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Abstract

We investigate a model of adaptive learning in which agents optimize given
their ranking over actions. The updating procedure for the ranking nests a
number of previously investigated learning rules. A key feature of the updat-
ing procedure is that it allows the agent to treat payoffs experienced directly
differently than indirect information about payoffs from other actions.

We show that when the agent does not discount past experience, the
learning rule is well behaved and frequencies of choice converge. However,
depending on the shape of the distortion of indirect payoff information, be-
havior can either “lock into” an action or converge to look as if the agent
is playing a mixed strategy. The latter form of behavior emerges when the
agent views “the grass as being greener on the other side.” When past ex-
perience is discounted and indirect payoff information is not used, we point
to a sharp discontinuity in behavior as the discount factor approaches one.



1 Introduction

People learn what to choose from their own experiences. They also learn
from the experiences of others. For example, a farmer will learn from her
own past experience about the profitability of differing amounts of fertilizer
input. She may also learn from her neighbor’s experience. If a neighbor
informs her that he produced more output (per unit of land) when he used
a smaller amount of fertilizer (per unit of land) then the farmer may change
the amount of fertilizer she uses in the direction of her neighbor. Of course,
the farmer need not view the information provided by her neighbor in the
same manner as the information she obtains from her own choices.

In this paper we propose a model of adaptive learning in which an agent
evaluates an action according to the payoffs it obtained in the past, and, how
much experience she has had with the action. Payoff information is obtained
when an action is chosen and may also be obtained, from “others,” when it is
not chosen. The latter, which we call “indirect payoff information,” need not
be treated in the same way as the payoff obtained from the chosen action.
That is, indirect payoff information may be distorted by the agent. The
particular manner in which it is distorted may depend, for example, on how
the agent views her source of information.

The model “counts” the experience the agent has had with each action.
Choosing an action gives the agent some experience with it. Even when
not chosen, the agent may feel she has obtained experience with an action
because of the indirect payoff information she obtains about the action. For
example, even though the farmer has never used a particular amount of
fertilizer input she may feel she has had some experience with it because her
neighbor has informed her about his experience. The model allows for the
experience obtained from unchosen actions to differ from that obtained from
the chosen action. We also allow for the previously accumulated experience
to decay over time. Such decay might occur if the agent views her recent
information as more relevant and hence more valuable.

The payoff information and experience weights are combined to give a
ranking of the alternative actions, called the score of an action. The score
summarizes information about the quality of an action, with those having
higher scores representing more attractive actions. At each time, the agent
chooses the action with the highest score.

We study the model in the context of an agent repeatedly facing a decision
problem. The payoff to an action in a period depends on the state of the



world selected in that period, where we assume the decision environment
is stationary over time. We do not assume, however, that the agent has
any knowledge of it. The agent need not even know whether she is facing
a decision problem or a game. She only knows the set of feasible actions.
In each period the agent obtains information about the payoff to the action
she chooses and she may also obtain indirect payoff information. When she
obtains the latter, we assume it to represent the correct information. One
objective of this paper is to analyze the consequences of specific manners of
distorting indirect payoff information. The effect of such distortions is most
clearly illustrated when the agent obtains the correct information. These
distortions are assumed to persist over time. We believe this may be a
reasonable assumption in situations where the agent may not be able to
verify the accuracy of indirect information or it is too costly to do so. We
will discuss some experimental evidence supporting this assumption.

After presenting the general model in the next section, we study in Sec-
tion 3 the implications of treating indirect payoff information differently from
direct payoff information. For simplicity, our analysis in this section focuses
on the case in which previously accumulated experience does not decay.!
Specifically, in Section 3, we characterize the asymptotic behavior of learn-
ing rules which are allowed to treat indirect payoff information differently
from direct payoff information. We show that asymptotic behavior either
converges to choose a single action, or converges to choose more than one
action. The latter occurs when the agent distorts indirect payoffs upwards.
Such an agent, of course, lives under the illusion that “the grass is greener
on the other side”. In such a situation choices may not converge to a single
action and cyclical choice behavior may emerge. We derive the conditions
under which this happens and show that a certain mix of actions gets played,
and that the frequencies of choice converge as does the score of each such
action. The result provides a bound on the degree of distortion consistent
with convergence to the optimal choice.

Cyclical choice behavior has been studied in various contexts. Marketing
research often attempts to determine whether consumers’ behavior is char-
acterized by inertia or “variety seeking.” For example, Seetharaman and
Chintagunta (1998) add to the updating procedure a parameter, which de-

! An example of the behavior consistent with this specialization of our model is described
by the fictitious play algorithm. Our result concerns a much larger class of adaptive learning
rules.



pending on its sign, prefers variety or inertia. Consequently, cyclical behavior
can be attributed to preference for variety. Nyarko (1991) obtained cyclical
behavior in a Bayesian framework. He shows that a monopolist, who max-
imizes the sum of discounted profits and faces a linear demand curve, may
exhibit cyclical behavior if she has a mis-specified model. Our model pro-
vides another rationale for cyclical behavior: The mis-perception of actions
not chosen and payoffs not directly obtained.

The updating rule in the event that the agent obtains no information re-
garding unplayed actions specializes to some of the previously studied models
which allow only direct information. In Section 4 we analyze this case and
point out a sharp discontinuity in behavior as the amount by which the
agent discounts previously accumulated experience vanishes. Specifically,
we show that if the agent discounts past experience then choice converges to
the maxmin action. However, if she does not discount her past experience,
then choice converges to some action depending on the initial ranking of the
actions and the stochastic realization of the states.

Models that study learning when indirect payoff information is not avail-
able (or is not used, even if available) have been studied by Borgers et. al.
(2001), Borgers and Sarin (1997, 2000), Gilboa and Schmeidler (1996), Rusti-
chini (1999), Sarin and Vahid (1999), among others. These models have been
found to be useful in describing behavior in a variety of situations by Chen
and Khoroshilov (2001), Erev and Roth (1998), Feltovich (2000), Mookherjee
and Sopher (1994), Roth and Erev (1995), Sarin and Vahid (2001), among
others. Models which take indirect payoff information into account have
been studied by Easley and Rustichini (1999), Fudenberg and Kreps (1993),
Fudenberg and Levine (1995, 1998) and have been found to be useful in
describing behavior by Camerer and Ho (1999), Camerer et. al. (1999),
Grosskopf et. al. (2001), Van Huyck et. al. (1996), among others.

The model closest to ours is the “experience-weighted attraction” learning
model developed by Camerer and Ho (1999) and used by them to describe
data collected in various experiments. =~ While the two models share the
same building blocks in terms of the updating procedure, they differ in their
specifications. We provide a detailed comparison of the models in the next
section.

This paper is structured as follows. Section 2 presents the model in
detail and highlights its relation to some of the previously proposed models.
Section 3 considers the affects of distortions of indirect payoff information
under the assumption that previously accumulated experience does not decay.
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Section 4 considers the effect of allowing previously accumulated experience
to decay. Section 5 concludes.

2 The Model

The individual has a finite set of actions, A = {al, o al } The individual
knows A. In each period ¢, after the individual chooses an action, nature
chooses a state of the world out of 2 = {wl, oy w? } according to a proba-
bility distribution 1 = (p', ..., u”), where i gives the probability that state
w’ is realized. The individual does not know ;2 and may not even know (2.

Payoffs are realized according to the state and the chosen action. Let
a; € A denote the action chosen in period t, and w; € {2 denote the state of
the world realized in period t. The objective payoff from action a’ in period
t is denoted 7 (w;), which, when no confusion may arise, we shall denote by
.

The individual ranks each action according to its score. The score of
an action provides a subjective measure of its historical performance. Let
S? denote the score of action a’ at time ¢, and S; the score vector at that
time. The score vector is adaptively updated in each period. In updating
the score of an action the agent uses subjective information about the payoff
of the action and a subjective measure of the experience she has had with
the action. We now describe how this is done.

Perceived payoffs are used in updating scores in every period. If an action
is chosen, the agent directly experiences its objective payoff. For this action,
the perceived payoff is assumed to equal its objective payoff. For actions not
chosen, the agent may have only indirect information about what the payoffs
could have been. For these actions, we allow for the possibility that the agent
distorts the information she obtains. The possible information distortion is
represented by a distortion function D : R — R. Formally, perceived payoffs
7, at time £ are,

i { 7t (wy) for a' = a4
£ 1 D(x%(wy)) for a* # ay

The function D represents the agent’s attitude towards indirect payoff
information obtained regarding unplayed actions. Such information may be
obtained from “others”. For example, indirect payoff information concern-
ing movies the agent has not herself watched may have been obtained from
her friends. In this case, the agent may distort the indirect information
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upward or downward depending on whether she believes her friends typically
understate or overstate such information. The agent may continue to sys-
tematically distort the information she obtains from her friends because she
may never get the opportunity to verify the relevant payoffs for herself.?

Indirect payoff information may also be obtained from public sources. In
using such information, the agent may discount it if she believes it to overrep-
resent positive outcomes.> In the event that the agent has, perhaps partial,
knowledge of the underlying payoff structure, indirect payoff information may
be (partly) obtained through introspection.

Experimental evidence suggests that indirect payoff information affects
choices. Duffy and Feltovich (1999) show that having indirect payoff in-
formation has a systematic effect in the best-shot game and the ultimatum
game. Grosskopf et. al. (2000) construct a series of experiments in which
indirect payoff information has a significant effect on choice. This effect
sometimes improves choice and sometimes worsen it. Experimental evidence
also suggests that payoffs obtained from chosen actions and experienced di-
rectly may be treated differently from indirect payoff information obtained
regarding actions which are not chosen. Camerer and Ho (1999) find that
indirect payoff information (or “foregone payoffs”) are typically not given
as much weight as actually experienced payoffs in updating scores. Odean
(1999) suggests different accounting for unrealized versus realized losses as
a possible explanation of investment patterns of individual investors. Such
asymmetric effects are also found by Conley and Udry (2001).

We assume that D is monotonically increasing. Hence, distorted payoffs
preserve the order of actual payoffs. Note also that we have assumed that
D is not action dependent, hence it represents the agent’s general attitude
towards the source of information (regarding all unplayed actions) rather
than her attitude towards the action itself.

Some special cases of D are of particular interest. In the event that the
agent does not have any information about the payoffs from unplayed actions,
it would be natural to set D (z) = K for all z.* In this case, K serves as

2Note that verifying the information is not an easy task as the agent does not observe
the state of the world, neither does she know the payoff function. Therefore, differences
in payoffs due to differences in the realized states at the times the action was chosen may
serve as evidence supporting the existence of a distortion.

3For example, it is often said that we only observe the payoff obtained by successful
companies and executives and not of those who have performed poorly.

4 Alternatively, the agent may choose not to use any such indirect information, and only



an (exogenous) aspiration level of the individual. An aspiration level of
zero is often used in the literature, and especially in models of reinforcement
learning (e.g. Borgers and Sarin (1997) and Erev and Roth (1998)).

The case of D being the identity function, i.e., D (x) = x for all z, rep-
resents no distortion. This is the assumption used, for example, in the ficti-
tious play algorithm since the agent is assumed to know the payoff function
and observe the action of his opponent, so that she can deduce the payoffs
of unplayed actions. If D(z) = 6z, then we obtain the distortion func-
tion estimated by Camerer and Ho (1998). Inflating (6 > 1) and deflating
(0 < 6 < 1) positive and negative payoffs has distinct effects. For example,
when inflated, positive payoffs become more attractive whereas negative pay-
offs become less attractive. A more general form of the distortion function
arises when it is assumed to be a positive affine transformation of the true
payoffs, i.e., D(x) = [+ 6x. This form yields sharps conclusions in our main
result as it preserves the order of expected payoffs.

It is important to observe that we assume the agent obtains the correct
indirect information.’ In this paper we study the consequences on choice of
the manner in which the individual distorts indirect payoff information. As
discussed above, there is evidence that such distortions are present and that
alternative methods of modelling it have so far been proposed in the litera-
ture. Our approach is to specify a general form of the distortion function
which still allows us to obtain sharp, and interesting, results regarding its
effect on choice.

We now discuss the manner in which the agent “counts” the experience
she has had with an action. We begin by stating this formally. Let N}
denote the subjective amount of experience the agent has had with action a*
upto time ¢. Then,

Ni _{ pN} +1 fora' =q
17 pN! +~ for a' # a

Hence, the subjective amount of experience the agent has with an action
in any period depends on whether it was chosen or not, with all unchosen
actions being treated symmetrically. The parameter p € [0, 1] measures the
rate at which the agent discounts her previously accumulated experience.

update the score for the chosen action.
®While we do not study the effect of mis-specified information regarding the payoffs of
unplayed actions, the distortion can be interpreted as representing such information.



We shall suppose that the agent discounts the previously accumulated of all
actions at the same rate p. When p = 1, the agent does not discount the
previously accumulated experience. Such a value of p seems appropriate if
the agent believes her environment is stationary and so past experience with
an action is just as useful or informative as current experience.’

If p < 1 the agent discounts her previously accumulated experience with
all actions. Hence, she views the current experience as more valuable than
experience accumulated earlier. A p < 1 seems appropriate if the agent
believes that her environment is changing, and so previously accumulated
experience becomes less valuable with time. When p = 0 the agent completely
discounts previous experience. It may be appropriate in the extreme case
that the environment changes very rapidly. Alternatively, this value may
represent an individual with severe memory limitations.

We assume that the agent augments her subjective measure of experience
for the action chosen in a period by one, and subjective measure of experience
of unplayed actions in any period by v € [0, 1]. Intuitively, as the agent
does not have direct experience with unplayed actions, she may treat the
passing period as providing some, but not necessarily complete, experience
with unplayed actions. A smaller value of v indicates that the agent views
the current period as providing lesser experience. If the action receives
no indirect payoff information a value of v = 0 may be thought suitable,
whereas if the believes she has received completely accurate indirect payoff
information a value of v = 1 may be appropriate.

We may now state how the agent updates her scores. The score for any
action a’ is updated using information from the previous score, the perceived
payoff of the action and the subjective amount of experience that agent has
had with that action. The measure of experience with an action is used to
give weights on the previous score and the currently perceived payoff from
the action. Formally,

Lt 7' (w;) for a'=a
1 e NZ+1 t NZ+1 ( t) t
t+ — Nl . ~ .

16?:1 Sy + Nz+17rl (wy) for a® # ay

That is, the score in a period is a convex combination of the previous score
and the perceived payoff in the current period for played and unplayed ac-
tions, where the weights on the previous score and the perceived payoff are

6 Alternatively, estimates of such value for p may be indicative of such a belief.



in accordance to the experience the agent has had so far with this action.”

The score gives a ranking of each action in terms of its performance
in the past. Performance in the past being evaluated both from directly
experienced payoffs and from indirect payoff information. The current scores
of the actions are used to select among them, implying that past performance
of an action is deemed relevant to evaluate its future performance.

We now turn to describe the behavior rule the agent uses to select among
the actions on the basis of their scores. Denote the behavior rule by ¢ =
(01, P, --.), where ¢, (S;) is the behavior rule at time ¢ and S; is the vector of
scores at time t. We first assume that at each period the agent chooses the
action with the highest score, i.e., the agent is myopic. Formally, for every
t, p,(S;) = a' for i € argmax;_y_;S7 .

The assumption that choice is myopic is very common in adaptive learn-
ing models. Tt is, for example, adopted in Cournot learning (see, Fudenberg
and Levine (1998)), fictitious play (Brown (1950)), payoff assessment learning
(Sarin and Vahid (1999)), case based decision making (Gilboa and Schmei-
dler (1996)), etc. Apart from the intuitive plausibility of the assumption
of myopic behavior when the agent has little information about her environ-
ment, formal justifications of it have been provided in different contexts by
Ellison (1997) and Sonsino (1999). Sonsino provides a justification in non-
strategic contexts, in which the agent has a “large amount” of subjective
uncertainty. In contrast, Ellison explains why myopic behavior may be an
optimal response in strategic contexts. This assumption is also frequently
used in applied work (see, for example, Conley and Udry (2001)).

We now briefly mention the different updating rules “nested” in the
adaptive learning model developed in this paper. Consider the case where
D (x) =1 and v = 1. In this situation, the agent correctly evaluates payoffs
from unplayed actions and treats the current period as providing full experi-
ence also from such actions. Such assumptions are standard in “belief based”
models. If we additionally assume that p = 1 and initial scores correspond
to the expected payoffs given prior beliefs, the model specializes to fictitious
play in decision problems. If p = 0, then Cournot learning is obtained.

Now consider the case where v = 0. In this case the agent does not
utilize indirect payoff information. This is often an assumption made in
“reinforcement learning” models. If we additionally suppose that p = 1, so

"Note that the agent only uses information regarding the performance of the action
itself when updating its score. That is, information doesn’t “spillover” across actions.



that the agent does not discount previously accumulated experience with the
actions, then scores measure the time-average performance of each action.
If p < 1 is assumed, then previously accumulated information with actions
is discounted, and such a model is asymptotically very much like the “payoff
assessment” model.

The experience-weighted attraction learning model of Camerer and Ho
(1998) also nests several models and is similar to our model in several re-
spects. In both models, scores (called “attractions” by Camerer and Ho)
are updated using the experience weights of the actions and indirect payoff
information is allowed. There are, however, significant differences between
the two models. Firstly, in our model experience weights are action spe-
cific whereas in the basic EWA model they are not. As a result, the basic
EWA model leaves out the updating rule where the agent tracks the actions’
average payoffs along their history of play. While Camerer et. al. (1999) ex-
tends the basic EWA model to allow, among other things, for action-specific
experience counters, the time-average updating rule is still left out since the
equivalent to our v parameter, which facilitates the action specific counters,
is coupled with the discounting parameter of past experience.® Secondly,
the specification of perceived payoffs in Camerer and Ho which multiplies
the objective payoft by ¢, sets the exogenous reference point automatically
to zero, making the rule possibly more sensitive than needed to payoff trans-
formations. Using a (positive) affine transformation for distortions, as in
our model, allows for possibly different reference points for different scales
of payoffs. Lastly, while Camerer and Ho couple this updating procedure
of the scores with probabilistic choice, we focus on deterministic (or almost
deterministic) choice of the action which is ranked highest according to the
scores.

3 Indirect Payoff Distortions

Our main result in this section focuses on the effect of incorporating distor-
tions of indirect payoff information on choice. For analytical tractability,
we suppose that previously accumulated experience is not discounted. That
is, we restrict the analysis to p = 1. Consequently, the experience counter

8Specifically, if indirect experience counts for less than a period it mandates that past
experience is discounted. As a result, averaging over the stream of perceived payoffs with
equal weights is ruled out.



of a’ upto time ¢, N}, is equal to the number of periods action a’ has been
played up to time ¢ and «y times the number of periods it has not been played.
Moreover, the score at time ¢ is an average of the stream of perceived payoffs,
where all observations receive equal weights, equal to 1/N{. For (distorted)
indirect payoffs to be incorporated into the ranking of alternative strategies,
and hence for them to have an impact on choice, the subjective per-period
experience accumulated with unplayed actions, =y, must be positive. Our re-
sult concerns all v € (0, 1]. Fictitious play, when it is restricted to decision
problems, is a special case where p = v = 1, D = I, and initial scores are
interpreted as expected payoffs given prior beliefs.

The following notation and definitions prove useful in this section. The
objective expected payoff of a* is denoted by 7 = Y p(w) 7" (w) and 7 =
(7, ..,71).  We shall assume that all 7 are distinct and finite. Without
loss in generality, order the actions so that 7' > .. > #/. Let D' =
S i (w)D (7' (w)) and D = (D', .., D). Denote by R the ordered vector
that merges 7 and D.

Lemma 1 identifies the limit choice frequencies. Roughly speaking, it
shows that if the agent were to converge to play more then one action with
positive frequency in the limit then the scores of all such actions must be the
same and above the scores of all actions played with zero frequency, in the
limit. It also identifies situations in which a unique action is selected in the
limit and when this action is the expected payoff maximizing one. The proof
of the lemma is constructive. It provides an algorithm for simultaneously
finding the limit scores and the frequencies of play. Hence, it also establishes
the existence of a limit point.

Let the function S*: [0,1] — R be defined as follows:

ar’ + (1 — a)yD?
a+(1—a)y

S (a) =

Consider the score of action a’ that had been played with frequency o up to
some finite but large time ¢. The score S} would approximately equal S*(«)
because a fraction a of the time the objective payoffs were accumulated,
averaging roughly 7, and a fraction (1 — «) of the time the v weighted
expected distorted payoffs, yD?, are accumulated. That is, the accumulated
perceived payoffs for action a’ is approximately S§ + (a7’ + (1 — a)yD?) t.

9Clearly, if payoffs from a’ are deterministic and equal to 7%, and the frequency upto
any time ¢t were given by «; then this holds exactly for all ¢.
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The measure of perceived experience with a’ at such a time is given by
N} = Nt + (a+ (1 —a)y)t. In the limit as ¢ — oo, the effect of the initial
score S} and initial experience N§ vanish and the score is approximated by

S ().

Lemma 1 A vector of limit frequencies of play, of i = 1,....I, is a solution
to the following system of equations

Sy = S(d!) for all a',a’ € H* C {a,..,a'} (1)

o' = 0and D' < S(d?), fora' ¢ H*,a’ € H* (2)
I

o' > 0, Zaizl. (3)
i=1

For D(z) = ¢+ dx, d > 0 the solution has the following characteristics: (i)
When 7t > D', H* consists of a single action a' such that 7 > D'. In
particular, H* is not necessarily unique; (i) When 7' < D', there exists a
unique solution to the system where H* = {a',...,a*} for some 1 <k < 1.

The algorithm used in the proof operates in the following manner. If
the expected payoff maximizing action is deflated (in expectation) when not
played, then all other unplayed actions have an even lower expected per-
ceived payoff (in expectation). Consequently, all actions with an expected
payoff higher than the deflated expected perceived payoff of a' are candi-
dates for a limit point depending on initial conditions and the realizations
of the stochastic environment. Once such an action is played its score gets
closer to the objective expected payoff (in expectation) while all the other
scores go towards the expected perceived payoffs which are below the deflated
perceived payoff of the expected payoff maximizing action. The process is
reinforcing. Consequently, the frequency of choosing this action converges
to one.

When the opposite is true, i.e., when the expected perceived payoff of the
expected payoff maximizing action and at least one more action is inflated
relative to the true objective expected payoff, play must involve a mix of
actions. Once an action is played frequently, its score gets close to its
objective expected payoff while the other scores get close to the perceived
expected payoffs which are inflated and hence possibly above the chosen
action’s score. Consequently, choice must eventually turn away from each
single action. As scores of unplayed actions rise relative to their expected
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payoff we can show that frequencies of choice settle down to values that give
equal scores to a subset of actions, where each score is a weighted average of
objective and distorted expected payoffs.

The following two corollaries of Lemma 1 are straightforward and collect
some of its important implications.

Corollary 2 When the first two elements of R are ©' and D', in whatever
order, the unique limit point is the expected-payoff maximizing action.

Suppose that the distortion function is the identity and v = 1. Then, the
learning rule is equivalent to fictitious play with initial scores interpreted as
the agent’s expected payoff for each action given her prior belief about the
environment. Corollary 2 points out that the unique limit point in this case
is the expected payoff maximizing action. This can easily be established
directly. Corollary 2 also shows that the expected payoff maximizing action
is the unique limit whenever the objective and distorted expected payoffs of
the optimal action are ranked at the top (in whatever order), hence providing
an upper bound on the amount of distortion allowed with out affecting the
optimality of the behavior.!’

Corollary 3 When D(x) = K, any action a' such that 7 > K is a limit
point. If K > 7t, then H* includes all actions.

Consider a constant distortion function, and suppose the constant, K, is
relatively low. All unplayed actions seem (equally) disappointing. Depend-
ing on initial conditions and the stochastic realization of states, Corollary 3
states that play can converge to any action whose objective expected payoff
above this (disappointing) constant level. If, on the other hand, K > 7!,
play will asymptotically involve choosing all actions with positive frequency.
Once any action has not been played for a while, so that its frequency of
play to date becomes low, its score gets closer to K and hence this action
will be revisited. Suppose that 7! > 0 and K = 0, then play converges
only to actions with a positive expected payoff. If, in addition, v = 1,
behavior exhibits the following form of aversion to losses: Any action with
mt . > 0 is absorbing, that is, if an action that ensures only gains is ever

chosen it will never be abandoned.!' This happens since unplayed actions

10Note that this is true for any manner in which the experience with unplayed is counted,
i.e. for all v € (0, 1].
1'This result holds as well when p < 1.
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are in fact averaged with zero using the same weights as those used by the
played actions.!?

The classification of the limit points, depending on the relationship be-
tween 7' and D!, relies on the assumption that the distortion function D
preserves the order of the expectations, i.e., that #* > 7/ implies D’ > D7,
Imposing that this order is preserved over all possible payoff matrices and all
possible probability distributions over states of the world requires to restrict
D to be a positive affine transformation. In the absence of this assumption,
while the system of equations remains the same, the nature of the solution
might be different as demonstrated in the following example.!>  Suppose
there are three actions and three equal probability states of the world. The
payoffs to the actions are as listed in the table with the distorted payoffs in
brackets:!*

a' 118 (9) | 0(0) | 3(3)
a®| 0(0) [9(18) |6 (18)
a® | 0(0) | 5(8) |9(18)
Example 1

The solutions to the system characterized in the lemma is H* = {a'} or
H* = {a?,a®}. That is, play can converge to either the expected payoff
maximizing action (a') or to a mix of the other two actions, where a? is
played (asymptotically) 2/3 of the times and a® is played the rest of the
time.

Next we show that the frequencies of play converge to a limit point iden-
tified in Lemma 1, and, in particular, we rule out the possibility of limit

cycles.

Proposition 4 The limit frequencies of, i = 1, ..., I, converge a.s. to a limit
point characterized in Lemma 1.

2In the case of p < 1, if there is an action with ;. > 0, then any action with 7%, <0
will be eventually abandoned. Consequently, if the minimal payoff of the expected-payoff
maximizing action is even slightly negative, it will eventually be abandoned regardless of
initial conditions. If 7, < 0 for all actions a’, every action is chosen infinitely often.

13The arguments used in the algorithm to partition the actions remain true for consec-
utive subsets of actions.

4 Note that this corresponds to a (weakly) monotonic distortion.
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As it is the case for may learning rules, establishing that play indeed
converges is not always an easy task. Convergence in the first case covered
by Lemma 1 is straightforward to show. Consider now the second case, where
behavior “cycles” among a subset of actions. For the actions in this limit
subset, the scores are monotonically decreasing in the frequencies. Intuitively,
if an action is played too frequently at some point, its score must go below
the equating limit score, while there must be another action whose score goes
above. The latter is then chosen more frequently, pulling the scores of this
subset of actions closer together. It is left to be shown that actions which are
supposed to be played with zero frequency are indeed abandoned since from
some point onwards the scores of all other actions are above theirs and since
the weight of each observation goes to zero there could not be a sequence of
good draws that will sway that. Moreover, in order to rule out the possibility
of limit cycles one must show that the maximal score at any point of time,
belonging to the chosen action, cannot be too far away from the scores of the
other actions that are supposed to be played. Therefore, there cannot be
increasingly long cycles of play, and so the frequencies of play converge and
hence they must converge, as well as the scores, to the unique limit point
identified in Lemma 1. Ruling out the possibility of increasingly long cycles
of play leads to many of the complications in the proof. We relegate the
details to the appendix.

4 Continuity in p

In this section we point to a sharp discontinuity in behavior, depending on
whether p = 1 or p < 1, in the event that the agent obtains no experience
from unplayed actions (y = 0).

Some additional notation is useful for the analysis of this section. Let 7%
denote the minimum payoff of action a’. Then the maxmin action, @™®™in,
is the action with the highest minimal payoff, i.e., it solves arg max; 7 . . We
assume that all minimum payoffs are distinct, so ™™™ is unique. Initial
scores of the agent are called realistic if, for each action, they are (weakly)
above the action’s minimal payoff, i.e., S§ > =7 . for all j.

Suppose v = 0 and p = 1. Then, previously accumulated experience is
not discounted and, hence, each period of experience with an action chosen
earlier is given the same weight as given to the experience from the currently

chosen action. Consequently, the score of an action is equal to the time-
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average of the payoffs it has yielded when taken. Since the score of an
action only updates when it is chosen, payoffs experienced in earlier periods
may influence (irreversibly) the choice of actions. This also forces choice
to converge to a single action. The score of this action converges to its
objective expected payoff, while the scores of other actions must remain lower
and unchanged since the last time each such action was taken. Note that,
choice can settle to any action depending on initial scores and the realization
of payoffs.

When v =0 and 0 < p < 1, the agent places positive weight bounded
away from zero on the current payoff while the scores of unchosen actions
remain unchanged.!® In this case, choice cannot converge to an action that
does not give at least the maxmin payoff because if it did the agent would
eventually experience a long enough sequence of a worse payoff from any other
action she might choose. As she gives the current payoff a weight bounded
away from zero, while the scores of unplayed actions remain unchanged, such
a sequence of bad payoffs ensures that she will eventually abandon such an
action. Hence play cannot converge to an action that does not give the
maxmin payoff. While it is clear that once the maxmin action is chosen it
is chosen asymptotically, it remains to show that play indeed selects it at
least once. The following result proves this and gives the precise effect of
the initial scores.

Proposition 5 Suppose v = 0. (i) If 0 < p < 1, then, along any path
of play, the agent converges to the action with the highest minimal payoff
among all actions taken along the path. If initial scores are realistic then
choice converges to a™>™® . (3) If p = 1, the agent converges to playing a
single action, the identity of which depends on the initial condition and the
stochastic realization of the states.

The result reveals the discontinuity in behavior as p approaches one. For
any p < 1, choice converges to the maxmin action whereas when p = 1
this is not true. It may be shown that this discontinuity is robust to the
introduction of random experimentation that decays at a rate of 1/t and
behavior that is (asymptotically) myopic.!® This is in contrast to the case
of p = 1, where in the presence of random experimentation and asymptotic
myopia the agent is assured to converge to the expected payoff maximizing

5When p = 0, the score and an action is equal to the most recent payoff it recieved.
6For a precise definition of this term see Fudenberg and Kreps (1993).
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action, since this amount of experimentation is just enough to ensure that
each action is taken infinitely often so that its score must converge to its
excepted payoft.

5 Summary and Conclusions

In this paper we studied a model of adaptive learning in which an agent may
obtain indirect payoff information regarding some actions. This indirect
information is allowed to be treated differently from directly experienced
information. Payoff information from an action is combined with a mea-
sure of the experience the agent has had with the action to provide a score
concerning the attractiveness of the action. The measure of experience is
itself allowed to depend on whether the information was obtained directly or
not, and is allowed to decay over time. The action with the highest score is
assumed to be chosen.

Our analysis of the model provides insight into how distortions of indirect
payofts affect behavior. In particular, we were able to give precise conditions
under which behavior cycles among actions or “locks” into a particular action.
We also point out a sharp discontinuity in behavior with respect to the degree
of discounting of previously accumulated experience.

One particular extension of our work involves consideration of a nondeter-
ministic choice rule. There are two ways in which this may be incorporated.
First, we may suppose that the agent experiments at random with actions
other than the one with the highest score. Specifically, we may assume the
rate of experimentation dies down over time in such a way that the choice pro-
cedure to be asymptotically myopic (see, for example, Fudenberg and Kreps
(1993)).  We believe both our main results are robust to this extension.
Proposition 4 only depends on the expected score, which in turn depends
on the frequencies of choice. Hence, as long as experimentation dies out, it
should not have an impact. As for the discontinuity as p approaches one;
events which are not driven by intended choice, i.e., experimentation, happen
with a probability that declines to zero while the probability of events which
depend on the environment remains constant, and in particular bounded
away from zero. Therefore, the latter events must affect the results much
more than the former.

An alternative nondeterministic choice rule is probabilistic choice, for
example, with scores entering a logit function (see, for example, Camerer
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and Ho (1999)). The analysis of this case would require the application of
stochastic approximation techniques. We postpone the investigation of this
case for future work.

6 Appendix

Proof. Lemma 1.

Examination of the equations reveals that Part (a) is immediate given
that the limit scores are a convex combination of objective and perceived ex-
pected payoffs. For part (b), the following algorithm will establish existence
and uniqueness of a solution for the system (1)-(3). Recall the definition of
S*:

Si(z) = 7' + (1 —x)yD

rz+ (1 —x)y

The function is monotonically decreasing (increasing) in z if D? > (<)7.
In Step (1), if S*(1) = @' > D? then we are done and the solution is ol =
1,ad =0 for j > 1. Otherwise, move to Step (2); since S* is monotonically
decreasing there exists 3, € [0,1) such that S'(8,) = D% Monotonicity
of §1,5% implies that for any 3 € [8,, 1] there is a split (o, a3) such that
ap +aj = and S'(ap) = S*(a3). Denote the common score as a function
of the probability to be divided between the first two actions by S(5). If
S(1) > D? then we are done and the solution is a} = ah_;,02 = a3_;,a] =0
for 7 > 2. Otherwise, continue the process in the same manner where, in
step k, S(f) is the common score when there is a probability 5 to be split
between the first k£ actions. The algorithm will stop since there is a finite
number of actions. It must yield one (and only one) solution that satisfies
the requirements, i.e., that each action played a positive frequency of the
time must have the same limit score and all unplayed actions have a limit
score which is lower than the common score of played actions. B
Proof. Proposition 4.

We first prove the proposition for the deterministic case, i.e., suppose that
the payoff to action a’ in each state of the world is just 7. Also, suppose that
Si = 0,N} = 0. Consider first part (a) where D' < #'. An action a’ with
7' < D' is eventually abandoned since its score must be below the score of
a' from some point onwards. Each action with 7’ > D' is a potential limit
point. Suppose that such an action a’ has the maximal score at some large
T. This action is chosen and by monotonicity its score increases while the
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scores of other candidate actions decrease. This repeats and consequently,
the frequency in which this action is played converges to one.
Next we prove part (b). Define the function
L'(a') = / (S'(z) — S%)dx
el

where S! and o’ are the limit score and frequency (correspondingly) of
action a' characterized by the Lemma. For the actions with D > 7°
the function S? is monotonically decreasing, all other actions will be aban-
doned at a bounded time. The function S? is also Lipschitz continuous;
|S%(z) — S(2")| < K |z —2'|. Note that S*(a}) is the score of action a’ at
time ¢t when payoffs are deterministic and initial conditions are normalized.
Let us examine the difference

Lo oo 1 .
L%ma—vmbz/iowm—$Mx
If action a' is played in period ¢ then af,, — af = (1 —af)/(t + 1) and so

Li(afy) - Lal) = L= (si(af) - si) C‘%)

t+1

If action @’ is not played at time ¢ then af,, — af = —a}/(t + 1) and

i i\ 2
—at, . —
(s - 8- () &

L) = Li(a) > -

Let o denote the vector of frequencies (a', a2, ..., "), L(a) = S21_, Li(a)
and a'® is the action played at time t. Then, using the bounds derived above,

iy ‘
L) = L(ew) > g__Llﬁﬁ)_ﬁw%_§:t+1w] $>_O(@jjp>

t+1
+ J#i(t)
I j
oG i(t) i(t) j j 1
> E S-S5 574+ 58 -0 ——
= rﬂt+1(t * (45 <@+1V

where the second inequality is implied by ai(t) =1-> (1) ol Let

I
ve=Y al(5" = SV — 5] + )

1

<.
Il
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then
vy < (t-l- 1)(L(Oét+1) - L( )) + 0 (t_’l_ 1) .

We want to show that

o
)
—oo<2?t<oo.
t=1

The above upper bound on v; and some algebra manipulations imply that
Yo% < oo. We are left to show that the sum is bounded from below.

Let

v =of oM = N al (8] S0 -] +80)+ > a6l (5 - 510 — 5] +57)

JeH* JEH*

where each of the elements of v/ is non negative since Si(t) — Sj > 0 by
the choice of ai® and 57 > Si" for j € H*. Also, each element of vNH" >
—max;gp~ |S — DI|.  There exists a time 7' such that only actions such
that j € H* are played thereafter; suppose not, then there exists an action
a’,j ¢ H* which is played infinitely often. Hence its score is the maximal
infinitely often and it is lower than S (by the construction of the solution).
Since the scores of actions in H* are monotonically increasing it must be that
af > of for all a* € H*, which is a contradiction since frequencies should
sum to one. Consequently,

T T
aig?aég?forallt>Tandj¢H*
and so
— AR d aj =T _
Z—zz > —Z—maXS D7| — Z—max S — DY
t t t jeH* t2 j¢H*
t—1 t—1 ¢ Hx =1 t=T+1

Next we show that the fact that —oo < 77, % < oo which we have just
established implies

Tlggo?z:vt—().
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Let wr = fi 4. The finiteness of Zfi 1 4 implies that lim; o w; = 0.
Algebraic manipulations show that

1 & 1 &
_Zwt:_zvt+wT+l .
Tt:l Tt:l

Since limy_,, wr = 0, and hence also the left hand side converges to zero, it
must be that ST o
The next step is showing that

H1<t<T: ay ¢ a.e)}
T

= 0 for any ¢ > 0,

T
1 .
zlglgo? tz_l:vt =0 = limy_
where a,(€) is an e-neighborhood of the limit frequencies defined by the
system (1)-(3). Although v; could be negative, since lim;_,o, vV = 0,

. #HL<t<T: v ¢& 0,(e)}
limp_ o =0.

T

We are left to show that this implies the result for j € H* since for an
action j ¢ H* we have established that limtﬁooa{ = 0. In particular we
need to show that when the product a{(SZ(t) A ) is arbitrarily
small it is because (Sf(t) — §7) is arbitrarily small for every j € H*. Suppose
not, i.e., there exists an action a’ with j € H* for which the product is small

since o/ is arbitrarily small. But then S/ > S since it is arbitrarily close to

Di > S. Then, for each j € H* either o is arbitrarily small or (Sz(t) T
is arbitrary small and since Sz(t) > S} > S its score is bounded away above
S and so by monotonicity o; is bounded below af. Since Y . al =1, it

implies that Z§:1 a{ < 1 which is a contradiction. Hence

#{1<t<T: Sit _ g <eforall j € H*}

liHlT—>oo =

T

and the result follows from the properties of the unique solution to the system
(1)-(3) in which all these scores are equal to each other and the sum of
the frequencies is one. The proof for the deterministic case is complete
once we establish that convergence in Cesaro mean as shown above implies
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convergence in frequencies to the same limit set. This is a direct result of
the fact that the step size at stage ¢ is 1/t .17
The complete the proof note that

L_(7" — S!) for i = argmax; S/

i i _ N1V : ;
B(S{ — 5150 { _(yD' ~ S) for i # argmax, S|

Ni+

Hence the expected law of motion of the stochastic system is the same as the
law of motion of the deterministic system. Since the deterministic system
has a global attractor and ! = 1/N; is decreasing to zero at the rate of 1/t,
the stochastic system must be approaching the same global attractor with
probability one.ll

Proof. Proposition 5.

(i) Let 0 < p < 1. Suppose that the individual plays strategy a’ at
some time, and suppose that the individual has only ever chosen strategies
a* € A C A, and that ¢, > 7*. for all ¢* € A. Suppose that the
individual converges to a strategy a* € fl, a* # a'. Then, at some time
the agent will experience a long enough run of a low enough (possibly worst)
payoff a* can give and this will ensure that s% < 7%, < s for some a*' € A,
in finite time 7. Note also that 7, > 7%. . Hence, the individual cannot
converge to any action other than a’. The above argument also applies
for any action a* # @’ that the agent plays infinitely often. Hence, the
individual cannot cycle among actions. To see that the agent can converge
to a', it suffices to consider the situation in which the s* < 7, < s'. At
such states, which clearly have a positive probability of being reached from
all other states, the individual will choose only a’.

If 0 < p < 1 and the agent’s initial scores are realistic then argument
in the above paragraph ensures that she will converge to play the maxmin
strategy, if she chooses a™® ™ at some time. This happens because there
is always a positive probability that the scores of all a* # a™>* ™" fa]l below
gmaxmin - When (or before) this happens, the individual will choose her
@max

(ii) Suppose p = 1. Since scores track the time-average of the history of
payoffs of each action, the score of each action which is taken infinitely often
must converge to its expected payoff. We assumed that the latter are distinct
and the agent chooses the one with the highest score, so play must converge

to a single action.Hl

17This argument is identical to Lemma 1 in Monderer and Shapley (1996).
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