(ms, m”;)) = ri(wi, p(m?), Y (m*))  (15)

for all m; € G;(m;,m*;). Thus, X;(m;,m*;) satisfies the budget constraint for all m; €
Gi(mi,m*;). Thus, we must have X;(m*) R; X;(m;,m*;), or it contradicts the fact that

(X(m*),Y (m*)) is a pricing allocation. So (X (m*),Y (m*)) must be a social equilibrium allo-

cation. Q.E.D.

Proposition 3 Suppose the set of pricing equilibrium allocation is a subset of Pareto efficient
allocations. Then, every social equilibrium m* of the mechanism defined above is a strong social

equilibrium, that is, SE A n(e) € SSEAp i (e).

Proof: Let m* be a social equilibrium. By Proposition 1, we know that (X (m™*),Y (m")) is a
pricing allocation with p(m*) as the price vector. Then (X (m™*),Y (m*)) is Pareto optimal and
thus the coalition N cannot be improved upon by any m € M. Now for any coalition C' with
() £ S # N, choose i € C such that i + 1 ¢ C. Then no strategy played by C can change p(m)
and Y (m) since they are determined by m;;1. Furthermore, because (X (m*),Y (m*)) € P(e)
and

p(m*) - Xi(me,m”c) = ri(wi,p(m*),Y (me, mZg)) = ri(wi, p(m”), Y (m")), (16)
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X;(m™*) is the maximal consumption in the budget set of i, and thus S cannot improve upon
(X(m*),Y(m")). Q.E.D.

By Proposition 1 and Proposition 2, we know that SEAys;(e) = PR(e), which means the
mechanism implements the pricing equilibrium allocations in social equilibrium. Furthermore,
since every strong social equilibrium is clearly a social equilibrium, by combining Propositions
1-3, we know that SSEA p(e) = SEAyp(e) = PR(e) for all e € E and thus the proof of
Theorem 1 is completed. Q.E.D.

4 Concluding Remarks

In this paper we have considered the incentive aspect of the pricing equilibrium solution for
general production economies which allow for non-convexity of production sets. We presented
a simple generalized mechanism which implements pricing equilibrium allocations when pref-
erences and endowments are unknown to the designer. When a pricing rule results in Pareto
efficient allocations, this generalized mechanism, in fact, doubly implements the pricing equilib-
rium allocations in social and strong social equilibria. The double implementation covers the
case where agents in some coalitions may cooperate and in other coalitions may not, when such
information is unknown to the designer. This combining solution concept, which characterizes
agents’ strategic behavior, may bring about a state which takes advantage of both the social
equilibrium and the strong social equilibrium, so that it may be easy to reach and hard to
leave. The mechanism constructed in the paper is well-behaved in the sense that it is feasible,
continuous, and forthright. In addition, unlike most mechanisms proposed in literature, it gives
a unified mechanism which is irrespective of the number of agents.

We end the paper by mentioning a limitation of the paper. We only consider the incentive
mechanism design by assuming that production technologies are known to the designer so that
we are able to construct the mechanism with a finite-dimensional message space. How to design
an incentive compatible mechanism that implements a pricing rule when production sets are

non-convex and unknown to the designer is a hard and unsolved problem.
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