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1 Introduction

An auction is an effective way to extract private information by increasing the competition
of potential buyers and thus can increase allocation efficiency from the perspectives of both
sellers and the social optimum when we do not have complete information about bidders’ types.
However, not every auction can be implemented freely. This paper studies (Bayesian-Nash)
equilibria of sealed-bid second price, or Vickrey, auctions for economies with private values and

differentiated participation costs.

1.1 Motivation

The fundamental structure of a second price auction with participation costs is one in which,
under the independent values economic environment, an indivisible object is allocated to one of
many potential buyers via auction, and in order to participate in the auction, buyers must pay an
entry fee.! The fee may be used to deter non-serious buyers, to advertise, to hire an auctioneer
for the auction itself, to account for the costs of traveling to the auction site, to proxy for the
process of learning the rules of the auction, or to cover the costs of the acquisition of information,
etc.? Sometimes participating in auctions and procurement is highly costly. Hence the question
of whether to participate in auctions may be more crucial than the standard question of how to
bid, suggesting that such decisions should be modeled and included as part of an equilibrium.

With participation costs, bidders’ behavior may change. If a bidder’s expected revenue from
the auction is less than the participation cost before the auction, he will choose not to participate
in the auction. If the expected revenue from the auction is bigger than the costs, the bidder
will participate and submit a bid accordingly. Even if a bidder decides to participate in the
auction, since he may expect that some other bidders will not participate, his bidding behavior
may not be the same as in the standard auction without participation costs. The number of
bidders submitting a bid in the auction is less than the number of bidders submitting a bid in the
standard auction without participation costs, which may in turn, alter the equilibrium bidding
strategy. For example, more bidders can raise coordination costs and will not necessarily improve
the revenue of the sellers (cf. Samuelson (1985), Harstad, Kagel, and Levin (1990), Levin and
Smith (1994)).

Tn the literature such as those in Green and Laffont (1984), Samuelson (1986), McAfee and McMillan (1987)
etc., participation cost, participation fee, entry fee, entry cost or opportunity costs of participating in the auction

are used interchangeably.
*Persico (2000) studied the incentive of information acquisition in auctions. They found that bidders have

more incentives for information acquisition in first price auctions than in second price auctions.



1.2 Related Literature

The study of participation costs in auctions mainly focuses on the second price auction due
to its simplicity of bidding behavior. In standard second price auctions, bidding one’s own
valuation is a weakly dominant strategy. There is also another equilibrium in standard second
price auctions as shown in Blume and Heidhues (2004): the bidder with the highest value bids
his true value and all others bid zero. This is referred to as the asymmetric bidding equilibrium
in the standard second price auction. However, in second price auctions with participation costs,
it is still true that if a bidder finds participating optimal, he cannot do better than bidding his
true value. Therefore, in this paper we only consider equilibria in which potential bidders use
cutoff strategies; i.e., bid their true values if they are greater than the corresponding cutoff
points, do not participate otherwise.? All of our results about the uniqueness or multiplicity of
the equilibria should be interpreted accordingly.

Green and Laffont (1984) were the first to study the second price auction with participation
costs in a general framework where bidders’ valuations and participation costs are both private
information. However, their proof of the existence and uniqueness of an equilibrium is incomplete
additionally having imposed a restrictive assumption of uniform distributions for both values
and participation costs. There has been some recent work in the literature on equilibria of the
second price auction with participation costs in simplified versions where either only valuations
or participation costs are private, while the other is assumed to be common knowledge.

Campbell (1998) considered the equilibria in second price auctions in an economic environ-
ment with equal participation costs when bidders’ values are private information and partic-
ipation costs are common knowledge. He focused on the coordination of equilibrium choice
when multiple equilibria exist. Tan and Yilankaya (2006) also studied equilibria of second price
auctions in an economic environment with equal participation costs. They proved that the
equilibrium is unique and symmetric when bidders’ distribution functions for values are con-
cave. They also considered the case in which bidders are asymmetric in the sense that they
have different valuation distribution functions while maintaining identical participation costs.
Some others, such as Samuelson (1985), McAfee and McMillan (1987), Levin and Smith (1994),
Stageman (1996), and Menezes and Monterio (2000) also studies auctions with participation
costs. All of these studies assume bidders’ participation cost are the same.

The assumption of equal participation costs, however, is stringent and unrealistic in many

3There may exist equilibrium in which bidders do not bid their true value when they participate. See the

example given Remark 4 bolow.



situations. For instance, bidders may have different transportation costs for traveling to auction
spots. Bidders may also have different ability to learn more information about the auctions.
Some bidders can easily know valuations of other potential bidders while others do not. Thus,
it may be more meaningful for one to study individuals’ behavior in second price auctions with
different participation costs.

Differentiated participation costs may also have additional implications. First, they can
be used to distinguish bidders. Bidders can use this information to decide whether or not
to participate in the auction. One can analyze how a bidder’s cutoff point will be affected by
others’ participation costs. Secondly, while Tan and Yilankaya (2006) mainly considered bidding
behavior inside the same group, they did not consider how the interaction among the different
groups would determine and affect the equilibrium behavior.

Kaplan and Sela (2006) studied equilibria of the second price auction with participation
costs when bidders’ participation costs are private information, while valuations are common
knowledge. They considered the existence of type-symmetric equilibria.

This paper aims to investigate the equilibria when bidders have different participation costs,
an analysis which will be more applicable in reality. By considering bidders with different
participation costs, we can investigate how equilibria vary as participation costs change. We can
also study the limit behavior of the equilibria as the difference in participation costs approaches

zero.

1.3 Results of The Paper

This paper considers economic environments where bidders have private valuations for the ob-
ject and different participation costs that are common knowledge. We identify two types of
equilibria: monotonic equilibria in which a higher participation cost results in a higher cutoff
point for entering the auction and submitting a bid, and neg-monotonic equilibria in which a
higher participation cost results in a lower cutoff point for entering the auction and submitting
a bid. We show that there always exists a monotonic equilibrium, and further that, it is unique
for concave distribution functions and strictly convex distribution functions under some addi-
tional conditions. Uniqueness of the equilibria can greatly simplify the world. When bidders’
distribution functions are strictly convex and the differences among the bidders’ participation
costs are sufficiently small, there is a neg-monotonic equilibrium. There is no neg-monotonic
equilibrium when the difference is sufficiently large.

Our neg-monotonic equilibrium result has a policy implication. When both monotonic and



neg-monotonic equilibria coexist, one may want to refine the equilibria. Since a monotonic
equilibrium always exists, one can eliminate neg-monotonic equilibria by charging sufficiently
different entry fees for different types of bidders. In other words, if we know the difference in
participation costs is sufficiently large, we do not need to consider the neg-monotonic equilibria.

Our study on auction with differentiated participation costs is not only more realistic, but
also provides us deeper insight that would help us understand individuals’ equilibrium behavior
better in auction with participation cost. This can be seen by studying the limit behavior of the
monotonic and neg-monotonic equilibria when bidders’ participation costs converge to the same
value. We show that, when the distribution function of valuation is concave, the monotonic
equilibrium converges to the symmetric equilibrium when bidders have the same participation
costs. However, when the distribution is strictly convex, the monotonic equilibrium converges
to the asymmetric equilibrium. In this case one neg-monotonic equilibrium converges to a
symmetric equilibrium, and another neg-monotonic equilibrium converges to an asymmetric
equilibrium.

We also provide some comparative static analysis. It is shown that the cutoff point is
increasing in one’s own participation costs, but decreasing in opponents’ participation costs,
and further, as the number of bidders increases, the cutoff points of all bidders will increase.

The organization of the paper is as follows: In Section 2, we describe a general setting
of economic environments. In Section 3, we focus on two bidders with the same distribution
functions and different participation costs to investigate the existence, uniqueness, and limit
properties of the equilibria and to make a comparative analysis. In Section 4, we extend our
basic results to more general economic environments by relaxing the assumptions made in Section

3. Concluding remarks are provided in Section 5. All the proofs are presented in the appendix.

2 The Setup

We consider the independent values economic environment with one seller and n > 2 potential
buyers (bidders). The seller is risk-neutral and has an indivisible object to sell to one of the
buyers. The seller values the object as 0. The auction format is the sealed-bid second price
auction format (see Vickrey, 1961). However, in order to submit a bid, bidder ¢ must pay a
participation cost ¢;. Buyer ¢’s valuation for the object is v;, which is private information to the
other bidders. It is assumed that v; is independently distributed with a cumulative distribution
function Fj(v) that has continuously differentiable density f;(v) > 0 everywhere with support

[0, 1]. We will study the equilibrium behavior mainly for the case where bidders have the same



distribution functions and then consider the general case of the different distribution functions.
The participation costs ¢; € (0, 1] for all ¢ are common knowledge.

Each bidder knows his value, participation cost, and the distributions of the others’ valua-
tions. If participating in auction, he is required to pay a non-refundable participation fee. The
bidder with the highest bid wins the object and pays the second-highest bid. If there is only
one person in the auction, he wins the object and pays 0. If the highest bids are equal for more
than one bidder, then he pays his own bid and gains nothing.

In this second price auction mechanism with participation costs, the individually rational
action set for any type of bidder is {No} U0, 1], where “{No}” denotes not participating in the
auction. Bidder i incurs the participation cost if and only if his action is different from “{No}”.
Let b;(v;, ¢) denote bidder i’s strategy where ¢ = (c1, ..., ¢p).

If a bidder finds participating in this second price auction optimal, he cannot do better
than bidding his true valuation (i.e., bidding his true valuation is a weakly dominant strategy).
Therefore, we can restrict our attention to Bayesian-Nash equilibria in which each bidder uses
a cutoff strategy denoted by v} (c), i.e., he bids his valuation if it is greater than or equal to
the cutoff point* and does not enter otherwise. An equilibrium strategy of each bidder i is then
determined by the cutoff point for his valuation, which is the minimum valuation bidder i needs

to cover the cost. Thus the bidding decision function of each bidder is characterized by

v, ifvf(e)<vy; <1
bi(vi,c) = ' He)sui<
No otherwise.

For notational convenience, we simply denote v} (c) = v}.

Remark 1 When v} < 1, bidder ¢ will participate in the auction whenever his true value satisfies
vy < v; < 1. However, when bidder i’s expected revenue is always less than his participation
cost ¢; for any v; € [0, 1], he will never participate in the auction. In this case, his equilibrium
strategy (action) is “{No}”. For notional convenience, and also for simplicity of discussion,
we use vf > 1 to denote the equilibrium strategy of “{No}”. Thus allows us to use a unified
notation v} to denote an equilibrium strategy of bidder 7, including the equilibrium of “{No}”.
The rationale behind using v} > 1 to denote the equilibrium strategy of “{No}” is the following:
If we find a value v} such that bidder i’s expected revenue is equal to his participation cost c;
by allowing the upper bound of the support to be greater than one, we will end up with a value
vy that is greater than one. But the true value is actually less than or equal to one, and thus

v’ > 1is equivalent to the equilibrium strategy of “{No}.”

“In Milgrom and Weber (1982), the term of “screening level” is used instead of using “cutoff point.”



From now on we focus exclusively on cutoff points, since they are sufficient to describe

equilibria. We define them with following formal definition:

Definition 1 For the economic environment under consideration, an equilibrium is a cutoff
point vector (vj,v3,...,v}) € R such that each bidder i action’s is optimal, given others’ cutoff

strategies.

We then immediately have the following result:
Lemma 1 v} <1 for at least some .

Since bidders with higher participation costs are less likely to participate in the auction,
one may come to the intuition conclusion that bidders with higher participation costs may have
higher cutoff points to participate in the auction. One may also perceive that bidders with the
same participation costs will use the same cutoff point when their distribution functions are
the same. However, as we will show in the paper, it is possible that a bidder with a higher
participation cost may actually have a lower cutoff point to enter the auction. To study these
possibilities, we may distinguish two types of equilibria: monotonic equilibria and neg-monotonic

equilibria.

Definition 2 An equilibrium (v}, v3,...,v}) € R’ for the economic environment under con-
sideration is called a monotonic equilibrium (resp. neg-monotonic equilibrium) if, for any two

bidders 7 and j, ¢; < ¢; implies v} < v;-‘ (resp. v} > v;)

As usual, when bidders’ distribution functions are the same; i.e., F1(-) = Fo(:) = ... = F,(:) =

F(-), we can define the usual symmetric and asymmetric equilibria.

Definition 3 An equilibrium (v}, v3,...,v;;) € RY is called a symmetric equilibrium (resp.

asymmetric equilibrium) if, for any two bidders i and j, ¢; = ¢; implies v} = CH (resp. v} # v;‘)

Remark 2 Campbell (1998) and Tan and Yilankaya (2006) studied the existence of symmetric
and asymmetric equilibria for the second price auctions with the same participation costs. The
terminology of “monotonic” used here means that two variables ¢ and v* vary in the same di-
rection: a higher participation cost results in a higher cutoff point. When bidders’ distribution
functions are the same, as one will see in Section 3, v] = v3 cannot be an equilibrium, provided
bidders’ participation costs are different. Thus, ¢; < ¢; implies v; > v} for every neg-monotonic
equilibrium, and ¢; < ¢; implies v; < v;‘ for every monotonic equilibrium. However, when bid-

ders’ distribution functions are different, as we will show below, v} = v5 may be an equilibrium



although bidders’ participation costs are different. That is, we have a special neg-monotonic

*

equilibrium with v} = v;

even when ¢; < ¢;.

Remark 3 We can give an simple example to understand the notion of monotonic and neg-
monotonic equilibria. Suppose there is one object for sale to two bidders. Both bidders value it
at 1. The participation costs are ¢; < co < 1. If both bidders enter, they both have negative
payoffs. There are two pure strategy equilibria: (bidder 1 enters, bidder 2 stays out) and (bidder
1 stays out, bidder 2 enters), which correspond to two equilibrium cutoff points (vj = ¢1,v5 > 1)
and (v] > 1,v5 = c2). That is, the former one is monotonic and the latter one is neg-monotonic.
Bidders may also use mixed strategies when there are multiple cutoff points. For simplicity, in
this paper we focus only on the pure strategy, not the mixed strategy of using different cutoff

points.

The remainder of the paper investigates whether an equilibrium exists or not. If it exists,
we ask if it unique, and whether it is monotonic or neg-monotonic. We first consider the simple

case of two bidders with the same distribution functions. We then consider more general cases.

3 Two Bidders with Different Participation Costs

In this section we consider an economy with two bidders who have different participation costs
c1 and cp with ¢; < ¢, and have the same distribution function F'(v) on [0, 1], where the costs
are common knowledge and valuations are private information.

We first assume, provisionally, that a monotonic equilibrium (v}, v3) exists, i.e., v] < v3. By
Lemma 1, we must have v7 < 1. When bidder 1’s valuation is v1 = vj, his expected revenue is
given by viF(v3) + 0(1 — F(v3)), where F'(v}) is the probability bidder 2 will not participate in
the auction. Indeed, when he participates in the auction and bidder 2 does not participate in
the auction, his value is v7. When bidder 2 participates in the auction, it must be the case that
vy > v3. Then bidder 1 cannot get the object since vy > v3 > v} = vy, and thus his revenue
is zero. Therefore, his expected revenue from the auction is viF(v3). The zero net-payoff

(equilibrium) condition then requires that
c1 = viF(v3). (1)

When bidder 2’s participation cost is too large, he may never participate in the auction, no

matter what his valuation is. In this case, bidder 1 uses v] = ¢; as his cutoff point, and bidder



2’s expected payoff must satisfy
1 1
Fler) +/ (1— 0)dF(v) = e1F(cr) +/ Flo)dv < e

c1 C1
i.e., the expected revenue he obtains from participating even when his value is 1 is less than his
participation cost, given bidder 1 uses c; as the cutoff point. Thus we have v5 > 1. Then, we
may have a monotonic equilibrium with v] = ¢; and v3 > 1.

Now suppose v5 < 1. Then, when bidder 2’s valuation is v = v3, his expected revenue is
v3

VEF(o]) + / (v§ — v)dF(v),

”
V1

where the first part is the expected revenue when bidder 1 does not enter the auction, and the
second part is the expected revenue when both bidders participate in the auction. Note that
bidder 2 will lose the object if v; > v5. The zero expected net-payoff (equilibrium) condition
then requires that )

viF(v]) + / % (03— v)dF @) = . 2)

vy
Integrating by parts in the left side of (2), we have
v3

viF(v]) + / F(v)dv = ca. (3)

.
V1

Note that, from (1) and (3), one can see the claim in Remark 2 is true: It is impossible
for both bidders to use the same cutoft point v = v3 = v* when their participation costs are
different. Indeed, suppose not. Then we must have ¢; = v*F(v*) by (1) and ca = v*F(v*) by
(2). Thus ¢; = ¢, which contradicts the fact that co > ¢;.

Before we proceed to investigate the existence and uniqueness of the monotonic equilibrium,
it is necessary to introduce more notation. Campbell (1998) and Tan and Yilankaya (2006)
showed the existence and uniqueness of the symmetric cutoff point v; = v* when bidders have
the same participation cost. In our model, if both bidders have the same participation cost cq,
we have v{F'(v]) = ¢1, and then we can find the symmetric equilibrium cutoff point v§. Now, if
both bidders have the participation cost ca, we can find the symmetric equilibrium cutoff point
v5 by solving v5F (v5) = ca. Such v{ < 1 and v§ < 1 do exist and are unique since the defined
function m(v) = vF(v) is monotonically increasing, m(0) = 0, and m(1) = 1.

The following lemma shows the relationship between a monotonic equilibrium and symmetric

equilibria.

Lemma 2 Suppose (vi,v3) is a monotonic equilibrium, (vi,v{) and (vs,v§) are symmetric equi-

libria associated with participation costs ¢ < ca, respectively. Then, we have v] < v < v5 < v3.



This lemma shows that, when bidders have different participation costs, the cutoff point
for the bidder with the lower participation cost at the monotonic equilibrium is lower than the

cutoff point at the symmetric equilibrium when bidders have the same lower participation cost

C1.
To find a monotonic equilibrium, we define the following two cutoff reaction function equa-
tions.
F(y) = a (4)
y
xF(z) + / F(v)dv = ¢ (5)
x

with < y, where x corresponds to vj, and y corresponds v3. It can be easily seen that we
have x > ¢; and y > co. They can be regarded as cutoff reaction functions because (4) shows
how bidder 1 will choose a cutoff point z, given bidder 2’s action y. Equation (5) shows how
bidder 2 will choose a cutoff point y, given bidder 1’s a action z. A monotonic equilibrium
(v, v3) € [0,1] x [0,1] is obtained when z and y satisfy these two equations simultaneously.
From (4), we have = z(y) = 5. Then % = —'}{((3)) < 0. This implicitly defines y as a
decreasing function of z, denoted by y = y(x). We now substitute y = y(z) into the left side of

(5) and let

y(z)
h(z) = zF(x) + / F(v)dv — ca.

Substitute = = x(y) into the left side of (5) and let

Ry 4 /y F(v)dv.

Then X (y) = F(y) — 75 7o f () f (4 )). Since z = %, by substitution, we have

To consider the existence of neg-monotonic equilibria in which the cutoff points satisfy v5 <
v] whenever ¢; < co, we can follow the above process similarly. Also by Lemma 1, we have
vy < 1.

For bidder 2, when vy = v3, his expected revenue is given by v3F(v}) and the zero profit
condition requires that

¢y = vy F'(vy). (6)

For bidder 1, it is possible that v; > 1, i.e., bidder 1 will never participate. Again, this

requires that
1

1
F(02)+/ (1= v)dF(v) :@F(CZH/ Flo)dv < c1.

Cc2 Cc2

10



In this case, we have a neg-monotonic equilibrium with v} > 1 and v5 = ca.
Now suppose the above inequality cannot be true. Then bidder 1 chooses a cutoff point
*

€ [0,1]. When his valuation is v; = v} < 1, he participates in the auction and receives a zero

net-payoff so that

oy
v F(v3) + / (v —v)dF(v) —c1 = 0.
3
Integrating by parts, we get
v
g =vsF(v3) + / F(v)dv. (7)
v3

Since the distribution function F'(v) is non-decreasing, we have
c1 > vy F(v3). (8)
In order for (6), (8), and c2 > ¢ to be consistent, it requires that
VP () > viF(3)
or

Fu)  Fs)

* *
Gt )

9)

To find neg-monotonic equilibrium, through (6) and (7), we define the two cutoff reaction

functions

y(x) = cof/F(x)

o(z) = F‘EZ)F(FE)H/:C F(v)do.

Again, we use z to correspond to v} and y to correspond to v;. Note that we have z > y > co.

From Campbell (1998) and Tan and Yilankaya (2006), we know that when two bidders have
the same participation cost co and F(v) is strictly convex, there exists a unique symmetric
equilibrium x = y = vj that satisfies y = x = ¢2/F(x) and an asymmetric equilibrium (zo, yo)
with o > v§ and yp < v3, indicating that ¢(z) intersects with ¢z when z = v5 and = = .
Also, by the uniqueness of symmetric equilibrium, v} > v3 if it exists. Let ¢,, be the minimum
of ¢(x) = 75 F(53y) + f% F(v)dv in the interval [v3, 1].

We then have the following proposition on the existence and uniqueness of equilibria:

Proposition 1 (Existence and Uniqueness Theorem) For the independent private values
economic environment with two bidders who have different participation costs co > ¢y, we have

the following conclusions:

11



(1) There always exists a monotonic equilibrium.
(2) Suppose F(v) is concave. Then the equilibrium is unique and monotonic.
(3) Suppose F(v) is strictly convex. Then

(3.i) the monotonic equilibrium is unique when Ff((s))Q s non-increasing,

(3.i1) the neg-monotonic equilibrium is unique when ¢ = ¢,
(8.ii1) there is no neg-monotonic equilibrium when ¢y < ¢y, and

(3.7v) there are at least two neg-monotonic equilibria when ¢, < c¢1 <

Co.

The formal proof can be found in the appendix. Here we provide some intuition as to why
the results are true. To investigate the existence and uniqueness of the equilibria, we first note
the extreme case where there may be an equilibrium in which one bidder will never participate
in the auction. We then exam how functions A(y) and ¢(x) intersect with cp and ¢y, respectively.
The existence of a monotonic equilibrium can be established by the intermediate value theorem.
The uniqueness of the monotonic (neg-monotonic) equilibrium comes from the fact that A(y)
and ¢(z) intersect with ¢ and c;, respectively, at most once on the interval y € [v],1] and
[v5,1]. When F(v) is concave, A(y) is a monotonic increasing function, and thus the monotonic
equilibrium is unique. When F'(v) is strictly convex, we can also show the unique monotonic
equilibrium and the existence and uniqueness of neg-monotonic equilibria for some types of

convex distribution functions.

&

A

L J

i i
Vi Y2

Figure 1: Uniqueness for Convex Case
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Remark 4 There are some facts that may be mentioned for understanding the proof of Propo-

sition 1:

f(v)
» F(v)2

1. For any strictly convex power functions and exponential functions is a non-
increasing function of v. Thus, the set of such strictly convex functions is not
empty. A figure can be used for understanding why there is a unique monotonic
equilibrium for this type of strictly convex distribution. In Figure 1, A(y) starts
from v] with negative slope. When X (y) = 0 has at most one solution, A(y)

intersects with co at most one time, indicating that the monotonic equilibrium is

unique.

2. From the proof in the appendix, one can see that it is always true that co > ¢;,.
Then, as long as co — ¢ is sufficiently small, we have co > ¢; > ¢,. Thus, we
can conclude that when co — ¢; is sufficiently small, there are two neg-monotonic
equilibria that are given by (x1,y1) and (z2,y2) with y1 = y(x1), y2 = y(z2),
and y1 < y2 < v§ < x1 < Ty, < x2 < x0. Thus, when F(v) is not concave, the
existence of a neg-monotonic equilibrium depends on the difference of participa-
tion costs, ca — ¢1. For instance, when ¢; = 0.3, co2 = 0.32, and F(v) = #

(which is strictly convex), we have one monotonic equilibrium (0.3753,0.8911)

and two neg-monotonic equilibria (0.6995,0.6142) and (0.8301,0.4564). How-

ever, when ¢; = 0.3, ¢a = 0.4, and F(v) = #, we only have one monotonic
equilibrium (0.3003,0.9994). Thus, this example demonstrates that there are

multiple neg-monotonic equilibria when ¢y — ¢; is sufficiently small, and there is

no neg-monotonic equilibrium when co — ¢; is large enough.

3. Figure 2 can help us to understand the proof and the points mentioned above.
¢(z) starts from y = v§ with negative slope. When ¢ — ¢; is small enough, it
intersects with cj; i.e., a neg-monotonic equilibrium exists. When ¢y — ¢ is big
enough so that ¢; < ¢, ¢(x) and ¢; can not intersect; i.e., no neg-monotonic
equilibrium exists. From the figure, when c¢; is close to co, there are at least two
intersection points for y = ¢(z) and y = ¢1, which means there are at least two

neg-monotonic equilibria, say, (z1,y1) and (z2,y2).

4. Campbell (1998) and Tan and Yilankaya (2006) showed that there exists an
asymmetric equilibrium when distribution functions are strictly convex. However,
our result shows that the strict convexity of the distribution function alone is not

a sufficient condition for the existence of a neg-monotonic equilibrium, unless the

13



difference cg — ¢1 is small enough. In fact, this result implies that one can refine
equilibria and always eliminate non-equilibria by making participation costs for

bidders sufficiently different.

5. In the proof of Proposition 1, the condition that F'(v) is concave can be weakened
to F(v) > vf(v) for all v € [¢1, 1], and the condition that F'(v) is strictly convex

can be weakened to F'(v) < vf(v) for all v € [eg, 1].

6. A non-truth-telling equilibrium may exist when bidders do not use weakly dom-
inant bidding strategies even if they participate. For example, suppose bidder 1
bids zero when he enters and bidder 2 bids 1 when he enters. For bidder 1, he
only wins when bidder 2 does not enter, hence in equilibrium v{ F'(v3) = ¢1. Now
for bidder 2, he always wins once he enters and pays nothing. At equilibrium

c

we have v5 = co. Thus v] = Tlea)” So if bidders do not use dominant bidding

strategy when they enter, we may have other cutoff equilibria.

9x)

L J

5
V; xl xm x2 xD 1 s

Figure 2: Existence of Counter-Monotonic Equilibria For Convex Case

One may wonder what would happen at the limits of monotonic and neg-monotonic equilibria
as cg — ¢ — 0. Should a monotonic equilibrium converge to a symmetric equilibrium or a neg-

monotonic equilibrium converge to an asymmetric equilibrium when ¢y — ¢1?
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Table 1 Sequences of Monotonic and Counter-Monotonic Equilibria)

| e F(v) =4y F(v) = v?

0.3 | 0.3 | (0.4481, 0.4481) | (0.6694, 0.6694) | (0.3425, 0.9358) | (0.9358, 0.3425)
0.3 | 0.31 | (0.4387, 0.4675) | (0.6845, 0.6616) | (0.3327, 0.9426) | (0.9318, 0.3570)
0.3 | 0.32 | (0.4303, 0.4861) | (0.7000, 0.6530) | (0.3237, 0.9627) | (0.9271, 0.3723)
0.3 | 0.33 | (0.4226, 0.5038) | (0.7162, 0.6434) | (0.3155, 0.9751) | (0.9216, 0.3886)
0.3 | 0.34 | (0.4156, 0.5210) | (0.7332, 0.6323) | (0.3079, 0.9870) | (0.9150, 0.4061)
0.3 | 0.35 | (0.4091, 0.5376) | (0.7517, 0.6193) | (0.3009, 0.9985) | (0.9068, 0.4256)
0.3 | 0.36 | (0.4032, 0.5537) | (0.7725, 0.6038) | (0.3000, 1.0000) | (0.8963, 0.4418)
0.3 | 0.37 | (0.3976, 0.5694) | (0.7984, 0.5804) | (0.3000, 1.0000) | (0.8805, 0.4773)
0.3 | 0.38 | (0.3923, 0.5847) NA (0.3000, 1.0000) NA

For instance, suppose c; is constant at, 0.30, and let co decrease from some point until co =
c1 = 0.3. Will there be any convergence behavior for monotonic and neg-monotonic equilibria
in this case? Do they converge to a symmetric equilibrium or an asymmetric equilibrium (if it
exists) for a given distribution function? Some numerical experiments are given in Table 1.

From the table, when F'(v) = /v, which is concave , we only have the monotonic equilibrium
and is unique. Tan and Yilanyaka (2006) proved that when F(v) is concave there is only one
unique symmetric equilibrium and no asymmetric equilibrium. Then is natural that, when
¢y converges to c¢p, the unique monotonic equilibrium will converge to the unique symmetric
equilibrium, as can be seen from Table 1.

However, when F(v) = v?, which is a strictly convex distribution function, we can see from
the table that when co — ¢1 is small enough, there exist one monotonic and two neg-monotonic
equilibria, but when co — ¢; is big enough, there is only one monotonic equilibrium. We can
also see from the table, somewhat surprisingly, that unlike the monotonic equilibrium, one
sequence of neg-monotonic equilibria converges to the symmetric equilibrium, while the other
sequence of monotonic equilibria converges to the asymmetric equilibrium. Thus, the notion of
monotonic/neg-monotonic equilibrium is not a trivial generalization of symmetric/asymmetric
equilibria.

Actually, these limit relationships among monotonic/neg-monotonic equilibria and symmet-

ric/asymmetric equilibria are true for general concave and strictly convex functions.
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Proposition 2 (Limit Theorem) For the independent private values economic environment

with two bidders with participation costs ca > c1, we have the following conclusions:

(1) Suppose F(v) is concave. The unique monotonic equilibrium (no neg-monotonic
equilibrium) converges to the unique symmetric equilibrium as ca — ¢; — 0.

fo)

(2) Suppose F(v) is strictly conver and Flo)z 18 @ non-increasing function of v.

The unique monotonic equilibrium converges to an asymmetric equilibrium as

co —c1 — 0.

(3) Suppose F(v) is strictly convex. When cg —c1 — 0, there are two neg-monotonic
of which one converges to the unique symmetric equilibrium, and the other con-

verges to an asymmetric equilibrium.

Some intuition can be given here for the convergence results of the equilibria. By the conti-
nuity of the reaction function, as the participation costs c¢; and co converge, the set of equilibria
will converge to the set of equilibria when ¢; = ¢o. In particular, if we focus on the equilibrium
in which bidder 1 uses the smallest cutoff point among all bidder 1’s equilibrium cutoffs (which
is necessarily a monotonic equilibrium), this will converge to the equilibrium for ¢; = ¢y in
which bidder 1 uses the smallest cutoff among all of bidder 1’s equilibrium cutoffs. Thus, if
the equilibrium is unique when ¢; = ¢o, and there is a unique monotonic equilibrium for all ¢q
and cs in the sequence, that equilibrium sequence must converge to the symmetric equilibrium.
However, if there are asymmetric equilibria when ¢; = c¢o, then the equilibrium in which bidder
1 uses the smallest cutoff must converge to the asymmetric equilibrium in which bidder 1 uses
the smaller cutoff. Hence, if the monotonic equilibrium is unique, then it will converge, and the
equilibrium that converges to the symmetric equilibrium must be neg-monotonic.

From Figures 1 and 3, one can see that, as co — ¢; — 0, any monotonic/non monotonic
equilibrium converges along the bidders’ reaction curves determined by A(y) and ¢ to the nearest
equilibrium, whether it is symmetric or asymmetric.

Before finishing this section, we examine the effects of changes in participation costs on

equilibrium behavior.

Proposition 3 (Comparative Static Theorem) For the independent private values economic
environment with two bidders, suppose the values of bidders are drawn from a concave distri-
bution function F(v) and the participation costs ¢; and co are common knowledge. Then an

increase in participation cost c; increases i’s cutoff point v; but decreases the opponent’s cutoff

point v;-‘ for j #1i.
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L 3

Figure 3: Uniform Case

In fact, when F(v) is uniform, we can derive the unique equilibrium explicitly, and analyze
equilibrium behavior directly. The condition for v5 > 1 implies ca > % + %C% In Figure 3, above
the parabola c; = % + %c% and inside the square (the shaded area) is the area where bidder 2
will never participate (v > 1) and bidder 1 uses v] = ¢; as his cutoff point. In the area between
c1 = ¢ and the parabola, we have ¢; < co < % + %C% In this case, there is a unique monotonic
equilibrium with v7 <1 and v3 <1 that can be solved explicitly.

Using (1) and (3) under the uniform distribution, we have

vy > ]
(P1) c1 = vivi
3 (V2 +05%) = 2.

Solving these equations, we have

5(v2(c1 + c2) = /2(ca — 1))
vs = 5(\/2(c1 + e2) + /2(c2 — 1)),

We can also require here that v; < 1 to see what conditions should be satisfied. From

v =

%(\/2(01 + o)+ \/2(02 — 1)) <1, we immediately have ¢y < % + %c%, which is exactly the same

condition required for v3 < 1.

Since
% = (2Vc1 + 62)_1 + (2v/eg — Cl)_l >0
1
8 *
822 = (2\/61 + CQ)_1 + (2\/ Cco + Cl)_l >0,
2
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the equilibrium cutoff points are increasing functions in their own participation costs; the higher
a bidder’s own participation cost is, the less likely he will participate in the auction and submit
the bid.

Also, since ¢; + cg > ¢co — ¢1, we have

Ov*
872 = (2\/61 + 62)71 — (2\/62 — 61)71 <0
vk

aZi = (2\/61 + 62)_1 — (2\/02 - Cl)_l < 0.

The cutoff point of each bidder is a decreasing function of the other’s participation cost.
The intuition behind this is clear. The higher your opponent’s participation cost is, the less
likely he will participate in the auction. Thus, it is more likely you will win the object, so your
expected net-payoff tends to be higher. Consequently, you will be more willing to participate in

the auction, so your cutoff point will be lower.

Remark 5 Here we express the comparative statics in terms of ¢; and c2. We can also express

. ov? vy ovs vy oy vy
* *. 1 2 2 1 1 1
these in terms of v] and v3: Jor = wEPoui? > 0, Jor = ot <0, 9o = " u37—or? < 0, and
vy v
Oca U§2 v*?2 >0

More generally, suppose we have a monotonic equilibrium (v}, v3) for the costs (c1,c2). Now
choose (¢}, ¢y) satisfying ¢] > ¢; and ¢, < ¢o. Note that bidder 1’s best response when bidder 2’s
cutoff is in [c2, v3] must lie in [v], 1] since ¢; has weakly increased and bidder 2’s best response
when bidder 1’s cutoff is in [v], 1] must lie in [c2, v3] since co has weakly decreased. Thus for
costs (], cy), the sets [v], 1] for bidder 1 and [cg, v3] for bidder 2 are closed under best response.
So there must be an equilibrium in which each bidder uses a cutoff point from his specified set.
That is, when one bidder’s cost increases and the other’s decreases, there is necessarily a new
equilibrium in which the former uses a greater cutoff point and the latter uses a smaller cutoff.

Of course when F'(v) is concave, which gives us a unique equilibrium, we obtain the above result.

4 Extensions

In the previous section, we studied the equilibrium behavior for an economic environment with
two bidders and the same continuously differentiable distribution functions defined on the sup-

port [0,1]. In this section, we briefly discuss some extensions by relaxing these assumptions.
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4.1 Two Types of Bidders with Different Participation Costs

In this subsection we extend the model in Section 3 to a more general economic environment
where there are two types of bidders. Type 1 possesses lower participation costs ¢;. The number
of bidders in this type is ni. Type 2 possesses higher participation costs co > ¢1. There are no
bidders in this type. The total number of bidders is n = ny +ns. For simplicity, we only consider
the type-symmetric equilibrium by assuming that that bidders with the same participation cost
use the same cutoff point. We will consider the type-asymmetric equilibrium next subsection.
Again, we first assume, provisionally, that a monotonic equilibrium exists. By Lemma 1, we
have v < 1. As discussed in Section 3, for each bidder in type 1, when his valuation is v; = o7,
he is indifferent between participating in the auction and not participating in the auction. Thus

we have the zero net-payoff equation
c1 = vl F (v L E (v, (10)

For each bidder in type 2 who has participation cost ¢y and uses v as his decision point

to participate, if v5 > 1 ( ie., type 2 bidders never participate) then v{ = v}, where v} is

ni—1

determined by ¢; = v} F(v)) . For this to be an equilibrium strategy of “{No}”, by the same

reason as in last section, we need

1
v F(v))™ —I—/ F(v)"dv < cg;

v}
i.e., given the strategy of type 1 bidders, the expected revenue of any type 2 bidder participating
in the auction is less than his participation cost even when his value is 1. Then, v; = v} for each
bidder in type 1 and v3 > 1 for each bidder in type 2 comprise a monotonic equilibrium.

When a type 2 bidder chooses a cutoff point v; < 1, and vy = v3, we have

vx

5 1
ca = V3 F (o)™ F(v3)™ ™" + F(vé‘)’”_l/ (v3 — v)d(1 —/ dF(v))™,

i
where the first part on the right side is the expected revenue when he is the only bidder in
the auction submitting the bid. The second part is the expected revenue when he is the only
type 2 bidder submitting a bid, and there is at least one bidder in type 1 submitting a bid.
(1-— fvl dF(v))™ is the probability that at least one type 1 bidder participates in the auction

and bids at most v. Simplifying the equation, we have
v3
= o3P )" F(03)" ™ 4 )™ [ (05— o)dF (o)™ (1)

N
U1

Note that, when n; = ny = 1, this reduces to equation (2). Integrating by parts to equation

(11), we have

VX

2
ey = v* F(v)M F(ud)m—) + F(ug)me=! / Flo)™ dv. (12)
.

19



When a type-symmetric neg-monotonic equilibrium exists, by Lemma 1, we have v < 1. For
bidders in type 1, if v5 F(v})"2 + fvlé F(v)"2dv < c1, where v} is determined by ¢ = vhF(vh)"2 71,
then we have v] > 1. Bidders in type 1 never participate in the auction. Then, in this case,
v} > 1 for bidders in type 1, and vi = v} for bidders in type 2 compose a type-symmetric
neg-monotonic equilibrium.

Suppose that v} F'(vh)™2 +fv1§ F(v)™dv < ¢ is not true. Then v} < 1. Similar to the previous

section, the zero net-payoff condition requires that

2 = v3F(v3)" T F (o)™
of
et = o F(W)M T (v)" +F(’UT)"11/ (v1 — v)d(F(v))". (13)
v3
Integrating (13) by parts, we have
g
c1 = v3F(v3)2F(vy)™ ™ + F(vf)™m ! / F(v)"dv (14)
v3

and thus
c1 > o3 F(v3)"2F (0])™ ™+ F (o)™ 7 (v] — v3) F(v3)" = vj F(v3)" F ()™ 7"
In order for this to be consistent with ¢; < ¢z, one necessary condition required is

c2 = v3F (v3)" T F (vf)™ > vi F(v3)"2F (vf)™ 7,

F *
r (22)
Vg

< FE}?T), which is the same as in the case of two bidders.

Consider the following 2 equations:

e = yF(y)"*  F(a)™

a = yFy)"2F(z)" '+ F(z)™m! /w F(v)"dv.
Y

The first equation implicitly defines y as a function of z, denoted by y(z), which has a fixed
point v§ determined by co = v§F (v5)™ 271 Then when z > v$, we have y < v3.
Insert y(z) into the right side of the second equation and let
x
¢(x) = y(x) F(y()" F(x)" " + F(ﬂf)”ll/ F(v)™dv.
y(z)
Let ¢, be the minimum of ¢(x) = y(z)F(y(z))2F(x)" ! + F(zx)m~! fyx(x) F(v)™dv in the
interval [v3, 1].

We then have the following proposition:
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Proposition 4 (Existence and Uniqueness Theorem) For the independent private values
economic environment with two types of bidders who have different participation costs co > c1,

we have the following conclusions for type-symmetric equilibria:
(1) There is always a type-symmetric monotonic equilibrium.
(2) Suppose F(v) is concave. Then, the type-symmetric equilibrium is unique.

(8) Suppose F(v) is strictly convex. Then,

(3.1) the type-symmetric monotonic equilibrium is unique if 1;02(8) and

F(v) ] -
of(oy @re non-increasing,

(3.ii) the type-symmetric neg-monotonic equilibrium is unique when
C1 = Cm;

(3.ii1) there is no type-symmetric neg-monotonic equilibrium when c; <
Cm and

(3.iv) there are at least two type-symmetric neg-monotonic equilibria

when ¢, < 1 < ¢a.

As in the case of two bidders, when co — ¢y — 0, we have similar convergence results:
When F(v) is concave, the unique type-symmetric monotonic equilibrium (there is no type-
symmetric neg-monotonic equilibrium) converges to the unique type-symmetric equilibrium as

¢y —c1 — 0. When F'(v) is strictly convex, % and ff((q’i))) are non-increasing, the unique type-

symmetric monotonic equilibrium converges to a type asymmetric equilibrium as ca —c¢; — 0.
When F'(v) is strictly convex, there are two type-symmetric neg-monotonic equilibria such that
one converges to the unique type-symmetric equilibrium, and the other converges to a type-
asymmetric equilibrium as co — ¢; — 0.

We can similarly examine the effects of changes in costs and in numbers of bidders on
equilibrium behavior. For simplicity, we only consider the case of the uniform distribution
function. As in the last section, the comparative analysis can be obtained for general distribution
functions.

From (10) and (11), we have

g = vi"Moy™ (15)
co = vi‘”ﬁlv;‘"rl + v%‘”rl /jg v dv (16)
Y1
which gives us
cr= L _grmtlygma=t b eng (17)
ny+1 ny +1
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(15) and (17) provide the conditions that should be satisfied simultaneously for the equilib-
rium cutoff points.

We then have the following proposition:

Proposition 5 Suppose the values of bidders are drawn from a uniform distribution function

F(v) and the participation costs ¢ and cy are publicly known information. Then we have

1) an increase in participation cost c; increases i’s cutoff point v}, but decreases his

opponents’ cutoff point v}‘ fori,j=1,2,5 #1.

2) the cutoff points for both types of bidders increase when the number of any type

of bidder increases.

Proposition 5.(1) gives us results similar to those in previous section. A bidder’s cutoff
point is an increasing function of his own participation cost and a decreasing function of others’
participation costs. Proposition 5.(2) shows that more bidders in the auction will increase the
competitiveness among the potential bidders, and this will reduce the possible payoff to each
bidder. Thus, bidders will be less likely to participate in the auction, and their value cutoff

points will increase.

4.2 Type Asymmetric Equilibria

In this subsection we give a brief discussion on allowing asymmetric cutoff points within a
group. To allow such a possibility, we consider the simplest economy with three bidders in the
two groups. The first two bidders’ participation costs are the same so that ¢; = c¢o, and the
third bidder’s participation cost is c3. For simplicity, we assume that distribution functions are
the same for all bidders. Let v] and v3 be the corresponding cutoff points for the two bidders
in type 1 and v3 be the cutoff point for type 2 bidder. We assume ¢; = ¢3 < ¢3 and v} < v3.
There are three cases to be considered.

Case 1: v} <v; < v3. Then we have

a = VIF(})F@),
vy

¢ > UFF©) + F@)) / (o5 — 0)dF(v),
vy
v3 v3

¢ > WF)F()) + F@)) / (v — v)dF(v) + / (05 — v)dF (v)%.
v} v

The above equations hold with equality when v < 1. On the right side of the third equation,

the first part is the revenue bidder 3 receives when the other two bidders do not participate in
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the auction. The second part is the revenue he receives when the highest bid of the other two
is less than v5. This happens when bidder 2 does not participate in the auction. The third part
is the revenue when the others’ highest bid is greater than v5 and less than v3.

When F'(v) is concave, we cannot have such an equilibrium. To see this, from the first two
equations, we have viF(v3)F(v3) > viF(v])F(v3); i.e., we have %?() > %ﬁf) with vy > o],
which cannot be true when F(v) is concave.

When F(v) is strictly convex, from the first two equations, we treat v3 as a constant. Then
it seems as if bidder 1 and bidder 2 possess participation costs ﬁj};) We know there is an
equilibrium in which vj < v3 and the equilibrium is a function of v3. Inserting into the third

equation, we can get v3. In particular, when v3 > 1, bidder 3 never participates in the auction.

Case 2: v] < vy < v;. Then we have

o = VIF})F@),
v3
¢ > OSF(])F(o5) + F(u}) / (v — 0)dF(v),
vy
v3 v3
ca > vsF(v])F(v3)+ F(v3) / (v —v)dF(v) + / (v3 — v)dF (v)?.
v} v3

When F(v) is concave, from the first and third equation above, we have viF(v3)F(vj) >
vy F(v])F (vi), which again cannot be true for vj < v5. So v; = vj. The problem can be
reduced to the type symmetric equilibrium. When F(v) is strictly convex, we can treat v} in
the second and third equation as constant. From the discussion in Section 3, we know that
when c3 — ¢ is sufficiently small, there exists an equilibrium in which v5 < v;. A limiting case
is when c¢3 = ¢;. As Tan and Yilankaya (2006) point out, when F'(v) is strictly convex but not
log-concave, there may exist equilibria with three or more cutoff points.
Case 3: v3 < v] <wv3. The discussion for this is similar to Case 2.

Summarizing our discussion above and the results we obtain in Sections 3 and 4, we have

the following proposition:

Proposition 6 For the independent private values economy with two groups and three bidders,
when F(v) is concave, we only have the unique type-symmetric monotonic equilibrium. When
F(v) is strictly convez, type-asymmetric equilibria exist.

4.3 Bidders with Different Valuation Distributions

We consider an economy where bidders have different valuation distributions Fj(v) and F»(v).

Here F;(v) is the probability that bidder ¢’s valuation is less than or equal to v, and ¢ = 1,2. Tan
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and Yilankaya (2006) considered a similar economic environment where there are two groups of
bidders with different valuation distributions but the same participation costs. Miralles (2006)
studied equilibrium behavior when bidders’ valuation distributions can be ordered in a first order
stochastic dominance ranking but still retain the same participation cost.

Here, we allow both valuation distribution functions and participation costs of bidders to be
different. Again, we assume c¢; < c¢o and use x and y to refer the cutoff points used by bidder 1
and 2, respectively. We want to investigate the existence of equilibria and equilibria behavior.

To find a monotonic equilibrium, we need to consider the following two equations:
1 = zFy(y)

co > aF(z) + /y Fi(v)dv.

xX
Again, the first equation implicitly defines x as a decreasing function of y, denoted by z(y).

We then have 3—; = —%((yy)). Also we know z(y) has a fixed point v # 0 determined by

c1 = v{F3(v]). Since z(y) is monotonically decreasing, we have z < v{ and y > v{.
Inserting z(y) into the second equation and letting A(y) = zFi(z) + [ F1(v)dv with z < y,

we have

x — 22 fi(x
V() = Fily) + ofila) = <y>Fz<y>F2(y)f1< ) faly)

When Fj(v) and Fs(v) are both concave, we have

Fi(y)F2(y) — zyfi(z) f2(y) LB (y) Fa(y) — Fi(x) Fa(y)
Fy(y) Fy(y)

which indicates that A(y) is a monotonically increasing function.

N(y) > >0,

For the existence of neg-monotonic equilibrium, we consider the following two equations:
co = yF(z)

c1 > yFs(y) +/ Fs(v)dv.
y

From the first equation we have y = Flc(Qx). Inserting it into the right side of the second equation

and letting ¢(z) = yFa(y) + fyx Fy(v)dv with > y, by the same reason as before, we have

¢'(z) > 0 when both Fj(v), F»(v) are concave. y = Flc(zx) also has a fixed point v determined

by ¢ = v5F1(v3). Since z(y) is monotonically decreasing, we have y < v§ and = > v5.

We then have the following proposition:

Proposition 7 (Existence and Uniqueness Theorem) For a two-bidder economy with dif-
ferent continuously differentiable distribution functions Fj(v) and F»(v) and different costs

c1 < co, we have the following results:
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(1) There always exists an equilibrium (v}, v3).

(2) Suppose Fi(v) and Fy(v) are both concave and Fj(v) < Fy(v) for all v € (0,1).
Then there exists a unique equilibrium that is monotonic.

(3) Suppose Fj(v) and Fy(v) are both concave and Fj(v) > Fy(v) for all v € (0,1).
Let v{ and v§ satisfy ¢; = viFa(v]) and ca = v5F;(v3), respectively. Then, we

have

i) If v] < v3, there is a unique equilibrium that is monotonic;

ii) If v§ > v, there is a unique equilibrium that is neg-monotonic,
satisfying v} > v3;

iii) If v; = v§ = v°, there is a unique equilibrium that is a special

neg-monotonic equilibrium, satisfying v] = v = v*.

Remark 6 Fj(v) < Fy(v) for all v € [0,1] means that bidder 1 is a strong bidder in the sense
that there is a high probability that his valuation is higher than bidder 2’s valuation. A higher
valuation together with a smaller participation cost makes bidder 1 more likely to participate in
the auction; i.e., he is more likely to choose a lower cutoff point. However when Fj(v) > Fy(v)
for all v € (0,1), bidders with higher participation costs may have lower or identical cutoff points
even though their participation costs are higher.

When Fj(v) > F(v) for all v € (0,1), then, for each given value v, the probability that
bidder 2 does not participate in the auction is less than that of bidder 1. Thus, bidder 2
has an advantage in winning the bid and a disadvantage in the participation cost. When the
advantage can overbid the disadvantage, bidder 2 has a lower cutoff point, rather than a higher
one, resulting in the nonexistence of a monotonic equilibrium. We can also interpret this in
another way. Fij(v) > Fa(v) implies that Fj(v) is more concave than Fy(v) and that bidder 1 is
more risk averse than bidder 2. This reduces his entrance probability by leading him to choose

a higher cutoff point.

Remark 7 Unlike the results obtained in Section 3, (3.iii) shows that when bidders’ distribution
functions are different, v7 = v3 can be an equilibrium although bidders’ participation costs are
different. That is, we have a special neg-monotonic equilibrium with v] = v3 even when ¢; < cs.

When bidders’ distribution functions are the same, as in Section 3, this is impossible.

Thus, when bidders have different distributions on valuations, some of the previous results no

longer hold true. The distributions of valuations have substantial effects on types of equilibria.
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4.4 Positive Lower Bound of Supports

The support of valuations also affects the existence of equilibria. When the lower bound of the
support of the valuation is not zero, there may be an equilibrium in which one bidder always
participates in the auction and the other never participates in the auction.

Suppose the support of the distribution function F(v) is [v;,vs]. There are six cases for
consideration in studying equilibrium behavior of bidders:

Case 1. v, < ¢1 < ¢o. It is clear both bidders never participate in the auction.

Case 2. v; < ¢1 < v, < co. Bidder 2 never participates in the auction. Bidder 1 participates
in the auction if v1 > ¢; and does not otherwise.

Case 3. ¢1 < v; < vy < co. Bidder 2 never participates, and bidder 1 always participates.

Case 4. v; < ¢1 < g < vy. The analysis and results are the same as those in Section 3 that
deals with the special case where v; = 0 and v, = 1.

Case 5. ¢1 < v; < ¢ < vp,. We can have the following equilibrium: Bidder 1 always enters,
and bidder 2 never enters. For this to be an equilibrium, we need vy — v; < co; that is, the
maximum revenue bidder 2 gets from participating in the auction must be smaller than his
participation costs. When ¢y < vy, — vy, bidder 2 will choose a cutoff point v € [ca,vp]. If there
is an equilibrium in which bidder 1 never participates, then bidder 2 uses v3 = ca. To have such
an equilibrium, we need

v, Up,
vpF(c2) +/ (vp, — v)dF (v) = caF(c2) +/ F(v)dv < ¢;.
c2 Cc2
A sufficient condition for this is vy, + coF'(c2) < ¢1 + ca.

Case 6. ¢; < ¢c2 < vy < vp. We can have the following equilibrium: Bidder 1 always
participates in the auction, and bidder 2 never participates in the auction. For this to be an
equilibrium, we need v, — v; < co. Bidder 2 always participates in the auction, and bidder 1
never participates in the auction. For this to be an equilibrium, we need v;, — v; < ¢;. When
both bidders choose a cutoff point inside the support of valuations, we can use the same analysis

as in Section 3 to investigate the equilibrium behavior.

5 Conclusion

This paper investigates equilibria of second price auctions when bidders have private valuations
and different participation costs that are common knowledge. We identify two types of equilibria:

monotonic and neg-monotonic equilibria. We show that there always exists an equilibrium that
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is monotonic, and further that, it is unique when F(v) is concave or when F'(v) is strictly convex
with additional restrictions.

We also consider the existence of neg-monotonic equilibria. We show that when the distri-
bution function of valuation is strictly convex and when the difference of participation costs is
sufficiently small, there is a neg-monotonic equilibrium. One policy implication is that one may
solve multiple equilibria by eliminating neg-monotonic equilibria through differentiating partic-
ipation costs significantly. We also show that when the difference in participation costs goes
to zero, the monotonic equilibria of concave valuation distribution converge to the symmetric
equilibrium, while the monotonic equilibrium of convex valuation distributions converges to the
asymmetric equilibrium. This is contradictory to our common intuition.

We provide some comparative static analysis. we show that the cutoff point is increasing
in one’s own participation cost but is decreasing in the opponents’ participation costs. We also
show that as the number of bidders increases, the cutoff points for all bidders will increase. This
is consistent with the idea that more potential bidders will increase competition among bidders
and will thus reduce the expected payoff of each buyer, with the natural consequence of reduced
buyer participation.

We also consider some extensions of our basic model. We discuss equilibrium behavior for
the economic environment with two types of bidders, and get similar results. However, when
bidders are allowed to have different valuation distribution functions, some of the results for the
basic model are no longer true. We also extend the basic model to the one with a positive lower
bound of the support. In this case, we may have an equilibrium in which some bidders always

enter the auction.
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Appendix: Proofs

Proof of Lemma 1:

Suppose not. All bidders never participate in the auction (i.e., v} > 1 for all bidders 7). When
bidder n knows the other n — 1 bidders will not participate in the auction regardless of their
valuations, then bidder n participates in the auction when his value is greater than or equal to

his participation cost. Then we have v}, = ¢, <1, a contradiction.

Proof of Lemma 2:

First note that v{ < v§ by monotonicity of vF'(v). When bidder 2 chooses never to participate,
then v} = ¢1 < v{ and v3 > 1. The above lemma holds obviously.
Now suppose v < 1. We have
v3
vy F(v]) +/ F(v)dv = ¢y = v5F (v3).
vy

Since v F(v) + f:f; F(v)dv = v3F(v}) — f:g vf(v)dv, we have

*
1

UF(3) - [ of)do = viF ().

*
1

Then v5F(v3) < viF(vy). We must have v < vy by the monotonicity of vf(v). Also, since
we have v3 > v] and ¢; = v{F(v3) = v{F(v]), for this equation to be true, we must have
v} < v{. Otherwise we have viF(v3) > v{F(v}), a contradiction. So v} < v]. Thus, we prove

vy > v5 > v > 7.

Proof of Proposition 1:

The proof of Proposition 1 is based on the following fives lemmas (from Lemma 3 to Lemma 7).

Lemma 3 For the economic environment with two bidders, there always exists an equilibrium

that is monotonic; i.e., for ca > c1, there exists a cutoff point vector (vi,v3) such that vy > vj.

Proof. When ¢ F(c1) + fcll F(v)dv < ¢a, as we discussed above, bidder 2 will never participate
in the auction and thus v} = ¢ and v5 > 1 constitute a monotonic equilibrium. Now we consider
the case of c1 F(c1) + fcll F(v)dv > cs.

Given that the point v§ determined by ¢; = v{F(v]), we have z < v{ and y > vj by
noting that y = y(x) is a decreasing function. Since h(c1) = ¢1F(c1) + fcll Fv)dv —c3 > 0
and h(v]) = ¢1 — ¢ < 0, there exists a v] € [c1,v]) such that h(vf) = 0. Thus, vj < v{ and

vy = y(v]) > v constitute a monotonic equilibrium. m
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Lemma 4 If F(v) is concave, there is a unique monotonic equilibrium.

Proof. Since F(v) is concave, we have F(v) > vF'(v) = vf(v) for any point v € [0,1], and by

noting y > z, we have
a? F(z)zf(y) F(x)yf(y)
F(y)f(y)f(w) >F(y)— —25—>Fy) - R > F(y) — F(z) >0,

which indicates that A(y) is monotonically increasing. First consider the case where A(1) =

N(y) = F(y) -

aF(e)+ fcll F(v)dv > ¢y. Since A(v]) — c2 = ¢1 — ¢2 < 0, then, by monotonicity and continuity
of XA and z(y), y = v5 € (vj,1] is uniquely determined by A(y) — ca = 0, as is x = v} < vf.
Thus, the monotonic equilibrium is unique. Now suppose A(1) < c2. Then bidder 2 will never
participate in the auction; thus x = v] = ¢; and v; > 1 will again be the unique monotonic

equilibrium. m

Lemma 5 If F(v) is concave, there is no neg-monotonic equilibrium, and thus the equilibrium

s unique and monotonic.

Proof. We first prove there is no neg-monotonic equilibrium in which v7 > 1. To see this,
notice that vj > 1 requires ¢; > coF(c2) + fCIQ F(v)dv. However when F'(v) is concave, we have

1
c1 > caF(e2) +/ F(v)dv > caF(c2) + (1 — c2)F(c2) = F(c2) > 2

C2
by noting that F'(ca) > ¢g since F(¢) = F(ex 14 (1 —¢)0) > cF(1) + (1 — ¢)F(0) = c. But this
contradicts the fact that ¢; < cs.

We now show that there does not exist any neg-monotonic equilibrium with v7 < 1 either.

F(v]) F(v3) F(v)

Suppose not. We then have v; < v] and oF > T which contradicts the fact that —=

is a non-increasing function when F'(v) is a concave function. Thus, there does not exist any
neg-monotonic equilibrium in either case. Consequently, by Lemma 4, the equilibrium is unique,

which is monotonic. =

Lemma 6 Suppose F(v) is strictly conver and g((;’))Q s non-increasing. Then, there is a unique

monotonic equilibrium.

Proof. Notice that \'(y) can be written as

2
Since % is a decreasing function in y by noting f(v) is an increasing function by strict

convexity of F'(v) and x = Fc(ly), 1-— % is an increasing function in y, as is A'(y). Thus,
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there is at most one y = yp, if any, satisfying X' (yo) = 0. Also, notice that, when z = y = v5,

s2
U1

X(Uf) = F(v]) — m

fi)f(vy) <0

by the strict convexity of F'(v). Then A(y) either decreases over the entire interval [v],1] (in
this case yo > 1) or decreases first over [v],yo] and then increases over [yo, 1] if yo < 1. If A(y)
decreases over the entire interval [v§, 1], then A\(y) < ¢ for all y € [v], 1], which means bidder 2
never participates in the auction. Thus we have a unique monotonic equilibrium with v] = ¢;
and v > 1. On the other hand, if yo < 1, A(y) decreases first over [v], yo] and then increases over
[y0,1]. Thus A(y) = ¢2 > ¢1 has at most one solution v5. If the solution exists, we have a unique
monotonic equilibrium with v] <1 and v < 1; otherwise the unique monotonic equilibrium is

given by v7 =ci and vy > 1. m

Lemma 7 Suppose F(v) is strictly convex. There exists a neg-monotonic equilibrium when
c1 = ¢y and at least two neg-monotonic equilibria when ¢y > c¢1. There is no neg-monotonic

equilibrium when ¢ < ¢y, .

Proof. Since

and

we have

vsf(u3) _ F2(u5) — (v3(3))
F(u3) F(u3)

by noting that v3f(v3) > F(v§) by F(v) < vf(v) for all v € [eg,1] and v§ > ¢a, which indicates

¢'(v3) = F(v3) — v f(v3) <0

that ¢(z) is decreasing at x = x§. Then ¢(x) has a minimum value ¢, < ¢z in the interval [v3, 1]
since ¢(v5) = ca. Let ¢(xm) = cm.-

When ¢; < ¢, we have ¢(x) > ¢; in the interval [v§,1]. Thus, there is no neg-monotonic
equilibrium with v} < 1 since the set {z|¢(z) = c1,v5 < x < 1} is empty. On the other hand,
since ¢(1) = coF(c2) + f012 F(v)dv > ¢y, > ¢1, we do not have a neg-monotonic equilibrium at
which bidder 1 never participates so that v > 1 is not an equilibrium strategy for bidder 1.

When ¢; = ¢, since ¢(zy,) = ¢, then © = x4,y = ca/F () is the unique neg-monotonic
equilibrium. Note that when ¢; = ¢, we do not have an equilibrium in which bidder 1 never
participates since ¢(1) > ¢, = ¢;.

When ¢, < ¢1 < co, we have at least two neg-monotonic equilibria. To see this, first

notice that there exists an x; € (v3,zy,) such that ¢(x1) = ¢; by the continuity of ¢(z) and
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O(Tm) = cm < c1, $(v5) = ca > 1. If ¢(1) < ¢1, we have a neg-monotonic equilibrium at which
bidder 1 never participates and bidder 2’s equilibrium strategy is v5 = c2. Otherwise if we have
¢(1) > ¢1, we can also find an x9 € (x,, 1] such that ¢(z2) = ¢1 by the continuity of ¢(z) on
x2 € (Tm, 1], (1) > 1 and ¢(xy,) = ¢y < c1. Then (x1,ca/F(z1)) and (x2, ca/F(x2)) will be

two neg-monotonic equilibria. m

Proof of Proposition 2:

2.(1): When F(v) is concave, the monotonic equilibrium and symmetric equilibrium are

both unique, so we have the result.

f(v)
F(v)?

2.(2) From the proof of Lemma 6, we know that, when F'(v) is strictly convex and is a
non-increasing function of v, there is at most one yg such that X (yo) = 0; A\(y) either decreases
over the entire interval [v§, 1] or decreases first over [v§, yo] and then increases over [yo, 1] if yo < 1.
Thus, there is a unique monotonic equilibrium, which is either given by v] = ¢; and v3 > 1
when A(y) and cp have no intersection, or given by (v}, v3) with v} < v{ < yo < v3 < 1 when
A(y) and co have an intersection. Here v3 is determined by A(v3) = ¢2 and v} = ¢1/F(v3). Thus,
from Figure 1, one can see that, when co — ¢1, we have an equilibrium given by an asymmetric
equilibrium (v}, v3") with v}’ < v§ < yo < v3’ <1, where v3’ is determined by A(v3’) = ¢; and
vy’ = c¢1/F(v3'). So the unique monotonic equilibrium converges to an asymmetric equilibrium.

2.(3) When F(v) is strictly convex and ¢y — ¢; is sufficiently small, there are two neg-
monotonic equilibria (z1,y1) and (z2,y2) with y1 = y(z1), y2 = y(x2), and y1 < y2 < v§ <
1 < Ty < T2 < xg as we showed in Lemma 7. Thus, from Figure 2, as ¢; — c¢o, the neg-
monotonic equilibrium (x1,y1) converges to the symmetric equilibrium (v3,v3), and the other

neg-monotonic equilibrium (z9,y2) converges to the asymmetric equilibrium (zg, o).

Proof of Proposition 3:

First consider a change in ¢;. Taking derivatives with respect to ¢; on both sides of (1) and (3),

we have
w s sy OUS - OUT
Ulf(UQ)aiCi + F(%)aci =1,
ov3 ovt
(U2)801 +U1f(v1)8C1 0
Solving for % and g—f, we have
vy F(v3)

Ocr F(v3)? =i f(v]) f(v3)’
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vy _ _ vif(v1)

der F(v3)2 — o2 f(v}) f(v3)
Note that, since v] < v3 and F(v) is concave, we have

F(v3)? — o2 f(v]) f(v3) > F(v3)? — vjvs f(v]) f(v3) > 0,
and thus we have 9vp > (0 and 9v3 <0
dcy oc1 '

We now consider the change in co. Taking derivatives with respect to ca on both sides of (1)

. ovl  Ovs
and (3) and solving for 7L, 52, we have

i _ wif() o
der ~ Flog)” —vif(0)f(vp)
o5 _ F(v3)

= >0
dca — F(v3)? — v f(v}) f(v)
by noting that F(v})? — Uﬁf(”f)f(”;) > 0.

Proof of Proposition 4:
The proof of Proposition 4 consists of the following lemmas:

Lemma 8 For the economic environment with with two types of bidders, there always exists a

type-symmetric equilibrium that is monotonic; i.e., for ca > c1, there exists a cutoff point vector

(vi,v3) such that vy > vy.
Proof. Consider the following cutoff point reaction equations

c1 = :L‘F(:lc)”l_lF(y)"2 (18)
o = SF@ QP [ e (19)
with z < y. From (18),

de nox f(y) F ()

&y~ FQF@ + (m - Daf@)] =

which indicates that x is a decreasing function of y.

Given v} determined by ¢; = v} F(v})™, when v} F(v])™ + fvl,l F(v)™dv < cg, bidder 2 will
never participate in the auction and thus v] = ¢; and v5 > 1 constitute a monotonic equilibrium.

So we only need to consider the case of vy < 1.
From (18), given v{ determined by ¢; = v{F(v$)" = F(v§)™2, we have x < v§ and y > v§ by

noting that y = y(z) is a decreasing function. Also , by definition, we have v} < v5.

Let

()
h(z) = zF(z)" F(y(z))"2 ™ + F(y(z))™ ! / ! F(v)™dv — c.
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Since h(v]) = v F(v})™ + fvl,l F(v)"dv — ¢y > 0 and h(v§) = ¢1 — ca < 0, there exists a
v} € [v},v]) such that h(vf) = 0. Thus, v} < v§ and v5 = y(v]) > v} constitute a monotonic

equilibrium. m

Lemma 9 When F(v) is a concave distribution function, there is a unique type-symmetric

monotonic equilibrium.
Proof. Let

Yy
Ay) = xF@W@F@W?1+fwwW{/ F(o)d

T
Y

= F(y)? Y zF(z)™ —|—/ F(v)™dv).

xT

We have

N(y) = (n2=1DF ()" fy)(@F (=)™ +/ F(v)™dv)

x

R () ()™ -+ (o) Py 1

= P 2ime - DA [ P+ Fen

dz

+(ng = 1) f(y)aF(x)" + n1F(y)$F($)”Hf(w)dy]-

Inserting Z—Z into X' (y) and rearranging the terms, we have

NG = PO - Df) [ P P

—x F(z)™ e —(ng—1

=PWWQMMW—U/%WWM+H%D

— (n2 —1)|}.
(nl—l)—i-;}(é)) ( 2 )]}

ni1+1

ning

—aF ()"

For (18), when y = x = v} determined by ¢; = v F(v{)™~1F(v$)"2, we have

ninz

N(0f) = F(o§)™ 2 ()" — 0§ f(o5) F(u})"| e — (2= 1]

(71 = 1) + Se5m

When F(v) is a concave distribution function, we have zf(z) < F(z) and % -
MTT R @)

(ng — 1) < 1 for all . Thus, for y > x

V() > P2 = Df) [ @M o+ Fo = g ) F )] > 0.

So A(y) is an increasing function of y when y > v;. Then y = v > v{ can be uniquely determined

by A(y) = co. This together with v = x(v3) < v constitutes a monotonic equilibrium. If for
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all y € (vi,1] we have A(y) < c2, then bidder 2 will never participate; i.e., v3 > 1 and v5 < 1

ni—1

as determined by ¢; = vj F(v}) compose a unique monotonic equilibrium. In either case we

only have one monotonic equilibrium. m
Lemma 10 When F(v) is concave, there is no type-symmetric neg-monotonic equilibrium.

Proof. We only need to show that there is no neg-monotonic equilibrium in which vj > 1.
The case where there is no neg-monotonic equilibrium with v7 <1 is the same as in Lemma 5.

Suppose not. We then have

1 /
F
c1 > hF(vh)" + / F)edo > Py = 200 5
vl 2

by noting that F(vh) > v} since F(v) = F(v x 1+ (1 —v)0) > vF(1) 4+ (1 —v)F(0) = v. But

this contradicts the fact that ¢; < co. m

f(v)
F(v)?

and £ are non-increasin functions
of (v) J ’

Lemma 11 Suppose F(v) is strictly convex. If

then there is a unique type-symmetric monotonic equilibrium.

Proof. When F(v) is strictly convex, f(v) is an increasing function and vf(v) > F(v) for

all v. Then we have X' (v{) < 0. Let

_ Y n F(y)m+! n nin
V) = o210 [ Plodor PO (1)} = 0
Then we have
- v L1y f@aF(a)™ ning
Fy)™ 2 f(y n—l/FU”ldv—l—Fy”H'”?ll— —(no—1))] = 0.
When £ ((;’))2 is non-increasing, then % is decreasing in y. Since ;;((Z)) is non-increasing

F(x

F
and z(y) is decreasing, T@)) is non-decreasing in y, and thus xF'(z)™ [—"L22

—A2_— — (ng —1)| is
(m—1)+ 5 (n2 —1)]

decreasing in y.
Thus, there exists at most one y € (v§, 1] such that A'(y) = 0. For the same reason as in the
proof of Lemma 6, we only have one unique monotonic equilibrium. m

Remark 8 When n; = ng = 1, xF(x)"l[% — (ng — 1)] can be simplified to z%f(x),
M 5 @)

which is a decreasing function of y; thus the second condition in the above lemma is redundant.

Lemma 12 When F(v) is strictly convex, there exists a unique type-symmetric neg-monotonic
equilibrium when c; = ¢y, and at least two type-symmetric neg-monotonic equilibria when cp, <

c1 < co. There is no type-symmetric neg-monotonic equilibrium when c1 < Cp,.
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Proof. Consider ¢(r) = y(z)F(y(z))2 F(z)"~! + F(z)m~! fyx(m) F(v)"dv, where y(z) is de-
fined by co = yF(y)"2 "1 F(x)™. We have

myf(x)F(y)
F(a)[F(y) + (n2 = Dy f(y)]

y'(x) = —

and

¢(z) = F(x)"*{(n1—1)f(x) /m F(v)"dv + F(z)" "
Y

B . no ning —(ng —
yf(x)F(y) [(n2_1)+;c((z;)) (1 = 1)1}
" )2+l
_ F(x)mzf(a?){(nl_l)/ F(v)”zdv+(]c()$)

ning

—yF ()" o — (= DI

(n2 = 1) + 57055
When z = y = v3, we have

ninz

F s\nao+1
PO spwyel

s F(vs)
f(v3) (n2 = 1) + 55028,

¢ (v3) = F(v3)" 2 f(03){ — (=1}

Since v§ f(vy) > F(v3) by the strict convexity of F(v), we have ¢'(v5) < 0, which indicates that
¢(z) is decreasing at x = v5. Thus ¢(x) has a minimum value ¢, < ¢z in the interval [v3, 1]
since ¢(v3) = co. Let () = .-

When ¢ < ¢, we have ¢(z) > ¢; for z € [v5,1]. However, for us to have a neg-monotonic
equilibrium, we need ¢(x) < ¢;. Therefore we do not have type-symmetric neg-monotonic
equilibria.

When ¢; = ¢, since ¢(z,) = ¢, then (x,y) is the unique neg-monotonic equilibrium,
where = x,,, and y is determined by ¢y = yF(y)"2 ' F(x,,)™. Also note that when ¢; = ¢y,
we do have a neg-monotonic equilibrium in which bidder 1 never participates since ¢(1) > c;.

When ¢, < ¢1 < ¢z, we have at least two type-symmetric neg-monotonic equilibria. Indeed,
since ¢(Tm) = ¢m < 1 and ¢(v5) = c2 > c1, there is an z1 such that ¢(z1) = ¢;. On the
other hand, when ¢(1) < ¢;, we have a neg-monotonic equilibrium in which bidder 1 never
participates. When ¢(1) > ¢1, we can find x2 € (x4, 1] such that ¢(z2) = ¢1 since ¢(1) > ¢1 and

d(xm) = ¢m < ¢1. Thus we can find at least two type-symmetric neg-monotonic equilibria. m

Remark 9 The condition that F'(v) is concave in Lemma 9 can be weakened to F'(v) > vf(v)
for all v € [¢1,1] and the condition that F'(v) is strictly convex in Lemma 12 can be weakened

to F(v) <vf(v) for all v € [co,1].
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Proof of Proposition 5:

5.(1):
Taking derivatives with respect to ¢; on both sides of (15) and (17) and making simplifica-

tions, we have

* *
—1 xn 8ful *n2—1 xn 8/U2
1 = mol™ ™M= 4 ngui™ T M =
1 2 9e, 2 1 ey’
* *
_ *M1 *8’01 nl(nl - 1) wni+l | MLHN2 pi 81)2
0 = moy"tvy—+[———=0] + ——5 | =—=.
Ocy ny+1 ny+1 Ocy
. ovy .
Solving for 7.+ gives us
ovi  ni(ng — Do 4 (g + ng)oz™ !

>0

dc B nl(nl + 712)(1)?”1_1@;”2 (’U;nﬁ—l _ ’L)Tnl—’—l))

by v3 > v]. Then we have

* *N1 % *
ov; _ n1vy vy ovj <0
Ocy n1(n1—1)v*n1+1 4 madtng prnitl Ocy
ni+1 1 ni+1 72

Now taking derivatives with respect to ca on both sides of (15) and (17) and making simpli-

fications, we have

0 = ns——L +ngvf =2,
172 862 271 802
1}*nz—2 ov* ov’
1 = 2 1 *M] ok 1 -1 *ni+1 *n1+1 2 )
o [n1(ng + 1)vi™ 03 s + (n1(ng — 1)v] + (n1 + no)vs )—a@}

. ovy
Solving for o We have

ov; ny+1

>0
862 (nl + n2)(U§n1+1 _ ,U>1k’fL1+1),U>2k'rL2—2

by v5 > v]. Thus we have
ovi  mnoui Ovs

= < 0.
Ocy n1v; 0ca

5.(2):
Note that (15) and (17) implicitly define v} and v3 as functions of n; and ng, denoted by

v = vi(n1,n2) and v3 = vi(n1,n2). Let

ovy ovy

on on
‘V‘ * — 1 2
n ovy  Ov}
on1  Ong

Taking logs of both equations and defining

. . Hi(n1,no;vf,v3) = nyIn(v}) + ng ln(vy) — In(eq)
H{(n1,nosv1,v3) = o 1
Hs(ny,ng;vf,v5) = (n1 + n2) In(vy) —In(ny + 1) + In(1 + nﬂ%)”l* ) — In(ca),
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we have

ni n2
0H, OH; W g
H,- = vy 93 = n1(14n )(Ul )n1 (n1+1)(ﬁ)n1 (— Vi )
v OH, OH; o 5 nyng v 3)2
8’UT dU; 1+7’l1( 1 )n1+1 ’U2 1+n1(“1 )n1+1
v

Since

i m+ny m(m + 1)(GH)™ (— i) g+ m)( ;)"1%

det(Hy«) = — = Y2
(Hy+) qfl*( U3 1+n1(%)n1+1 v§ 1+ng(k )n1+1
o tny (A1) 2m g, Com(l ) (G D,
U>1k U; 1—|—n1( )n1+1 (U>2k)2 1—|—Tl1( )"1+1 U%

n1ng + ng n1(1+n1)(h)n1 ng + Ny

vl v 1+ nl( >n1+1 (v3)?
. ni(ni +mng), 1 (1+TL1)( )nl 1
3 v 1—1—711( )”1+1 3
v*
. nl(nl + ng) - (%)n1+1
- %,k *
vivy 1 +n1(%)"1+1

and v} < v3, at the equilibrium (v],v3), we have det(H,) > 0. Then, by the Implicit Function

Theorem, we have

ovy  Ov
* -1 on on
— —H'H,=| o O
Vi CA vy v ’
on1 Oonso
where
* *
0H, 0OH In(vy) In(v3)
on on * *
H, = G (L)1t (2™ (In(of) ~In(v3))
vE v 1 2
OH1 OH; ln(v;)_'_ 2 2" -3 1 ln(’l);)
on1 onsg 1+n1(v—i)7bl+1 +n1
v2
and « ¥
YIyny(__ Y1
1o nl(n1+1)(ug) ( (v§)2) ny
U; 1+ i ni+1 U;
S i
Vo det(Hw*)) (L) ()™
_ v2 ny
L (2 )m+! ”1
v

To determine the sign for each term in V,*, we ignore det(H,+) which is positive.

The sign of gf;l is determined by the opposite sign of the following term:

(

m(m + D)D" (~ )
M, “) Info) ~ 22 Inv3)

vz Ly ()1 vz
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12 (%)nlﬂ + nl(z—i)"lﬂ(ln(vf) — In(v3)) 1 7

U5 1+n( )n1+1 l—i—nlvi;

which can be simplified to

N9 v

1 . )
0 () (TG ) o) e Inle) + (= (L
Let
f(o]) = na(1 — (Zfi)unl) — (14 n1)ngn(vy) + n(v7)[(1 4 n1)(n1 +na) — (1 +n1)n( }t)mﬂ]
2 Uy

be a function of v}, where 0 < v < v < 1.

From f(v3) =0 and

v¥ 1 1 x
Fp) ==na(1+n1)(=5)" = + — (L +n1)(n1 +n2) — — (1 4+ n)na (—)™

Uy ) 1 L) 2

2 T ni 1 *

(14 n1)*n1 (=)™ — In(vy)

D)

(1 Py L in(e) + (14 ) (1 + o) (= — (L)
vy’ v vi vy vyt

we can see that both terms are positive when 0 < v] < vj < 1. Thus, f(v}) is monotonic in the
range 0 < v} < w3 < 1; hence f(v]) < 0. Then we have —f(v}) > 0, and thus g—:}; > 0.

Now for g—:f, we check the sign of

n1(1+n1)( )nl L n (U Yyt 4ony (U; Yyt (In(v}) — In(vs)) 1

v3 * 1 * 2
— In(v]) + —|In(vs) + ,
D+ ) eI —

which can be simplified to

L= G

n oF
_ (1+n1(1 )"1+1)[( Lyt n(v}) — In(vy) + e
Let
flop) = (1 - (g)lwl) — (1 +mn1)In(vy) + (1 +ny) ln(UT)(Z§>n1+1
We can check that
f(vz) =0,

and
(L4 ) mwn%} Y14 m)?

[~
x|

F7) = G + (-



Ie]
is negative and it is monotonic over the domain. Thus Uz > 0.

Now for 8— we check the sign of

nbne M+ DEM (),

—(———+ o — ) In(vy)].
U3 14 (GF)m*! U3 ?

It can be simplified to

m oG

s =——1In(v3) > 0.
Vo 1+ nl(é)nﬁ_l
Thus, 24 > 0
us, g0 > 0.
Now for g—f}i, we check the sign of

-[- S B Ine)

1 —|-TL1( )n1+1 Uy

that can be simplified to

~n1In(v3) L= (%«)m“ _

*

Uy 1+ ’I’Ll( )n1+1

Thus, % > 0.

Proof of Proposition 7:

7.(1) Suppose by contradiction that there does not exist any type of equilibrium. We then

have no monotonic equilibrium. Thus, A(y) > ¢z = v3Fi(v3) for all y € [v7, 1], and particularly,

we have A(v]) = viFi(v;) > v5Fi(v3). Then we have % > ?Evzg. Since there is no neg-
monotonic equilibrium either, we have ¢(x) > ¢; = v{F>(vf) for all = € [v3, 1], and particularly,

Fa(v3)

Fa(od)" Combining these two cases,

we have ¢(v3) = v3Fa(vs) > viFa(vs). Then we have —z <
we have
Fi(v3) vi  Fh(v3)
Fi(vf) vy Fa(vf)
Now we prove that these two inequalities cannot hold simultaneously. Indeed, if v{ < v3, then

F1(v3) Fh(v3)
1< Fl(vé) FQ(U%)

< 7; < 1, which is impossible. On the other hand, if v§ > v§, 1 < —; < <1,
which is also impossible. Thus, there must exist an equilibrium for any Fj(v) and Fy(v) under
consideration.

7.(2) First note that A\(v]) = v{F1(v]) < viF2(v5) = ¢1 < ¢ by Fi(v) < F(v) and A(y)
is monotonically increasing by the concavity of Fj(v) and Fs(v). Thus, if A\(y) < co for all
y € (v5,1], bidder 2 will never participate (i.e., v5 > 1), and bidder 1 uses v] = ¢; as the cutoff

point. Otherwise bidder 2 will use v5 > v§ which is determined by A(y) = ¢2. Thus, in both
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cases, (v],v3) compose a monotonic equilibrium. Since A(y) is monotonically increasing, such a
monotonic equilibrium must be unique.

Finally, we show there does not exist any neg-monotonic equilibrium. To do so, we only need
to focus on ¢(z) with x > v5. Since ¢(v3) = v§Fa(vy) > v5F1(v]) = ¢1 and ¢(x) is monotonic
increasing, ¢(x) > ¢; for all z € (v5,1]. Thus we do not have a neg-monotonic equilibrium.
Hence, there is a unique equilibrium that is monotonic.

7.(3.1) Suppose v < v5. We have ¢(v5) = v5Fa(v5) > viFa(vf) = ¢1. By ¢'(x) > 0 we
have ¢(z) > ¢; for all x € (v5,1]. Thus no neg-monotonic exists. Also, we have A(v]) =
Vi (v]) < v5F1(v5) = co. Then by the monotonicity of A(y), there is a unique equilibrium that
is monotonic.

7.(3.i1) Suppose v; > v5. We have A\(v§) = viFi(v5) > viFs(v]) > v§Fy(vy) = ca. By
N(y) > 0 we have A(y) > ¢o for all y € (v§,1]. So no monotonic equilibrium exists. On the other
hand, we have ¢(v5) = v§Fa(v5) < viFy(v§) = ¢1. By ¢'(x) > 0, if for all z € (v5,1] we have
¢(x) < c1, bidder 1 never participates in the auction (i.e., vj > 1). Thus, v > 1 and v = ¢
will be the unique neg-monotonic equilibrium. Otherwise v5 > v3 is uniquely determined by
¢(z) = ¢1. Then v] < v§ and v3 > v§ is the unique neg-monotonic equilibrium. Thus we have a
unique equilibrium that is neg-monotonic.

7.(3.iii) Now suppose v{ = v§ = v°®. We then have ¢; = v*F»(v®) and ¢z = v*Fj(v®). Then
A(v*) = v°F1(v°) = ¢ and ¢(v®) = v*F5(v®) = ¢1. Thus v} = v5 = v° is the equilibrium that is
a special neg-monotonic equilibrium. The uniqueness comes from the monotonicity of A\(y) and

¢().
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