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Abstract

This paper considers the incentive aspect of the Balanced Linear Cost Share Equilibrium
(BLCSE), which yields an endogenous theory of profit distribution for public goods
economies with convex production technologies. We do so by presenting an incentive
compatible mechanism which doubly implements the BLCSE solution in Nash and strong
Nash equilibria so that Nash allocations and strong Nash allocations coincide with BLCSE
alocations. The mechanism presented here allows not only preferences and initia
endowments, but also coalition patterns to be privately observed. In addition, it works not
only for three or more agents, but also for two-agent economies. 0 2000 Elsevier Science
S.A. All rights reserved.
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1. Introduction

This paper considers the problem of doubly implementing Balanced Linear Cost
Share Equilibrium (BLCSE) allocations, which is a solution concept introduced by
Mas-Colell and Silvestre (1989), in Nash and strong Nash equilibria by a feasible
and continuous mechanism when coalition patterns, preferences, and endowments
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are unknown to the designer. The notions of various cost share equilibria have
been introduced in the literature, including the Ratio equilibrium notion of Kaneko
(1977), the Generalized Ratio equilibrium notions of Diamantaras and Wilkie
(1994), and Tian and Li (1994a, 1994b), as well as the more general solution
notions of Linear Cost Share Equilibrium (LCSE) and BLCSE of Mas-Colell and
Silvestre (1989). All of these cost-share solutions have desired properties that the
conventional Lindahl equilibrium principle does not share: (1) They yield Pareto
efficient alocations even in the presence of some types of increasing returns
production technologies; (2) they do not need to take profit shares as exogenously
given, and (3) the core equivalence holds for cost share equilibria under regularity
conditions (see Kaneko, 1977 and Weber and Wiesmeth, 1991). The various cost
share equilibrium notions are not radically different from the Lindahl equilibrium
solution. They actually coincide with the Lindahl equilibrium notion for the case
of convex economies with constant returns to scale.

Like the Lindahl mechanism, these various cost share equilibrium solutions are
not incentive-compatible either. Tian and Li (1994a) and Tian (1994) presented
incentive-compatible mechanisms which implement the (Generalized) Ratio
Equilibrium allocations and LCSE allocations by using Nash equilibrium as a
solution concept to describe individuals' self-interested behavior. Nash equilibrium
is a strictly noncooperative notion and is only concerned with single individual
deviations from which no one can be improved by unilateral deviation from a
prescribed strategy profile. No cooperation among agents is allowed. As a result,
although a Nash equilibrium may be easy to reach, it may not be stable in the
sense that there may exist a group of agents which can be improved by forming a
coalition. Thus it is natural to adopt strong Nash equilibrium to allow all possible
cooperation (coalitions) among agents. Although strong Nash equilibrium may
result in a more stable equilibrium outcome, it requires more information about the
communication network and other agents characteristics in order to eliminate
those outcomes that can be upset by coalitionary action. To have a solution
concept combining the properties of Nash and strong Nash equilibria, it is
desirable to construct a mechanism which doubly implements a social choice rule
by Nash and strong Nash equilibria so that its equilibrium outcomes are not only
easy to reach, but also hard to leave. Also, by double implementation, it can cover
the situation where agents in some coalitions will cooperate and in some other
coalitions will not, and thus the designer does not need to know which coalitions
are permissible. Consequently, it allows the possibility for agents to manipulate
coalition patterns. Recently, Corchon and Wilkie (1996) provided an incentive-
compatible mechanism which doubly implements Ratio equilibrium allocations in
Nash and strong Nash equilibria, and Tian (1997) provided a feasible and
continuous mechanism which doubly implements LCSE allocations in Nash and
strong Nash equilibria.

However, the notion of Ratio Equilibrium allows each firm to produce only a
single public good, and it therefore cannot be applied to economies where a firm
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produces more than one public good. While the Generalized Ratio Equilibrium
solution allows production of multiple goods, it only permits the presence of
by-products (joint production). On the other hand, the notion of LCSE allows the
general case of multiple good production, but it has a serious multiple equilibrium
problem. For the strict-convex-technology case, Mas-Colell and Silvestre (1989)
showed that the LCSE alocations are in one-to-one correspondence with the
Lindahl equilibrium allocations. The correspondence is established by varying the
profit share parameters which characterize the Lindahl equilibrium alocations.
Since profit share for an n-person and K public goods economy can be any
element in an n— 1 dimensional unit simplex, the set of LCSE allocations can
have as many points as there are in R"*. In fact, as Mas-Colell and Silvestre
(1989) indicated, the linear cost share equilibrium concept does not yield an
endogenous theory of profit distribution. This equilibrium concept leaves n—1
degrees of freedom which correspond implicitly to profit shares. To arrive a an
endogenous determination of the latter, Mas-Collel and Silvestre (1989) intro-
duced the BLCSE solution principle, which closes the degrees of freedom in such
a manner that the individua payments for public goods be in accordance with
individual benefits. In fact, for a convex and differentiable production technology,
they showed that the BLCSE allocations can be regarded as Lindahl alocations
with endogenous profit shares proportional to the consumption of public goods.
Roemer and Silvestre (1993) called such a solution the proportional solution.
However, they neglected the issues of asymmetric information and incentive
compatibility of the solution principle. When the number of agents is small, as
with the other solution principles, the BLCSE mechanism is not incentive-
compatible. So one needs to design incentive-compatible mechanisms which
implement the BLCSE allocations under some solution concepts of self-interested
behavior of individuals such as the Nash and strong Nash equilibrium strategy.
In this paper we investigate the incentive aspect of the BLCSE solution for
public goods economies. We propose an incentive compatible mechanism whose
Nash alocations and strong Nash allocations coincide with Linear Cost Share
equilibrium allocations. The mechanism presented here allows not only prefer-
ences and initial endowments, but also coalition patterns to be privately observed.
In addition, unlike most mechanisms proposed in the literature, our mechanism
works not only for three or more agents, but also for two-agent economies, and
thus it is a unified mechanism which is irrespective of the number of agents. In
addition, the mechanism is well-behaved in the sense that it is a market-type
mechanism, feasible, continuous, and has a message space of finite dimension.
The logic of the mechanism can be briefly described as follows. Each participant
is asked to report the following messages to the designer: a level of endowment
which may be understated but cannot be overstated; a list of the personalized price
vectors; a desired level of public goods production; a desired level of public goods
consumption; a proposed contribution (tax) used for producing the public goods; a
shrinking index which is used to shrink the private good consumption of other
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agents for obtaining a feasible allocation; and a penalty index when the announced
personalized price vectors and proposed alocation for public goods by the
individual deviates from his neighbor. According to the messages reported by all
the individuals, the designer first assigns a price vector and a proportional share to
each individua i, which are determined by the price vector and the contribution
announced by his neighbor i + 1. Thus, each individual takes his price vector and
proportional shares as given and cannot change them by changing his own
messages. The designer then identifies two feasible constrained choice sets based
on the messages announced by the individuals. One is the feasible constrained
production set by which public goods can be produced with total resources
available in the society. The other is the feasible public goods consumption set.
The level of public goods production will be chosen from the feasible production
set so that it is the closest to the average of the proposed production of public
goods by all agents, and the level of public goods consumption will be chosen
from the feasible consumption set so that it is the closest to the average of the
proposed consumption of public goods. A preliminary private good consumption is
determined by the budget equation. To give incentives for all agents to announce
the same price and quantity of the public goods, the preliminary private good
consumption is discounted by the penalty index. To obtain the feasible allocation,
the final private good consumption will be determined by shrinking the discounted
preliminary private good consumption in a certain method. The mechanism
constructed in such a way has all the desired properties and we will show that it
doubly implements the BLCSE alocations so that Nash allocations and strong
Nash allocations coincide with BLCSE allocations.

Thus, from the above description of the mechanism, one can see that the
mechanism is realistic to some extent and may be used in the real world for the
efficient allocation of public goods, which may provide a partial response to the
criticism that most mechanisms in the implementation literature are highly
unrealistic. The implementation literature has taken two primary directions since
Hurwicz (1979) formalized a general model to deal with incentive problems. One
direction is to characterize what various ingtitutions can achieve using incentive
compatible mechanisms with various solution concepts of individual behavior.
However, due to the general nature of the social choice rules under consideration
in this body of work, the implementing mechanisms turn out to be complex, highly
unrealistic, and impossible for a real player to use. Characterization results show
what is possible for the implementation of a social choice rule (correspondence),
but not what is redistic. The mechanisms for characterization are highly
discontinuous (so they are not robust with respect to some misspecifications) and
have message spaces of infinite dimension. The second direction is towards
““better’” mechanism design, i.e., designing mechanisms which implement specific
and respected socia choice rules such as efficient allocations, individually rational
allocations, Walrasian allocations, Lindahl allocations, etc., and which have
desirable properties such as continuity, feasibility, and lower dimensionality.
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Seminal work on “‘better’” mechanism design for Nash implementation was done
by Groves and Ledyard (1977). This was followed by Hurwicz (1979), Schmeidler
(1980), Walker (1981), Hurwicz et a. (1995), Tian (1989, 1991, 1994), Li et a.
(1995), among many others, for Nash implementation and by Peleg (1996a,b), and
Corchon and Wilkie (1996) for double implementation in Nash and strong Nash
equilibria. While the literature on characterization results may be complete, a lot of
work for better mechanism design of various social choice rules still remains.

The remainder of the paper is organized as follows. Section 2 sets forth the
framework of a public goods model. Section 3 presents a mechanism which has
the desirable properties mentioned above. It may be remarked that, since the
BL CSE endogenously determines profit shares, and such endogenously determined
profit shares depend on both prices and quantities at equilibrium, the problem of
implementing BLCSE allocations is a difficult but worthwhile task. The techniques
used in implementing other market-like equilibrium solutions such as Lindahl or
Ratio allocations may not be applicable, and thus new techniques need to be
developed. Section 4 proves that the mechanism doubly implements Balanced
Linear Cost Share Equilibrium allocations in Nash and strong Nash equilibria.
Concluding remarks are offered in Section 5.

2. Framework
2.1. Economic environments

We will study a model with n=2 agents, K public goods, and one private good,
x being private (as a numeraire) and y public.' Denote by N={1,2, ... n} the set
of agents. The single private good x can, and probably should, be thought of as a
Hicksian composite commodity or money, and public goods y can be thought of as
K public projects and are producible from the private good. The technology is
given to us as a single cost function®, C:R" - R, which is strictly increasing,
convex, continuous, and satisfies C(0) = 0.

Each agent’s characteristic is denoted by e = (W, R), where W, > 0 is the true
initial endowment of the private good and R, is the preference ordering defined on
R'"¥. Let P, denote the asymmetric part of R (i.e., a P, b if and only if a R b,
but not b R a). We assume that preference ordering R, is strictly monotonically

*As usual, vector inequalities are defined as follows: Let a, b € R™. Then a=b means a,=b, for all
s=1,..., m; a=b means a=b but a#b; a>b means a,>b, for dl s=1,..., m.

*Thisis actually an input requirement function. In this model, there is only one private good which is
a numeraire, so that we can interpret C(y) as a cost function.
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increasing R*", continuous, and convex®. For the feasible implementation of
BLCSE allocations, we aso need to make the following indispensable assumption.

Assumption 1 (Interiority of Preferences). For all i € N,(x,,y) P, (x/,y’) for all
x,y) ER and (x/,y') € 9R:"™", where oR*"" is the boundary of R}"".
Remark 1. The family of Cobb-Douglas utility functions satisfies Assumption 1.
An economy is the full vector e=(e,,...,e,,C(y)) and the set of all such
economies is denoted by E. An allocation of the economy e is a vector (x,y) €
R" X RY.

An alocation is feasible if

z,lxi +C(y) g_:Zlv‘\’/i. (1)

A coalition S is a non-empty subset of N.
A feasible allocation (x,y) can be improved upon by SCN if there exists an
alocation (x',y") such that

(i) 2x +Cly') =2,

(i) (x,y')P.(x,y) forall i €S,

A feasible allocation (x,y) isin the core of e if there does not exist any coalition S
that can improve upon (x,Y).

An alocation (x,y) is Pareto-optimal with respect to the preference profile
R=(R,,...,R,)) if it cannot be improved upon by N.

An dlocation (x,y) is individually rational with respect to the preference profile
R=(R,,...,R,)) if it cannot be improved upon by every single individua i.

2.2. Balanced linear cost share equilibrium

To define a Balanced Linear Cost Share Equilibrium, let us first define a Linear
Cost Share Equilibrium. Both were introduced in Mas-Colell and Silvestre (1989).

Let A" *={teR":=" .t =1} be the n— 1 dimensional unit simplex.

An alocation (x*,y*) isaLinear Cost Share Equilibrium (LCSE) allocation for
an economy e if it is feasible and there are (a%,...,a*) €ER™ with ="_ a* =0
and (b%,...,b¥)€ A" such that

1 x*+af -y +bfC(y*)=w, fordl i €N;

°R, is convex if for bundles a, b, c with0<A=1and c = Aa+ (1 — A)b, therelation a P, b implies
cP b
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2. for dl i N, there does not exist (x,y) such that (x,y) P, (x*,y*) and
X +a*-y+b*C(y)=W.

Denote by LCSE(e) the set of al such allocations. Mas-Colell and Silvestre (1989)
showed that every LCSE allocation is Pareto optimal even in the increasing returns
case. Further, they showed that if one reinterprets the commodity space, the
equilibrium concept can be applied to economies with purely private goods or with
externalities. Thus, the equilibrium concept can aso be viewed as optimality-
guaranteeing equilibrium concepts.

Remark 2. An LCSE allocation does not always result in individually rational
allocations. Wilkie (1990) provided such a counter-example. Therefore, an LCSE
allocation may not be in the core. However, every interior LCSE allocation
belongs to the core of the economy and is individually rational (cf. Weber and
Wiesmeth, 1991). Since every LCSE allocation is an interior allocation by the
interiority of preferences, all LCSE allocations under consideration in the paper
are individually rational.

Given the profit share vector § € A" *, an alocation (x*,y*) is a 6-Lindahl
equilibrium allocation for an economy e if it is feasible and there are personalized
price vectors, gf € R", one for each, such that

1. y* maximizes profits p* - y — C(y);

2. XX +qf - y* =W +6[p* - y* —C(y*)] for dl i EN;

3. for dl i eN, there does not exist (x,y) such that (x,y) P, (x*,y*) and
% +qf - y=w +6[q* - y* — C(y*)];

4. Einzlqi* =p*.

Denote by L(e;#) the set of all such allocations.

Note that in the constant returns case, the Linear Cost Share equilibrium
allocation reduces to the Lindahl equilibrium allocation. For the strict convex
production technology case, Mas-Colell and Silvestre (1989) also showed that the
LCSE dlocations are in one-to-one correspondence with the Lindahl equilibrium
alocations so that LCSE(€) = U ,c4n-1 L(g;8). Since # can be any element in
A", the set of LCSE alocations is very large. As Mas-Colell and Silvestre
(1989) indicated, the linear cost share equilibrium concept does not yield an
endogenous theory of profit distribution. This equilibrium concept leaves n—1
degrees of freedom which correspond implicitly to profit shares. In order to arrive
at an endogenous determination of the latter, Mas-Collel and Silvestre (1989)
introduced the concept of BLCSE which closes the degrees of freedom in such a
manner that the individual payments for public goods are in accordance with
individual benefits.
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An allocation (x*,y*) is a Balanced Linear Cost Share Equilibrium (BLCSE)
allocation for an economy e if

1. itisan LCSE alocation with (a%,...,a*) ER™ and (b*,...,b*)€4" ' asa
linear cost share system.
2. af-y*=0fordlieN.

Denote by BLCSE(e) the set of all such alocations which is non-empty in the
economic environments under consideration. Note that in the case of a single
public good, a linear cost share equilibrium is balanced if and only if a, =0, or
equivaently if and only if it is a Ratio Equilibrium in the sense of Kaneko (1977).
An interpretation of the balanced linear cost share equilibrium can be easily given.
Since &, - y represents a transfer from (or to) individual i, the BLCSE principle
implies that the net transfers of every individual is zero at equilibrium, i.e,
a-y*=0.

In this paper, we will use the following lemma to consider double implementa-
tion of BLCSE alocations. This lemma is due to Mas-Collel and Silvestre (1989),
Proposition 6) which gives an equivalence between BLCSE allocations and
Lindahl allocations with endogenous profit shares which are proportional to
consumption of public goods. Roemer and Silvestre (1993) caled such an
allocation the proportional solution. They have extended the solution concept to a
general setting of private good economies.

Lemma 1. Suppose that C is convex and differentiable. Then an allocation (x*,y*)
is a BLCSE allocation for an economy e if and only if it is feasible and there are
personalized price vectors, g* € R", one for each, such that

1. y* maximizes profits p* - y — C(y);

2. for all i €N, there does not exist (x,y) such that (x,y) P, (x*,y*) and
X +0f Y=+ Tty - Cyl;

3. xF + Y C(y*) =W, for all i EN;

4. Einzlqi* =p*.

Thus, when C is convex and differentiable, the above lemma implies that an
allocation is a BLCSE allocation if and only if it is a Lindahl allocation with profit
shares which are proportional to the consumption of public goods. Mas-Collel and
Silvestre (1989), Remark 7) indicated that the ‘if part’ of the lemma remains valid
even if C is not differentiable.

2.3. Mechanism

Let M; denote the i-th agent’s message domain. Its elements are written as m,
and called messages. Let M=Hi:1 M, denote the message space. Denote by
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h:M — R" " the outcome function, or more explicitly, h.(m) = (X.(m),Y(m)). Then
the mechanism consists of {M,h) which is defined on E.

A message m* = (m¥,...,m*)EM is said to be a Nash equilibrium of the
mechanism (M,h) for an economy e if, for each i €N and m, € M,,

h(m*) R h,(m,m* ), (2)

where (m,m*,)=(my,....m"_,mm* ,,....m"). h(m*) is then called a Nash
(equilibrium) allocation of the mechanism for the economy e. Denote by V,, (€)
the set of al such Nash equilibria and by N, ,(€) the set of all such Nash
(equilibrium) allocations.

A mechanism (M,h) is said to weakly Nash-implement BLCSE allocations on E,
if, for al e€E, § #N,, ,(€) C BLCSE(e).

A mechanism (M,h) is said to Nash-implement BLCSE allocations on E, if, for
al e€E, 0 #N,, ,(6) = BLCSE(e).

A message m* = (my,...,m:) EM is said to be a strong Nash equilibrium of
the mechanism (M,h) for an economy e if there does not exist any coalition S and
ms€ [ [,cs M, such that for all i €S

h(ms,m* ) P, by (m*). ©)

h(m*) is then called a strong Nash (equilibrium) allocation of the mechanism for
the economy e. Denote by SV, ,(€) the set of all such strong Nash equilibria and
by SN, ,(€) the set of all such strong Nash (equilibrium) allocations.

The mechanism (M,h) is said to doubly implement BLCSE allocations on E, if,
for al e€E, 0N, () =N, ,(6) = BLCSE(e).

The mechanism (M,h) is said to weakly doubly implement BLCSE allocations
on E, if, for al e€E, §# N, (€) =N, ,(e) C BLCSE(e).

3. A feasible and continuous mechanism

In the following, we will present a feasible and continuous mechanism which
doubly implements BLCSE allocations in Nash and strong Nash equilibrium. The
message space of the mechanism is defined as follows.

For each i € N, his/her message domain is of the form

M, = (0] X RYS X RA X R X R, X R, X (0], (4)

A generic element of M, is m = (w,,q,,z,V;,t;,%,m) whose components have the
following interpretations. The component w, denotes a profession of agent i's
endowment, the inequality 0 <w, =W, means that the agent cannot overstate his
own endowment; on the other hand, the endowment can be understated, but the
claimed endowment w, must be positive which is necessary to guarantee the
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feasibility even at disequilibrium points® The component g: = (%1,---,0,) IS
list of the personalized price vectors proposed by agent i. The component z is the
public goods production proposed by agent i. The component y, is the public
goods consumption proposed by agent i. The component t; is the tax contribution
proposed by agent i. The component y is a shrinking index of agent i used to
shrink the private good consumption of other agents. The component , is the
penalty index of agent i when the announced personalized price vectors and
proposed allocation for public goods by agent i deviates from his neighbor, agent
i+ 1.
For each i € N, define the personalized price function by

g,(m) = Gaiv (5
and an aggregate price function for public goods by

pi(m)=_221qi+1,j. (6)

wheren + 1 isto be read as 1. Note that even though g,(m) and p,(m) are functions
of the component, g, . ;, announced by agent i + 1 for agent i, we can write them
as functions of m without loss of generality.

Define agent i’s (endogenous) proportional share function :M - R, , by

_ q(m-t.,,
pi(m)'tiJrl.

Note that, by definition, g,(m), p,(m) and (M) are independent of m.. The reason
for having this independence is that we want the mechanism to have the property
that any agent i cannot enlarge his budget set by changing m,, but he can reach any
consumption bundle (x;,y) he wishes in the budget set by changing message m,.
We will show that p,(m*) = p,(m*) = - - - =p,(M*): =p(m*) and =;_, 6(m*) =
1 at every Nash equilibrium m* €V, (e).

Define a constrained public goods production correspondence B,: M — "% by

6.(m) (7)

B,(m) 2{26 R":C@2 éznlwi&wi/2+ GM[pm-z—C@@=0Vie N},

(8)

“The intuition here is straightforward: if a mechanism allows agents to overstate their endowments,
then it allows for infeasible outcomes — it will sometimes attempt to allocate more than is possible,
given the true aggregate endowment. Note that, when goods are physical goods, this requirement can be
guaranteed by asking agents to exhibit their reported endowments to the designer. However, when
goods are not physical goods, announced endowments may be unverifiable. This problem is not a
limitation of the mechanism constructed in the paper since any feasible mechanism will have this
limitation as long as endowments are unknown to the designer.
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which is clearly nonempty, compact, and convex (by the convexity of C(-)) for all
me& M. We will show the following lemma in the Appendix A.

Lemma 2. B,(-) is continuous on M.

Let z=1/n =, z, which is the average of proposed production of public
goods.
Define the outcome function for production of public goods Z: M - B, by

Z(m) = argminjz — Z:z€ B,(m)}, ©)

which is the closest point to Z. By Berge's Maximum Theorem (see Berge, 1963,
p.116), we know that Z(m) is an upper semi-continuous correspondence. Also,
since B,(m) is closed and convex valued, it is aso single-valued (see Mas-Coléll,
1985, p. 28). Then Z(m) is single-valued and continuous on M.

Define the proportional profit sharing function 7:M - R by

m(m) = G(m)[p;(m) - Z(m) — C(Z(m)] (10)
and proportional cost sharing function g:M - R, by
g (m) = 6 (m)C(Z(m)), (11)

which are both continuous. .
Define a feasible public goods consumption correspondence B,: M - 2" by

B,(m) ={y E Ry =ZMm&w, — g(m)- y + M) p,(m) - Z(m) — CZ(m))]
=Z0VieN} (12)
which is a correspondence with non-empty, compact, and convex vaues. We will
prove the following lemma in Appendix A.

Lemma 3. B,(-) is continuous on M.

Let y=1/n =_, vy, which is the average of proposed consumption of public
goods.
Define the outcome function for public goods consumption Y: M — B, by
Y(m) = argmin]ly — ¥||:y € B,(m)}, (13)

which is the closest point to y. As above, we know that Y(m) is single-valued and
continuous on M.
Define the preliminary private good consumption x;: M — R by
w; — g (m) - Y(m) + 6(m)[ p;(m) - Z(m) — C(Z(m))]
L lla = o+t =t +la =yl + Iy, =t

x,(m) = (14)
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Define the y-correspondence A: M — 2%+ by

A(m) 2{7 ER,:yy=1ViEN & @nlyixi(m) + C(Z(m) ;_ilwi}. (15)

Let y(m) be the largest element of A, i.e., y(m) € A(m), y(m) = y for all v € A(m).
Finally, define the outcome function for private good consumption X(m):
M- R, by

X,(m) = Hm)yx,(m), (16)

which is agent i’s consumption resulting from the strategic configuration m.
Thus the outcome function is continuous and feasible on M since, by the
construction of the mechanism, (X(m),Y(m)) € R""* and

_Zzlx (m) + C(Y(m)) ;:21\;\’4 (17)
for al me M.

Remark 3. Note that our mechanism works not only for three or more agents, but
also for a two-agent world. While most mechanisms which implement market-type
social choice correspondences (such as Walrasian, Lindahl, Ratio, or LCSE
allocations) in the existing literature need to distinguish the case of two agents
from that of three or more agents, this paper gives a unified mechanism which
holds irrespective of the number of agents.

4. Double Implementation
The remainder of this paper is devoted to proving Theorems 1 and 2 below.

Theorem 1. For the class of economic environments E with one private and K
public goods, if the following assumptions are satisfied:

1. n=2

2. preference orderings R are strictly increasing on R*"", continuous, convex,
and satisfy the Interiority Condition of Preferences; and

3. the cost function C:R% — R, is strictly increasing, convex, differentiable, and
C(0) =0,

then there exists a continuous and feasible mechanism which doubly implements
BLCSE allocations in Nash and strong Nash equilibria on E.

Proof. The proof of Theorem 1 consists of the following three propositions which
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show the equivalence among Nash allocations, strong Nash allocations, and
BLCSE allocations. Proposition 1 below proves that every Nash alocation is a
BLCSE alocation. Proposition 2 below proves that every BLCSE allocation is a
Nash alocation. Proposition 3 below proves that every Nash equilibrium alloca
tion is a strong Nash equilibrium allocation.

To show these propositions, we first prove the following lemmas.

Lemma 4. If m* is a Nash equilibrium, then g =g = - - - =q*, tF =t =
L= =Y S y2_ e=YyR=Zi=z = =120, Consequently,
Pl(m*) = po(m*) = = py(m*) = p(m*) = 5., g (m*), and =, 4(m*) =1

Proof. Suppose, by way of contradiction, that qf # g, ,, tf ;étl*ﬂ, ZF #AyF, or
y* #t¥ for somei € N. Then agent i can choose a smaller n, <n¥ in (0,1] so that
his consumption of the private good becomes larger and thus he would be better
off by monotonicity of preferences. Hence, no choice of », could constitute part of
a Nash equilibrium strategy when of #qf,,, tF #t*.,, z* #z",,, or yf #t*.
Thus, we musthave ¥ =g = - - - =g, tF =t = - - - =t =yf =y =
=y*=zZ =27 = ... =2z =§y*. Consequently, we have p,(m*) = p,(m*) = - -
£ =p,(m*) = p(m*) = ST, q(m*), and ST, 4(m*) =, (q,(m*)- §*)/(p(m)
y*) = (p(m*)-y*)/(p(m*)-y*)=1. O

Lemma 5. Suppose (x;(m),Y(m)) P, (x;,y) for i € N. Then agent i can choose a very
large y such that (X.(m),Y(m)) P, (x,,Y).

Proof. If agent i declares a large enough 7, then (m) becomes very small (since
ym)y =1) and thus amost nullifies the effect of other agents in y =7,
¥X(m) + CZ(m) = =, w,. Thus, X,(m) = y(m)yx,(m) can arbitrarily approach
x(m) as agent i wishes. From the hypothesis that (x,(m),Y(m)) P, (x,y) and
continuity of preferences, we have (X,(m),Y(m)) P, (x,,y) if agent i chooses a very
large . O

Lemma 6. If (X(m*),Y(m*)) €N, ,(€), then (X(m*),Y(m*)) € R"S

Proof. We argue by contradiction. Suppose (X(m*),Y(m*))€oR"" . Then
Y(m*) € 9R* or X (m*) =0 for somei € N. Smcew >0 for al i €N and C(y)

is continuous with C(0) =0, then there is some (x,,y) €RY" such that x +

(M) y=w; +6(m*)[p(m*)-y — C(Y)], W /2+ 6(m*)[p(m*)-y— C(_y)]>0
for al jEN, Wj* —q(m*)-y+ Hj(m*)[p(m*)- y— C(y)] =0 for dl j#i, x, +
Cly)< Ej"zl w;, and (x;,y) P, (X (m*),Y(m*)) by interiority of preferences. Now
suppose that agent i choosesy, =ny—X, yf, z=ny—X, z, v >v/, ad
keeps other components of the message unchanged. Then, y € B,(m,m*.), y&
B,(m,m*,). Thus, Y(m,m*,)=Z(m,m*;) =y, and x,(m,m* )= (1/(1+nf[lz -
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Yill +[ly; = t*;[1))x > 0. Then, we have (x,(m,m*;),Y(m,,m*;)) P (X,(m*),Y(m*))
by interiority of preferences. Therefore, by Lemma 4, (X,(m,m*.),Y(m,m*.)) P,
(X (m*),Y(m*) if agent i chooses a very large . This contradicts the hypothesis
that (X(m*),Y(m*)) €N, ,(€). So we must have (X(m*),Y(m*)) € R"S. O

L emma 7. Suppose (X(m*),Y(m*)) € R for some m* €M and there is x.,y) e
R for some i €N such that x +qg(m*)-y=w* + z(m*) and (x,y) P,
(X(m*),Y(m*)). Then there is some m, € M, such that (X (m,m*,),Y(m,m*,)) P,
(X (), Y(m*)).

Proof. Since (X(m*),Y(m*)) >0, then X (m*) + C(Y(m*)) <X, W', and g;(m*)-
y<wf + 7 (m*) for al j EN. Let x,; = Ax + (1= )X(m*) and y, = Ay + (1 —
A)Y(m*). Then, by convexity of preferences, we have (x,;,y,) P, (X(m*),Y(m*))
for any 0<A<1 Also (x,.y,) ERL™, x,; +q(m*)-y, =W} + m(m*), w* —
q(m*)-y, + m(m*) =0 for al j#i, and x,; + C(y,) <Z,cy W when A is
sufficiently close to 0. Now suppose agent i chooses 'y, = ny, — EJ.”#i Y %>y
1, <7, and keeps other components of the message unchanged, then y, €
B,(m,m*,). Thus we have Y(m,m*)=y,, and x(m,m*))=(1/(1+n[lo" -
Geall 16" =l + 112 = will + [l =t [1)x,; > 0. Since x,(m*;,m;) can arbitrari-
ly approach x,; by choosing a sufficiently small »,, from (x,;,y,) P, (% (m*),Y(m*))
and continuity of preferences, we have (x.(m,m*.),Y(m,m*.)) P, (X,(m*),Y(m*)).
Therefore, by Lemma 4, agent i can choose a very large y such that
(X (m.m*,),Y(m m* ) P, (X (m*),Y(m*)). O

Lemma 8. If m* is a Nash equilibrium, then w¥ =W, for all i €N.

Proof. Suppose, by way of contradiction, that w* #=w, for some i €N. Then
X.(m*) + g(m*) - Y(m*) = wf + 7 (m*) <W, + m(m*), and thus there is (x,,y) €
R such that x, + g (m*)- y=W* + o (m*) and (x,,y) P, (X,(m*),Y(m*)). Since
X(m*),Y(m*)) ERT by Lemma 4, there is some m €M, such that
X (m,m*,),Y(m,m*))) P (X(m*),Y(m*)) by Lemma 4. This contradicts
(X(m*),Y(m*)) €Ny (€). O

Lemma 9. If (X(m*),Y(m*)) EN,,(€), then X (m*)-+q(m*)-Y(m*)=W, +
. (m*) for all i €N.

Proof. Suppose, by way of contradiction, that X (m*)+ ¢ (m*)- Y(m*) <w, +
7(m*) for some i € N. Then, there is some (x,,y) € R*™ such that x, + g (m*)-
Yy=WF + 7 (m*) and (x,y) P, (%(m*),Y(m*)) by monotonicity of preferences.
Since (X(m*),Y(m*)) €R"" by Lemma 4, there is some m €M, such that
X(m,m* ), Y(m,m*.)) P, (X(m*),Y(m*)) by Lemma 4. This contradicts
(X(m*),Y(m*)) ENy 1(€). O
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Lemma 10. If (X(m*),Y(m*)) €N, ,(e), then ¥(m*)y} =1 for all i €N and thus
X(m*) = x(m*).

Proof. This is a direct corollary of Lemma 4. Suppose y(m*)y¥ <1 for some
i €N. Then X(m*) = y(m*)y¥x (m*) <x(m*), and therefore X,(m*)+ g (m*)-
Y(m*) < W, + 7 (m*). But this is impossible by Lemma 4. [

Lemma 11. If (X(m*),Y(m*)) €EN,, ,(€), then Z(m*) € intB (m*) and Y(m*) € int
B (m*) Consequently, Z(m*) = Y(m*) = §* =y; = =Yn=z=z1="""
, the budget equation becomes

(m*) - Y(m*
Xy =wr - v ) 18)

for all i €N, and thus the feasibility condition must hold with equality, i.e., ="_,
X, (m*) + CY(m*)) = =L, W

Proof Suppose, by way of contradiction, that Y(m*) € oB (m*). Then either
Y (m*) =0 for some k or 0= w;, + 7 (m*) — g (m*)- Y(m*)—)g(m*) for some
i €N. But both cases are |mposab|e by Lemma 4. So Y(m*) € int B (m*).
Therefore, Y(m*) = y* =y} = - - - =y*. We adso must have Z(m*) € int Bz(m*).
Otherwise, either Z(m*)=0 for some k or C(Z(m*)) == W, and thus
Y (m*)=0 or 0=w, + m(m*) — g (m*)- Y(m*) = X;(m*) for some i €N. But
both cases are impossible by Lemma 4. So Z(m*) & intB,(m*). Therefore,
Z(m*)=2*=2Z =--- =z =y} =+ - - =yr =y* =Y(m*), and thus

X(m) =[w — g (m*) - Y(m*) + m(m*)]  (by Lemma4)
=W

——i( *).Y( *)CYIII* by noting that Y(m* ) =Z(m* ) = y(m*
p(m*)-Y(m*) ( ( )) ( y Ing ( ) ( ) y( ))
(19)

for al i € N. Finally, summing the above equation over individuals and applying
Lemma 4, we have =_, X.(m*) + C(Y(m*)) =2, w,. O

Lemma 12. If m* is a Nash equilibrium, then Y(m*) is the profit maximizing level
of output of public goods under p(m*), i.e,, p(m*)-Y(m*) — C(Y(m*))= p(m*)-
z— C(2) for all zERE.

Proof. Suppose, by way of contradiction, that there is some z€ R, such that
p(m*) - Y(m*) — C(Y(m*)) <p(m*)-z—C(2). Let z, = Az+ (1 — A)Y(m*) with 0<
A<1. Then p(m*)-Y(m*)— C(Y(m*)) <p(m*)-z, — C(z,) by the convexity of
C(-)- Also, since X;(m*) + C(Y(m*)) <X,y Wj*, we have X (m*) + C(z,) < Z;cy
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WJ-* for al i €N when A is sufficiently close to 0 by the continuity of C(-). Note
that (m*) >0 for al j €N. Let 7, be the profit share of agent j when Y(m*) is
replaced by z, in 7(m*). Then 7, > ;(m*). Thus we have wi* /2 + 7, (m*) <wj*/
2+ m, and X(m*) + g (m*) - Y(M¥) SWF + zm(me) <w¥ + 7,

Then there is x> X(m*) such that x +q(m*)-Y(m*)=w +m,, X +
Cz)) = Zjen Wj*, and (x,,Y(m*)) P, (X (m*),Y(m*)) by monotonicity of prefer-
ences. Thus, if agent i chooses z =nz, — %, Z', n <7, and keeps other
components of the message unchanged, then z, € B,(m,,m*,), Y(m*) € B, (m,m*)).
Thus we have Z(m,m*,)=z, Ym,m*))=Ym*), and x(m,m*,)=[1/(1+
wlz = yEDIWE + 7, — g () - Y(m*)] = [(L/(1 + )z — 2 )] Since
x(m*,m) can abitrerily approach [1/(1+nlz — y*IDIIw} + m, — g(m*)-
y(m*)] by choosing a sufficiently small n,. From (x,,Y(m*)) P, (X;(m*),Y(m*)) and
continuity as well as monotonicity of preferences, we have (x.(m,m*.),Y(m*)) P,
(X (m*),Y(m*)). Since y(m*)y* =1 by Lemma 10, we have X(m,m*)=
x(m,m*.) and thus (X(m,m*.),Y(m*)) P, (X (m*),Y(m*)). This contradicts
(X(m*),Y(m*)) €N, ,(€). Thus, Y(m*) must be the profit maximizing level of
public goods. [

Proposition 1. If the mechanism defined above has a Nash equilibrium m*, then
the Nash allocation (X(m*),Y(m*)) is a BLCSE allocation, i.e, N .(€) <
BLCSE(e).

Proof. Let m* be a Nash equilibrium. By Lemma 1, we only need to prove that
(X(m*),Y(m*)) is a proportional alocation with (q,(m*),...,q,(m*)) as a per-
sonalized price system. Note that, by construction, the mechanism is feasible, also
by Lemmas 5-12, Y(m*) is the profit maximizing level of output, g,(m*) >0, and
X(m*) + (g (M*) - Y(m*) /p(m*) - Y(m ))CY(m#)) =, or equivalently X,(m*) +
g (m*) - Y(m*) =W, + 7 (m*) for all i EN. So we only need to show that each
individual is maximizing his/her preferences subject to his/her budget constraint
X(m*) + g (M) - y =W + m(m).

Suppose, by way of contradiction, that there is some (x,,y) € R*"* such that
X + G (m*) - y =W + 7 (m*) and (x,y) P, (% (m*),Y(m*)). Since (X(m*),Y(m*)) €
R by Lemma 4, there is some m €M, such that (X,(m,m*,),Y(m,m*,)) P,
(X(m*),Y(m*)) by Lemma 4. This contradicts (X(m*),Y(m*)) EN,, ,(€). Thus,
(X(m*),Y(m*)) satisfies al the conditions of Lemma 1, and therefore it is a
proportional allocation and thus is a BLCSE allocation. [

Proposition 2. If (x*,y*) is a BLCSE allocation, then there is a Nash equilibrium
m* such that Y(m*) = y* and X;(m*) =x* for all i €N, i.e, BLCSE(e) = N,, ,(€).
Proof. We first note that (x*,y*) € R"" by interiority of preferences. Also, since
C(-) is differentiable and convex, by Lemma 1, we know it is a proportional
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alocation with (g7, ...,q") as the personalized price vector system. We need to
show that there is a message m* such that (x*,y*) is a Nash equilibrium allocation,
and q(m*)=qg* for al ieEN. For exh €N, define m'=
Wi, qF 5y 8y mt) by wh =W, gf =g forj=1,...,n, " =y*, yf =y*,
t* =y*, y*¥ =1, and nF = 1. Then, it can be easily verified that Y(m*) =y* =
Z(m*), g(m*)=q*, X(m*)=x* for al i&N. Furthermore, p(m*)=3"_,
g(m*) ==, g*. Notice that g(m,m*)=q(m*), §(m,m*,)=a(m*) for all
m €M, (X(m,m*,),Y(m,m*,)) € R, Then, for al m €M,, we have

X, (my,m*;) + g (m) - Y(m,m*, W, + 7 (my,m?
W, + 7,(m*)

=
=

(20)

since Y(m*) is the profit maximizing level of public goods under the price vector
p(m*) and &(m) is independent of m. Thus, (X,(m,m*.),Y(m,m*,)) satisfies the
budget constraint for al m € M,. Therefore, we must have (X,(m*),Y(m*)) R,
(X:(m.,m*),Y(m,,m*.)), or it contradicts the fact that (X(m~),Y(m*)) is a propor-
tional alocation. So (X(m*),Y(m*) is a Nash equilibrium alocation. [

Proposition 3. Every Nash equilibrium m* of the mechanism defined above is a
strong Nash equilibrium. That is, N, ,(€) = SN, ,(€).

Proof. Let m* be a Nash equilibrium. By Proposition 1, we know that
(X(m*),Y(m*)) is a BLCSE alocation and thus it is a proportional alocation with
(g,(m*), ...,q,(m*)) as the personalized price vector system by Lemma 1. Then
(X(m*),Y(m*)) is Pareto optimal and thus the coalition N cannot be improved upon
by any me M. Now for any coalition S with # # S# N, choose i € S such that
i+1# €S Then no strategy played by S can change g, (m), p,(m), and 6(m)
since they are determined by m,, ,. Also, m(mgm*g) = m(m*) for al mg€ Mg,
Furthermore, because (X(m*),Y(m*)) € BLCSE(e) and {(x,,y) ER>™: x, = (1/1+
lloy = & all + 1t =t all + 1z = will + [l = &) [V, + m(m*) — g (m*) -y} C
{(%,y) ERY ™ :x, =W, + 7 (m*) — g,(m*) - y}, it is P.-maximal in the budget set of
i, and thus S cannot improve upon (X(m*),Y(m*)). O

Since every strong Nash equilibrium is clearly a Nash equilibrium, by
combining Propositions 1-3, we know that N,, ,(€) = BLCSE(e) for all e€ E and
thus the proof of Theorem 1 is completed. [

Theorem 1 requires that C(-) be differentiable. When the differentiability
condition is not satisfied, a BLCSE allocation may not be a proportional allocation.
However, as Mas-Collel and Silvestre (1989), Remark 7) pointed out, as long as
C(-) is convex, a proportional alocation is a BLCSE allocation even if C is not
differentiable. Thus, by the fact that Propositions 1-3 actually show the equival-
ence among Nash allocations, strong Nash allocations, and proportional alloca
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tions, we have the following implementation result without assuming the differen-
tiability of the cost function.

Theorem 2. For the class of economic environments E with one private and K
public goods, if the following assumptions are satisfied:

1. nz=z2

2. preference orderings R, are strictly increasing, continuous, convex, and satisfy
the Interiority Condition of Preferences; and

3. the cost function C:R -~ R, is strictly increasing, convex, continuous, and
C(0) =0,

then there exists a continuous and feasible mechanism which doubly implements
the proportional allocations and consequently weakly doubly implements BLCSE
allocations in Nash and strong Nash equilibria on E.

5. Concluding remarks

In this paper, we presented a market-type mechanism which doubly implements
the Balanced Linear Cost Share equilibrium alocations when coalition patterns,
preferences and endowments are unknown to the designer. The mechanism is
well-behaved in the sense that it is feasible and continuous. The advantages of
double implementation over Nash implementation and strong Nash implementation
are that it covers the case where agents in some coalitions may cooperate and in
some other coalitions may not when such information is unknown to the designer.
The combining solution concept may also give a state which takes advantage of
both Nash equilibrium and strong Nash equilibrium so that it may be easy to reach
and hard to leave.

It may be remarked that the implementation result presented here deals only
with the case where the cost function is known to the designer. By using similar
techniques given in Hong (1995) and Tian (1997), one may be able to give a
mechanism which doubly implements the BLCSE solution when the cost function
is aso unknown to the designer. However, the resulting mechanism may have to
significantly increase the dimension of the message space.
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Appendix A

Proof of Lemma 2. B,(m) is clearly upper hemi-continuous for al m& M by the
continuity of p,(-), 6(-), and C(-). We only need to show that B,(m) is also lower
hemi-continuous a every meM. Let meM, zeB,(m), and let {m} be a
sequence such that m -m,  where m=@m....m) ad m=
(WE, g2, Yt v k). We want to prove that there is a sequence {z} such that
z -z and, for al k, z €B,(m,), i.e, z ERS, Cz)= =, W, and w/2+
o(MmJIp.(m) -z — C(z)]=0 for al i €N. We first prove that there is a sequence
{z.} such that z, - z, and, for al k, z € R and C(z,) ==, ., W*. Two cases will

be considered.

Casei. C(2<Z;cy W;. Then, for al k larger than a certain integer k', we have
C@Q< 3, W. Letz =zforal k>k' andz =0 for k=k'. Then, z, - z and,
for dl k, z €ERS and C(z) =3, W

Caseii. C(2) = =,.y W,. Define z, as follows:

2w 2w

— ieEN . i EN
Z=1"c@ 2 if c@ =1
z otherwise

Thenz =z Also, since (2., W/C@) - (2,cy W,/C(2) = 1), we have 7, - z. We
now claim that z, satisfies C(z,) ==, ., W'. Indeed, if C@Q=Z, ., WS i.e, (S
W/C@)=1), then 7, = (S, W/C(2)z and thus C(Z,) = (2, W'/C(2)C(2) =
3oy WS by the convexity of C(+) and C(0) =0 If C@) <Z,., W, i.e, (Zcy
W/C(2) > 1, then z. = z and thus C(z) = C(2) <=, W".

Thus, in both cases, there is a sequence {z.} such that z, - z and, for al Kk,
CZ)=Zicn W

We now show that there is a sequence {z,} such that 7, - z and, for al k,
2. €ERY and w/2+ 6(m)[p.(m) -2 — C(2)] =0 for al i EN.

Let N'={i eN:w,/2+ a(m)[p,(m)-z— C(2)] =0}. Again, two cases will be
considered.

SThis is because, by the convexity of C(-) and C(0) =0, C(A2) = C((1 — A)0+ A2) = (1 — A)C(0) +
AC(2) = AC(2) for dl A=1.
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Case 1. N' =0, i.e, w,/2+ 6(m)[p,(m)-z— C(2)] >0 for al i €N. Then, by the
continuity of 6(-) and p,(-), for al k larger than a certain integer k', we have
w2+ 6m)Ip(m)-z—C@)]>0. Let 2 =zforal k>k' and 2, =0fork=k'.
Then, 2, — z and, for al k, z. € R and w*/2 + g(m)[p.(m,) - 2 — C(2,)] =0 for
al i eN.

Case 2. N’ #0. Then w,/2+ 6(m)[p,(m)-z— C(2)] =0 for al i €N’'. Note that,
since w; >0 and 4(-) >0, we must have C(2) — p,(m)-z>0, and thus, by the
continuity of p,(-), f(2 =C@ — p.(m,) - z> 0 for al k larger than a certain integer
k'. For each k=k" and i € N’, let A, =W:‘/20i(mk)[C(z) —p(my) -2, let

lIA

. wy
Z, :{)‘ikz if 20(m)IC(@ — p.(m) - 7 1’
z otherwise

and let 2, =min,_{z,}. Then 2 =z, =z Also, since A, =Ww/26(m,)[C(2) —
p.,(mk) -z - w./(16(M)[C(2) — p.(m)-z]) =1 for al i N’, we have Z, - z and
f(z,) >0 for al k larger than a certain integer k’’. Now we claim that 2, also
satisfies (W/'/2+ 6(m)[p.(M)- 2 — C(2)])=0 for al i €N and k=max{k’k"}.
Indeed, for each i €N’, if W/260(Mm)[C@) —pM)-Z)=1, thenz =z, =A,2
and thus we have 26(m)[C(Z) — pi(m,) - 2] = 26(M)[C(X,2) — p (M) - A, 2 =
(W/26(m)[C@ — p(my) - 2)26(m)[C@) — p(my) - 2] = W by noting that f(2,) =
f(z,) =f(1,, 2=\, f@° Consequently, we have w:‘/2 + 6m)p(m) -2, —
C(z)]=0.

Now, for each i € N’, if (w:‘/20i(mk)[C(z) —p(m)-2z)>1, i.e, 26(m)[C(2) —
pMm)-Z<w, then z=z,=z ad thus 26MI[C(Z)~p(Mm) z]=
26(m)[C(2 — p,(m,) - 2] <wik, as above, by the convexity of f(-), f(0) =0, and
0<f(z,) =f(2). Consequently, we have w'/2+ 6 (m)[p.(m) -z, — C(2)] > O.

For al i €N\N’, since w/2+ 6(m)[p.(m)-z— C(2)] >0, we have w'/2+
GmJIp.(m) -z — C(z)] >0 for al k larger than a certain integer k” by the
continuity of C(-). Thus, for al k=max{k’' k" .k} and i €N, we have w'/2 +
6(mJlp(my)- 2k - C(zk_)] %O- _ .

Finaly, let z, = min(z.,z). Then z, -~ zsince z, -~ z and z, - z. Also, for every
k larger than a certain integer k, we have z, =0, C(z) =C(z) =3, W" by the
monotonicity of C(-), and, as above, by the convexity of f(-), f(0)=0, and
0<fz)=f(2), we have 26(m)[C(z)— p(m)-z]=26Mm)[C(Z) - p(m)-
2.] =w which implies that w*/2 + g(m)[p.(m,) - z — C(z)] =0 for al i €N. Let
z.=min{z,z} for al k>k and z, = 0 for k=k. Then, z_ - z and z_€ B,(m,) for

°This is because f(2) is convex with f(0) =0 by the convexity of C(-) and C(0)=0, and thus
f(X,2) = A, f(2). So the second inequality holds. To see the first inequality also holds, writing 2, = Az,
for some A =1 (because z, = z, as well as 2, and z, are both proportiona to z, such a A exists), we
have f(z) = f(Az,) = Af(z,) = f(z,) by noting that f(z,) >0 for k=k'".
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al k. Therefore, the sequence {z,} has all the desired properties. So B,(m) is lower
hemi-continuous at every meM. O

Proof of Lemma 3. B(m) is clearly upper hemi-continuous for al me M by the
continuity of Z(-) and m(-). We only need to show that B, (m) is aso lower

hemi-continuous at every meM. Let meM, y&e By(m), and let {mJ} be a

sequence such that m . m, whee m,= m,....m) and m=

WS, aZ Yt v m%). We want to prove that there is a sequence {yk} such that
Y - ¥, and, for dl k, y, €B,(m), i.e, y, ERY, y,=2Z(m), and W + 7(m)=
q,(mk) y, for al i €N. We f|rst prove that there is a sequence {yk} such that

9. - v, and, for al k, § € RS and W+ 7 (m)=q,(m,) 9, for al i EN.
Let N’ ={i €N:q(m)-y=w; + 7(m)}. Two cases will be considered.

Casel. N' =0, i.e, g(m)-y<w, + 7(m) for al i €N. Then, for al k larger than
acertain integer k', we have g (m,) y<wik + m(m,). Let §, =y for all k>k’ and
9,=0 for k=K. Then, §, -y, and, for al k, y,€RX and g(m,)- y, =w+
m(m,) for al i €N.

Case 2. N'#0(. Then g(m)-y=w, + m(m) for al i EN’. Note that since
w, + 7;,(m) >0, we must have g,(m)- y>0 and thus, by the continuity of g,(-),
g(m)-y>0 for al k larger than a certain integer k’. For each k=k’, let
a, = W + mm)/gm)-y)y for ieN’, let N'k)={i EN"g(m)-y=w} +
m(Mmy)}, let a, = min, ¢y y{aut, and define ¥, as follows:

X _{ak it N'(K) 0
k" ly otherwise

Then §,=y by noting that W+ m(m)/gMm)-y)=1 and a, =W+ 7,/
a(m)-y)y=y for i €N'(k). Also, since (W|k + mm)/gm)-y) - w, + m(m)/
g(m)-y)=1for al i EN’, we have a, - y for al i €N’ and thus y, — y. Now
we claim that ¥, also satisfies alindividuals' budget sets. Two subcases are needed
to consider: Subcase 1. N'(k) # (. Then y, = a, =y, and thus we have

am)-y.=aqm)-a, = W:( + m(my)
for any i € N’(k), and
am)-y.=a(m,)- y<W + m(m,)

for any i € N'\N’(k). Subcase 2. N'(k) = @. Then ¥, =y and thus g.(m, ) - y<w +
m(m,) for all i N’.

For al i N\N’, since g,(m)- y<w, + 7 (m), we have g(m)- ¥, =q(m,)-y<
WS+ 7(m,) for al k larger than a certain integer k'’. Thus, for all k=max{k’ K},
we have g (m) - §, =W + (m,) for all i EN.
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We now show that there is a sequence {y,} such that y, -y, and, for al Kk,
Y. ERY and y, =2Z(m,). If Z(m) =0, we must have y = 0 because y € B,(m). Let
y, =y =0 for al k. Then, the sequence {y,} has al the desired properties. So we
only need to consider the case where Z(m)>0. For any component y' of y
(1=1=K), two cases will be considered.

Casei. y' <Z'(m). Then, by the continuity of Z'(-), we have y' <Z'(m,) for al k
larger than a certain integer k'. Let y, =y' for al k>k’ and y, =0 for k=K'
Then, y, - y', and, for al k, y, =0 and y} =Z'(m,).

Case ii. y' = Z'(m). Define y| as follows:

Yk I

o _[Zmy iy =Z(m,)
y otherwise

Theny, - y' and y, =Z'(m,) by the definition of y}.

Thus, in both cases, there is a sequence {y,} such that y, - vy, and, for all Kk,
Y =2Z(m,). _ _

Finaly, let y, = min(y,.y,)- Theny, - y since y, - y and y, - y. Also, for
every k, v, =0, y,=Z(m) and w' + m(m)=q(m) -y, for al i EN because
Y =Y, and y, =¥,. Thus, y, € B(m,) for al k. Therefore, the sequence {y,} has
al the desired properties. So B (m) is lower hemi-continuous a every me M. [
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