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Abstract

In this paper we propose a method for nonparametric regression which admits continuous
and categorical data in a natural manner using the method of kernels. A data-driven method of
bandwidth selection is proposed, and we establish the asymptotic normality of the estimator.
We also establish the rate of convergence of the cross-validated smoothing parameters to
their benchmark optimal smoothing parameters. Simulations suggest that the new estimator
performs much better than the conventional nonparametric estimator in the presence of mixed
data. An empirical application to a widely used and publicly available dynamic panel of patent
data demonstrates that the out-of-sample squared prediction error of our proposed estimator
is only 14% to 20% of that obtained by some popular parametric approaches which have been
used to model this dataset.
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1 Introduction and Background

One of the most appealing features of nonparametric estimation techniques is that, by allowing
the data to model the relationships among variables, they are robust to functional form specifi-
cation and therefore have the ability to detect structure which sometimes remains undetected by
traditional parametric estimation techniques. In light of this feature, it is not surprising that non-
parametric techniques have attracted the attention of econometricians as is underscored by the
tremendous literature on nonparametric estimation and inference which has recently appeared in
leading economics journals.

Along with the development of nonparametric techniques, it is evident that applications of non-
parametric methods are also on the rise as is witnessed by the recent special issue on Application of
Semiparametric Methods for Micro-Data in the Journal of Applied Econometrics (Volume 13, 1998),
and the monograph of Horowitz (1998) which contains some interesting empirical applications.

When compared with the vast theoretical literature, however, the number of empirical applica-
tions of nonparametric techniques appears to be relatively sparse. One frequently cited reason as to
why nonparametric techniques have not been more widely used is because economic data frequently
contain both continuous and categorical variables such as gender, family size, or choices made by
economic agents, and standard nonparametric estimators do not handle categorical variables sat-
isfactorily. The conventional nonparametric approach uses a ‘frequency estimator’ to handle the
categorical variables which involves splitting the sample into a number of subsets or ‘cells’. When
the number of cells in a dataset is large, each cell may not have enough observations to nonparamet-
rically estimate the relationship among the remaining continuous variables. Perhaps for this reason
many authors suggest treating categorical variables as parametric components thereby retreating to
a semiparametric framework from a fully nonparametric one. For example, Stock (1989) proposed
the estimation of a partially linear model where the discrete variables enter the model in a linear
fashion while the continuous variables enter the model nonparametrically, while Fan, Hardle and
Mammen (1998) considered the estimation of additive partially linear models where the discrete

variables again enter the model in a linear fashion.



It is evident, therefore, that the recurring issue of how best to handle mixed categorical and
continuous data in a nonparametric framework remains unsettled. In this paper we shall draw upon
the work of Aitchison and Aitken (1976) who proposed a novel extension of the kernel method of
density estimation to a discrete data setting in a multivariate binary discrimination context. A key
feature of their technique is that it allows the data points themselves to determine any dependencies
and interactions in the estimated density function. We continue with this line of inquiry and propose
a natural extension of Aitchison & Aitken’s (1976) work to the problem of mixed categorical and
continuous data in a nonparametric regression framework.! The proposed method does not split
the sample into cells in finite-sample applications, and it handles interaction among the categorical
and continuous variables in a natural manner. The strength of the proposed method lies in its
ability to model situations involving complex dependence among categorical and continuous data
in a fully-nonparametric regression framework.

The paper is organized as follows. Section 2 presents our kernel estimator of a conditional mean
function and establishes the asymptotic normality of the proposed estimator. We provide the rate
of convergence of the cross-validated smoothing parameters to their optimal values, and in the case
of p < 3 (p is the dimension of the continuous regressors), we also obtain asymptotic normality
results for these cross-validated smoothing parameters. Section 3 reports some simulation results
which examine the finite-sample performance of the proposed estimator. We apply the new esti-
mation method to a publicly available dataset in Section 4 whereby we consider the nonparametric
estimation of a dynamic panel of patent data to generate out-of-sample predictions. We show that
the out-of-sample squared prediction error of our proposed estimator is only 14% to 20% of that
obtained by some popular parametric approaches which have been used to model this dataset. Sec-
tion 5 concludes the paper and also suggests some future research topics. All technical proofs are

relegated to two Appendices.

!There is a rich literature in statistics on smoothing discrete variables (see Hall (1981), Grund and Hall (1993),
Scott (1992), and Simonoft (1996), among others). When faced with a mix of discrete and continuous regressors, the
only theoretical work on smoothing the mixed regressors that we are aware of are the works by Bierens (1983), and
Ahmad and Cerrito (1994). However, neither of these articles study the fundamental issue of data-driven selection
of smoothing parameters. Delgado and Mora (1995) consider a semiparametric partially linear specification with
discrete regressors, but they did not smooth the discrete regressors.



2 Consistent Kernel Regression With Discrete and Con-
tinuous Variables

We consider a nonparametric regression model where a subset of regressors are categorical and the
remaining are continuous. Let X¢ denote a k x 1 vector of regressors that assume discrete values and

let X{ € RP denote the remaining continuous regressors. We use Xgi to denote the tth component

of X4
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and we assume that ng‘ can assume ¢; > 2 different values, i.e., X,ffi €{0,1,...,¢; — 1} for

t =1,..., k. Define X; = (XZ, X¢). We consider a nonparametric regression model given by

where g(-) has an unknown functional form. We use f(z) = f(z¢ z¢) to denote the joint density
function of (X¢, X2).

For the discrete variables X¢, we will first consider the case for which there is no natural
ordering in X?. The extension to the general case whereby some of the discrete regressors have
natural orderings will be discussed at the end of this section.

We use D = [1%.,{0,1,....,¢; — 1} to denote the range assumed by X¢. For 2¢ X¢ € D.
Aitchison and Aitken (1976) suggested smoothing the discrete regressors x{ by using a univariate
kernel function given by: Z(Xt‘fi,xf) =1-Xif X, = 2f, and i(Xgi,xd) = N(c — 1) if X7 # af,
where A is a smoothing parameter. The product kernel for the discrete variables is then defined

to be L(X%, x4 \) = [TF, [(X?

tio xl). In this paper we use a different kernel function which has a
simpler form than the one suggested by Aitchison and Aitken (1976), and the simpler form makes

it much easier to generalize our results to cover the ordered categorical variable case. Define?

1 if X7, = ad,
Z(Xg”xf) = { A if XZJ £ .CE% (2.2)

Define an indicator function 1(X¢; # x{), which takes value 1 if X{; # z{, and 0 otherwise. Also,

define d,, , = >, 1(X{, # af), which equals the number of disagreement components between X

and z?. Then the product kernel for the discrete variables is defined by

k
L(X{, a2 = TTUXE, af) = 15 Ge y\Tiw = Neiwr, (2.3)
t=1

2Note that the kernel weights add up to 1+ (¢; — 1)\ # 1 for A # 0, but this does not affect the nonparametric
estimator defined in Equation (2.6) because the kernel function appears in both the numerator and the denominator
of Equation (2.6), thus the kernel function can be multiplied by any positive constant without changing the definition

of g(x).



It is straightforward to generalize the above to the case of a k-dimensional vector of smoothing
parameters A. For simplicity of presentation, only the case of scalar A is treated here.

We use W(-) to denote the kernel function associated with the continuous variables z° and h
to denote the smoothing parameters for the continuous variables. Using the short-hand notation
Khiz = WhizLyiz, where Wy, i, = h7PW ((X¢—2°)/h) and Ly ;, = L(XZ, 2%, \), the kernel estimator
of f(z), the joint density function of (X¢, X2), is given by

flw) = ; Zi: K ia- (2.4)

It is well known that one needs conditions such as h — 0 and nh? — oo as n — oo in order to
obtain a consistent estimator when using kernel methods with only continuous variables. For the
discrete variable case we need A\ — 0, while for the mixed continuous and discrete variable case we
need both set of conditions.

Let v(y,x) denote the joint density function of (Y;, X;). First we consider the case where the

endogenous variable Y; is continuous. In this case we estimate the joint density of (V;, X;) by

n

o(y,x) =n"" Z R w((Y; — Y)/h) K iz, (2.5)

i=1
where w(+) is a univariate kernel function satisfying assumption (A1) (ii). Then we will estimate

g(z) = ElY;|X; = z] by 3

) d I YiKhi

f(x) f(z)
where we have used [w(v)dv = 1 and [vw(v)dv = 0. When X\ = 0, our estimator reverts back
to the conventional approach whereby one uses a frequency estimator to deal with the discrete
variables. The conventional frequency estimator possesses a major weakness, however, being that it
often cannot be applied when the number of cells is large relative to the sample size since one may
not have enough (any) observations in each cell to conduct nonparametric estimation. In contrast,
smoothing the discrete variables will be seen to avoid the problem, while the resulting finite-sample

efficiency gains can be quite substantial.*

3Deriving g(z) in this intuitive way was suggested to us by a referee.

4As correctly pointed out by a referee, One can also view this method as the classic trade-off between bias and
variance. Though the frequency estimator is unbiased (in the case with only discrete regressors), it can have a huge
variance. The new estimator on the other hand introduces some finite-sample bias, but it can reduce the variance
significantly resulting in much better finite-sample performance than that of the conventional frequency estimator.

4



Next we consider the case where Y; is a discrete variable. Let D, = {0,1,...,¢, — 1} denote the
range of Y;. In this case we estimate v(y,z) by v(y,z) = n=' X0 1(Y;, y, \) Kp i, and one could

estimate g(z) by

f](l’) _ EyGDy yﬂ(y7 .Z') _ n_l ?:1 Y;Kh,iz )\n_l Z?:l ZyEDy,y;éYi yKh,iI
() f(x) ()

= g(x)+O0(N), (2.7)

where we have used {(Y;,y,\) =1if y =Y;, and A if y # Y.

Since A = o(1) is needed for consistent kernel estimation, we have §(z) = g(x) + 0,(1) (because
G(z) = Opy(1)). Hence, we will use g(z) as the kernel estimator of g(x) regardless of whether or not
Y; is continuous or discrete.

It is known that the choice of smoothing parameters is of crucial importance in nonparametric

kernel estimation. We choose (A, h) to minimize

OV = SIYi — ga(X2M (X, 2.8)

i=1
where M (+) is a weight function that trims out boundary observations,
B n! > ti YilKh i

)

is the leave-one-out kernel estimator of ¢(X;), Kpij = LaijWhij, Lrij = L(de,X]C-l,)\), Whij =
h=PW ((X§ — X£)/h), and

9-i(Xi)

(2.9)

fa(X) = % > K (2.10)
J#

is the leave-one-out estimator of f(X;).
We now list the assumptions that will be used to establish the asymptotic distribution of §(z).
Let G7 denote the class of functions introduced in Robinson (1988) (a > 0, u is a positive
integer). That is, if m(-) € G7, then m(z°) is p times differentiable, and m(z¢) and its partial
derivatives (up to order p) are all bounded by functions that have finite ath moment (e.g., Robinson
(1988)).
(A1) (i) We restrict (A, h) to lie in a shrinking set A, x H,,, where A,, = [=Cy/(logn)™*, Cy(logn)~!]
and H, = [h, h], h > C~n%~Y? h < Cn=9 for some Cy, C, 6 > 0. (ii) The kernel function W (-) is the
product kernel defined by W (v) = [Tj—; w(v;) (v; is the t-th component of v), while the univariate
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function w(-) is non-negative, symmetric and bounded with [w(v)vidv < co. Moreover, w(-) is m
times differentiable. Letting w(*)(-) denote the sth order derivative of w(-), then [ |w'®)(v)v*|dv < oo
for all s = 1,...,m, where m > max{2 + 4/p,1 + p/2} is a positive integer. (iii) For all 2¢ € D,
M(-,z%) is bounded and supported on a compact set with nonempty interior for all 2¢ € D. (iv)
f(z) is bounded below on the support of M (-).

(A2) (i) {X;, Y}, are independent and identically distributed (i.i.d.) as (X,Y), u; = Y;—g(X;) has
finite fourth moment. (ii) Defining 0?(x) = E[u?|X; = x|, 0?(-,2%), g(-,2%) and f(-,2%) all belong
to Gy for all z¢ € D. (iii) Define By 1(X;) = {VfIVg + (1/2)f(X;) [ tr(V2g)}J w(v)v?dv] and
B12(Xi) = Elg(X§, Xj)—g(X¢, X0)|Xi, dij = 1P(dyj = 1|1X3) (dij = o), By = E[(B11(X3)/ £i)?],
By = 2E[By1(X;)B12(X;)/ f?] and Bs = E[(B12(X;)/ fi)?], where V?g; = dg(v, X{)/0vo']|s—xc,
Vgi = dg(v, X)) /0] |u=xe, Vf; = Of (v, X{) /O] |y—xe. Then 4B, Bs — B3 > 0.

The requirement that A and £ lie in some shrinking set is not as restrictive as it may appear,
since otherwise the kernel estimator will have a non-vanishing bias term resulting in an inconsistent
estimator. The two conditions on A in (A1) (i) are also used in Hérdle and Marron (1985), and
these are equivalent to n'~%h? > C~! and n’h < C. Thus, by choosing a very small value of d,
these conditions are virtually identical to the usual conditions of h — 0 and nh? — oco. (Al) (i)
requires that the kernel function is differentiable up to order m, and this condition is used to show
that a remainder term in a Taylor expansion of W ((X¢ — z¢)/h) will have a negligible order, where
h is the cross-validation choice of h. We note that the widely used standard normal kernel satisfies
(A1) (ii). This condition can be replaced with a compact support kernel function that is Holder
continuous requiring a different type of proof such as Lemma 2 in Hérdle, Hall and Mammen (1988).
(A1) (iii) and (iv) allow a uniform convergence rate for f(z) and §(z). (A2) contains some standard
moment and smoothness conditions.

In Appendix A we show that the leading term of CV(h, \) is C'V, which is given by
CVy = Bih* — Boh*\ + B3\ + By(nh?)™, (2.11)

where the B;’s are some constants. Letting A\, and h, denote the values of A and i that minimize
CVy(h, A), then it is easy to show that h, = en V@) and N\, = con ¥ where ¢ and ¢y are
some constants which are defined in Appendix A. h, and A, can be interpreted as the non-stochastic

optimal smoothing parameters because it can be shown that h, and ), also minimize the leading



term of the non-stochastic objective function E[C'V (h, \)].

In Appendix A we also show that (h — h,)/he = 0,(1) and (A — X\,)/A, = 0,(1). Therefore, both
h /h, and A /Ao converge to one in probability. Let g(x) be defined the same way as §(x) except that
(fz, 5\) are replaced by (h,, A,), i.e

Y Vi, (F5) LX)

3i(z) = - 212)
where W, ((X§ — x°)/h,) = h,PW ((X{ — 2°)/h,), and
f@) = S S W, (S ) Lt ) (2.13)

is the kernel estimator of f(z) using the non-stochastic smoothing parameters (h,, A, ).

We first present the asymptotic distribution of §(z), and then we will show that g(x) has the
same asymptotic distribution as g(z).
Theorem 2.1 Under assumptions (A1) and (A2), we have

vnhi(g(x) — g(x) — B(he, Ao)) — N(0,Q(x)) in distribution, where
where B(ho, Ao) = hp{V f(2)'Vg(x)/f(x) + tr[Vig(x)]/2}[ w(v)v*dv] + X Xga 4, ,—1[9(a%, 29) —
g9(@)]f (¢, 29)/ f(x). and Q(z) = o*(x)[[ W?(v)dv]/ f ().

In order to establish the asymptotic distribution of §(z), we will first derive the rates of conver-

gence of (h — hy)/he and (A — \,).

Theorem 2.2 Under the same conditions as in Theorem 2.1, we have
(i) If p < 3, (h— ho)/he = O (/2 and N )\ = 0,(n"1/2).
(ii) If p>4,  (h—ho)/ho = Op(h2) = O, (n=2/4*D) and X — X, = O,(h2) = O, (n~Y/ ).
Using the result of Theorem 2.2 and a Taylor expansion argument, we show that g(x) — g(x) —

B(ho, Ao) = () — g(x) — B(ho, Ay) + (s.0.), where (s.0.) means smaller order terms. Hence, g(z)

has the same asymptotic distribution as that of g(x). We give this result in the next Theorem.



Theorem 2.3 Let A and h denote the cross-validation choices of A and h that minimize Equation

(2.8). Under assumptions (A1) and (A2), we have

(i) \nbo(3(a) = 9(w) = Blho:Ao)) = VARE(3(z) = (@) = Blho: M) + 0,(1) = N(0,0z) in
distribution, where B(hy, A,) and Q(z) are defined in Theorem 2.1.

(ii) Define B(h, A) = i*{V f(2)'V§(x)/ f (@) +tr[V?§(2)] /2 [ w(0)o?do]+-X Sga 4, 1[92, 7)
g(a, 2] f (2, 3/ f(2), Qo) = 62(2)[f W?(v)dv]/ f(x) and 6*(x) = n~' S [Yi=g(X)PW;, 1, Ly 1/ f (2).
Then

Vnie(a() = g(z) = Blh, 3) /) — N(0,1) in distribution.

Theorem 2.3 demonstrates that the convergence rate of §(z) is the same as the case where there
are continuous regressors x¢ only. Indeed, when there are no discrete variables (x = z¢), theorems
2.2 and 2.3 collapse to the well-known case with only continuous regressors. However, when there
are no continuous regressors, it can be shown that the cross-validation choice of A will converge to
zero at the rate of O,(n™'). This result cannot be easily obtained as a corollary of Theorem 2.3, and
a separate proof is needed to show this. This proof for the discrete-regressor-only case is available
from the authors upon request.

When proving Theorem 2.2 for the rates of convergence of (h—h,)/h, and A—\,, we have shown
that, for p < 3, the leading terms of both \/n(A — \,) and n?/RU+l(h, — h,)/h, are some mean-zero
O,(1) random variables. In fact, one can further show that these mean-zero O,(1) random variables

have asymptotic normal distributions.

Theorem 2.4 Under the same conditions as in Theorem 2.2 and for p < 3, we have

~

V(A = Xo) — N(0,V4) in distribution, and n?/22)(h — h,) — N(0,V4) in distribution,

where Vi and V, are two finite positive constants.

Hirdle, Hall and Mammen (1988) derived the asymptotic distribution of (h —h,)/h, for a model
with a univariate non-stochastic regressor (see also Hérdle, Hall and Mammen (1992) on the use
of ‘double smoothing’ to improve the rate of convergence of (iz — hy)/h,). Here, we generalize the
result of Hérdle, Hall and Mammen (1988) to the case of p < 3 augmented by a k x 1 vector

of discrete regressors. Upon inspection of the proofs of Theorem 2.2 and Theorem 2.4, it can be



seen that even for p = 4, one can still establish the asymptotic normality of \/n(A — A, — y1) and
n?/2EP (| — b, — 1) /h,, where p11 and pp are some constants. The extra non-zero center terms i
and jo come from the contribution of the Ay, term because, when p = 4, A,,, has the same order as
Ay, (see Appendix A for the definitions of Ay, and As,). We do not formally establish this result

for space considerations.
The General Categorical Data Case: Some Regressors Have a Natural Ordering

Up to now we have assumed that the discrete variables do not have a natural ordering, examples
of which would include different regions, ethnicity and so on. We now examine the extension of the
above results to the case where a discrete variable has a natural ordering, examples of which would
include preference orderings (like, indifference, dislike), health (excellent, good, poor) and so forth.

Using the same notation as above, let x; be the t-th component of x and suppose that z; can
assume ¢; > 2 different values (¢t = 1,..., k). Aitchison and Aitken (1976, p.29) suggest the kernel
weight function given by I(X;¢, x4, A) = (?) A (1 —X)“"* when | X;; — 2] = s (0 < s < ¢), where

(it) = ¢!/[s!(c; — $)!]. These weights add up to one because 1 = [(1 — A) + A]*. While there
is no doubt that one can extend the results of Theorems 2.1 to 2.4 to cover this case, such an
extension would be quite tedious. Therefore, we suggest the use of a simple kernel function defined
by {(X;4,2¢) = A° when |X;; — 2| = s (0 < s < ¢), where A is the smoothing parameter. In this
case the product kernel function is given by
k
L(Xy, 2, \) = [ Al = Neie (2.14)
t=1
where 6, , = S5 | X%, — x| is the Ly-distance between X¢ and z¢.

We see that Equation (2.14) has a form identical to that of Equation (2.3) except that d, . is
replaced by d,, .. In particular, the estimation bias will be of order O(\).

In practice, it is likely that some of the discrete variables have natural orderings while others
will not. Let X{i denote a k; x 1 vector (say, the first k; components of X¢) of discrete regressors
that has a natural ordering (1 < k; < k), and let X denote the remaining discrete regressors that
do not have a natural ordering. In this case, the product kernel will be of the form

k1 o
LOXE at,0) = [ A ateer] = a0nertnes, (2.15)

t=1



where 0z, = Y5, |)~(t‘fi — 9] is the L, distance between X¢ and #¢, and dz, ; equals the number of
disagreement components between X¢ and z¢.
The results of Theorem 2.3 can be easily extended to the general case when some (or all) of the

discrete regressors have a natural ordering as the following corollary demonstrates.

Corollary 2.1 Under the same conditions found in Theorem 2.3 with the first ki components of
X¢ being ordered discrete variables (1 < ky < k), let g(x) be defined as in Equation (2.6) with the
kernel function L(-) being defined by Equation (2.15).

Then the conclusion of Theorem 2.3 remains unchanged.

The proof of corollary 2.1 is identical to the proof of Theorem 2.3 and is thus omitted.

We now turn our attention to the finite-sample behavior of the proposed estimator.

3 Monte Carlo Results - Finite-Sample Performance

For what follows we shall compute the out-of-sample mean square error using ny ' >/ (y; — ;)?
where y; and ¢; are the actual and predicted values for an independent evaluation sample.
The first DGP which we consider is given by
4 4 4 4
Y= ZﬁtXt,i + Z Z Br,s X¢,iXs i + ZXt,iml<Zi) + ma(Z;) + wi, (2.16)
t=1 t=1

t=1 s#t,s=1
where, for t = 1,...,4, X;; € {0,1} with P(X}; = 1) = 0.5 for | = 0,1, my(Z;) = sin(Z;7), and
mo(Z;) = Z; — 5Z* + 373, Z; is uniformly distributed on the interval [0, 2], and u; is N(0,1). We
choose 3; =1 and B, = S forallt,s=1,...,4.

We compute predictions from our nonparametric model (NP), the nonparametric models with
A =0 (NP-FREQ) which is the conventional frequency estimator, a correctly specified parametric
model (PAR), and a misspecified linear parametric model with no interaction terms (PAR-LIN).
We report the mean, median, standard error, and interquartile range of MSE over the 1,000 Monte
Carlo replications. The estimation samples are of size ny (100, 200, and 500), and the independent
evaluation sample is always of size no, = 1, 000.

From Table 1 we observe that our proposed nonparametric estimator dominates both the conven-
tional frequency nonparametric estimator and the estimator based on a misspecified linear model,

while it converges quite quickly to the benchmark correctly specified parametric model.
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Table 1: Finite-Sample Estimator Comparison.

n1  Model Mean MSE Median MSE  SD(MSE) IQR(MSE)
100 NP 2.30 2.24 0.40 0.47
NP-FREQ 2.59 2.47 0.65 0.43
PAR 1.22 1.21 0.08 0.10
PAR-LIN 2.92 291 0.14 0.18
200 NP 1.64 1.62 0.16 0.18
NP-FREQ 1.77 1.75 0.15 0.20
PAR 1.10 1.10 0.04 0.05
PAR-LIN 2.84 2.83 0.11 0.14
500 NP 1.27 1.26 0.05 0.06
NP-FREQ 1.30 1.29 0.05 0.06
PAR 1.04 1.04 0.01 0.02
PAR-LIN 2.79 2.78 0.09 0.12

A Comparison of Unordered and Ordered Kernel Types

The second DGP which we consider is given by
Yi = Zin + Zig + Tt + Tig + € (2.17)

where z;; ~ N(0,1), z;; € {0,1,...,5} with Pr(z; =1) =1/6 for [ =0, ...,5, and ¢; ~ N (0, 1).

We consider three nonparametric estimators differing by their kernel functions - the unordered
kernel, ordered kernel, and the frequency approach. We expect that, the smaller the ratio of the
sample size to the number of ‘cells’, the worse will be the nonparametric frequency approach relative
to our proposed estimator. Also, the ordered kernel should dominate the unordered kernel estimator
in finite-sample applications since the data indeed have a natural ordering. We again consider the
out-of-sample performance given by MSE = ny ' >, (y; — 9:)? (n2 = 1,000), the number of Monte

Carlo replications is again 1,000, and results are presented in Table 2.

Table 2: Comparison of out-of-sample MSE for each model.
ni/c ny;  Ordered NP Unordered NP  NP-Frequency

2.78 100 1.98 2.90 6.12
5.56 200 1.64 2.12 2.80
13.9 500 1.39 1.66 1.78
27.8 1000 1.27 1.42 1.48

11



It is evident that when we take into account the natural ordering of the data we achieve finite-
sample efficiency gains, while the smaller the ratio of the sample sample size to the number of cells,

the better our estimator performs relative to the frequency estimator.

A Semiparametric Index Model

Often semiparametric index models are used when one deals with a dataset for which the ‘curse-
of-dimensionality’ is present. We investigate the performance of our proposed estimator relative to
the semiparametric index model in a small sample setting having four explanatory variables.

We consider two DGPs which are given by

DGP3 . Y; = Zi1 + Zijo + X1 + Lo + €, (218)
DGP4 Yi = Zi1 + Zi2 T 2122 + Ti1 + Tig + TinTie 1 €, (2.19)

where z;; ~ N(0,1) and z; € {0,1} with Pr(z;; =0) = Pr(z; = 1) = 0.5, and where ¢ ~ N(0, 1).

For DGP3 we compare the NP, single-index, and correctly specified parametric model, while for
DGP4 we compare the NP, misspecified single-index (ignoring the interaction terms), and correctly
specified parametric model. We consider the out-of-sample M SE = ny " 372, (s —9:)? (no = 1,000).

The number of Monte Carlo replications is again 1,000, and results are summarized in Table 3.

Table 3: Comparison of out-of-sample MSE for each model.
DGP3 DGP4
ng NP SP PAR NP SP PAR
100 1.43 1.16 1.04 183 218 1.07
200 1.27 1.08 1.02 1.52 1.95 1.03
500 1.15 1.03 1.01 1.29 1.84 1.01

As expected, the above simulations show that the single index model performs better than our
nonparametric estimator for DGP3, and our proposed estimator outperforms the misspecified single

index estimator for DGP4.
Having investigated the finite-sample performance of our estimator in simulated settings, we

now consider its performance on a widely-used and publicly available dataset.
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4 An Empirical Application: Modeling Count Panel Data

We consider the data used by Hausman, Hall, & Griliches (1984) in which they model the number
of successful patent applications made by firms in scientific and non-scientific sectors across a seven-
year period. The variables they use are the following:

1. PATENTS: number of successful patent applications in the year, 2. CUSIP: firm identifier,
3. YEAR: year of data, 4. SCISECT: dummy for firms in scientific sector, 5. LOGR: log of R&D
spending, 6. LOGK: log of R&D stock at beginning of year

This dataset is a balanced panel containing 896 observations on six variables, and the first four
variables are categorical while the last two are continuous. For the categorical variables there were
227 unique values for the variable PATENTS, 128 values for CUSIP (128 firms), 7 for YEAR, and
2 for SCISECT. For this dataset, the number of discrete cells exceeds the sample size, therefore,
the conventional frequency estimator cannot be used which is not uncommon in practice.

We wish to assess the dynamic predictive ability of the proposed method for this time-series
count panel, and we use the first six years of data for estimation purposes and the remaining seventh
year for evaluation purposes leaving ny = 768 (128 firm x 6 years) and ny = 128 (128 firm x 1
year).

For comparison purposes we consider three parametric models found in the literature: 1. A
nonlinear OLS regression of log(PATENTS) on the explanatory variables, where log(PATENTS)
is set to zero and a dummy variable used when PATENTS=0 (Hausman, Hall, & Griliches (1984,
page 912)); 2. A pooled Poisson count panel model; and 3. A Poisson count panel model with
firm-specific effects.

We again assess predictive ability on the independent data using MSE = ny' 372, (PATENTS; —
PAT/E\NTS,)2 where PATENTS,; denotes the predicted values generated from each model. As well,
we compute the correlation coefficient between the actual and predicted values of PATENTS, p; ,.
Results appear on Table 4.

These results show that the new approach completely dominates the parametric specifications
and that accounting for the natural order in the explanatory variables leads to further finite-sample
efficiency gains. The squared prediction error of our nonparametric estimator (using the ordered
kernel) is only 14% to 20% of those obtained by various parametric methods which have been used

to model this dataset.
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Table 4:

Model Prediction MSE ~ p;,
OLS 2618.3 0.86
Poisson (pooled) 1915.9 0.87
Poisson (firm-effects) 2834.7 0.82
Unordered Kernel 403.4 0.97
Ordered Kernel 385.2 0.98

More empirical applications that show by smoothing discrete variables can lead to superior
out-of-sample predictions compared to commonly used parametric methods is available from the
website: http://econfloat.tamu.edu/li/vitae/index.html under the title “Empirical Applications of

Smoothing Discrete Variables”.

5 Concluding Remarks

In this paper we propose a nonparametric kernel estimator for the case where the regressors contain
a mix of continuous and categorical variables. A data-driven method of bandwidth selection is
proposed, and we establish the asymptotic normality of the estimator. Simulations show that the
new estimator performs substantially better than the conventional nonparametric estimator which
has been used to handle the presence of categorical variables. An empirical application demonstrates
the usefulness of the proposed method in practice.

There are numerous ways in which the results of the present paper can be extended, and we
briefly mention a few of them at this point.

1. Using a local polynomial nonparametric approach rather than a local constant approach.

2. Nonparametric estimation of a conditional density with mixed discrete and continuous data.

3. Consistent model specification tests with mixed discrete and continuous regressors, including

the testing of parametric functional forms, nonparametric significance testing, and so forth.
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Appendix A

Proof of Theorem 2.1
Write §(z) — g(z) = (§(x) — g(x)) f(2)/f(z). We first consider the numerator (§(z) — g(z))f(x).

(3(2) ~ 9()) Flo) =+ IV, - gl Wi, (5 mc) DX, 0
— —Z )W, (Xcho ) L(XE, 2% \) + — ZquhO (Xcho ) L(XE, 2 \,)
= [1n( )+ Lo (x), (A.1)

where the definition of Iy, and Iy, should be apparent. Define the shorthand notation W}, ;, =
hoPW ((XE — 2)/h,) and Ly, i = L(XZ, 2% ),). It is straightforward to show that
E(Lin) = El(9(Xi) = 9(2))Whie L, ic]
= E[(9(Xi) — 9(2))Wh, iz L, izl diz = 0] P(diz = 0)
+E[(9(X:) = 9(2))Whyia L icldic = 1] P(dic = 1) + O(X7)
= E[(9(Xi) — 9(2))Wh, izl diz = O] P(2)
FAE[(9(Xi) = 9(2))Why x| diz = 1]P(diz = 1) + O(A2)
= | f(@¢ + hov, 2%)(g(z + hov, 2) — g(2¢, %))W (v)dv + O(A3)
0 Xt g, =1 [ [ (2 + ho|@)[g(z® + hov, 37) — g(2)]W (v)dv]p(ds = 1) + O(NY)
= he{V f(2)Vg(x) + f(2)tr[Vig(2)]/2}[] w(v)v?dv] + O(Ahj + hy)
0 Xt g, ,=1[9(2¢, 8% — g(2)] f(2¢,2%) + O(Ah3) + O(N)
= [(2)B(ho, Ao) + O(hg + Aoh + A7),
where B(ho, Ao) = hi{V f(z)'Vg(z)/f(z) + tr[V2g(2)]/2}[ w(v)v?dv] + Xo 3ga 4, -1 [g(2°, &) —
g(2)]f(z¢,2%)/ f(z). Similarly one can easily show that var(I,) = o((h2+ )\,)?), which implies that

L, = E[L,)) + (5.0.) = B(ho, \o) + 0,(h2 + X,). (A.2)

Also, E(Iy,) = 0 and Var(ly,) = E[(I2,)?] = R_IE[UQ(Xi)W}?O,mL?\O,m]
= n B[ (X)WE ipldie = 0] P(z%) + O(\o) }
= (nh)~Ho?(x) f(2)[f W?(v)dv] + O(X, + h2)} = (nh})~{Q(x) f*(x) + o(1)}.

By a standard triangle-array central limit theorem argument, we have

nhbly, — N(0,9Q(x)f*(z)) in distribution. (A.3)
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Finally, it is easy to show that

f(@) = () + 0p(1). (A4)
Combining Equation (A.1), Equation (A.2), Equation (A.3) and Equation (A.4), we have
Vhb(§(z) — g(x) — B(ho, Ao)) ()

Vho(G(@) = g(x) = Blho, Ao)) =

f(x)
= % + 0,(1) — N(0,Q(x)) in distribution. (A.5)
Proof of Theorem 2.2 (i)
From Equation (2.8) we have
CVAm) = T I = GOOPMX) = n7 30+ v = 5
= n! Z — ) M; +2n7! Zuz : Gi)M; +nt ZufMl, (A.6)

where g; = g(X;), i = §—i(Xi) and M; = M(X;).

Write g; — 6 = (g: — §:) fi/ fi + (9: — 6)(fi = f:)/ fi (fi = f-i(X3)). By similar arguments as in
the proof of Lemma 1 of Hérdle and Marron (1985), one can establish the uniform consistency of
f(z) to f(z) and §(z) to g(z). Therefore, the second term is of smaller order than the first term.
Replacing (g; — ;) by (g: — §:)fi/fi in Equation (A.6), we obtain the leading term of C'V (), R)
(ignoring n~! 3, u? M; since it is independent of \) and we denote this by C'Vi (A, h).

CVi(A\,h)=n 12 — §i) fM/f +2n_lz:uZ i — Gi fZM/fZ (A.7)

To simplify notation and to save space, we will omit the trimming function M; below. Substi-

tuting Equation (2.9) and Equation (2.10) into Equation (A.7), we have (omitting M;)

cvi = 13 Y — YD) En i Kia/f2+2n" 1Zuz gi — §i) fil fi-

i jFE lF#

= 0 > > (9 — 95 —ui)(9i — 9 — w) KnijKna/ f} +2n_lzui(gi—§i)fi/fi-
i jFL1F# i

= 7Y > > (9 — 999 — ) KniKna/ff + 072> 3> wuKnKnal f
T g T i 1
=202 NN (g — g)wiKn i Kna /742072 > wilgi — Y5) K/ fi

1 jF# £ T j#i
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= {07 YD (90— 99)(9i — ) KnijKna/ 7}

i i L
+{n™? >0, Z“J“lKh,inhnl/fz‘Q —2n~? SN wuiKn i/ fi}
i i LA i@ g
+2{n QZZUZ gi — gj Khzg/fz_ 73222 —9; UlKthhzl/fz}
i jF 1 jFi lF#d
= {51} + {52} + 2{53},

where the definition of S; (j = 1,2, 3) should be apparent.
By lemmas B.1 through B.3 we know that

S1 = Byh* — Boh®\ + B3sA? + Bsh*(nh?) ™t 4 BihS + Boh*A 4 Bsh?\? + ByA® + (s.0.),
Sy = (nhP) By + h2Bs] + (nh?*) 1 2y, + (s.0.),
Sy = h*n7Y2Z,, + A2 25, + (s.0), (A.8)

where the Z;,’s are mean-zero O,(1) random variables, while the Bj’s, Bj’s and Bs are some
constants.

Define C'V, = CV — C'Vy. By Lemma B.4 we know that

CVy = C1h8 + Coh* A 4 C3h® X2 + Cy\® + Csh2(nh?) ™! + (s.0.). (A.9)

Using Equations (A.8) and (A.9), we have

CV = CVi+CVa=58,+S5,+4255+CV,

= {Bih* — Boh® X\ 4 BsA? + By(nh?) '} 4+ {(nh?/?) 71 20, + BP0 V2 2, + AnTY2 25}

+{C1R® 4+ Coh* X + C3h*X* + C4A* + Csh*(nh?) ™'} + (s.0.),

= {Ap}+ {As} + {As.} + (s5.0.), (A.10)
where Ay, = Bih* — Byh?\ + BsA? 4+ By(nhP)™', Ag, = (nhP/?)71 2y, + h2n~ Y22, + In~1/2Zs,,
and Az, = C1hS + Coh*\ + C3h®X2 + Cy\® + Csh*(nh?)~', C; = B; + C; (j = 1,2,3,4) and
Cs = Bs + Bs + Cs.

Given that h = o(1) and A = o(1), we have CV = Ay, + (s.0.). That is, A;, is the leading term

of CV. We rewrite A,,, as

Ain = Bs[\ — Boh?/(2B3)]2 + [By — B2/(4B3)|h* + Ba(nh?)™". (A.11)
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Let h, and A, denote the values of h and A that minimize A;,, = Aj,(h, A). Then from Equation
(A.11) it is easy to see that Ag and hg satisfy the following equations
pB.

Mo = Bohi/(2Bs3), and 4|By — B3/ (4B3)|hPt* = - (A.12)
Solving Equation (A.12) leads to
hy = cynV/4FP) and Ao = con 2/ (4FP), (A.13)

where ¢; = {pB,/(4[B1 — B2/(4B5)])}"/**P) and ¢, = Bac? /(2Bs3).

From CV = Ay, + 0,(Ay,), we know that h = h, 4 0,(he) and A = A, 4 0,(),). Therefore, we
have (b — ho)/ho 2 0 and (A — A,) /A, - 0.

Next we derive the rates of convergence of (h — h,)/h, and (A — Ao) /Ao

The Case of p <3
In the case of p < 3, we have CV = Ay, + Ay, + (s.0.), and we rewrite Ay, + Ay, as

Ay, 4+ Ay, = Bs[\— (h?By — n~Y225,)/(2B5))? + [By — B2/(4B3)|h*
+h2n" Y22y, + By Zs,/(2Bs)] + (nhP) By + hP2 2y, —n 122 /(4Bs).  (A.14)

n

Using Equation (A.14), we minimize CV = A, + Ag, + (s.0.) over A and h, and we obtain
A= h’By/(2Bs) —n~"?2,,/(2Bs) + (s.0.), (A.15)

and

phr/?
2

where By = 4[B; — B2/(4B3)]. Writing h = h, + h; and noting that k; has an order smaller than

that of h, because (h — hy)/h, = 0,(1) which implies Ay /hy = 0,(1), we have

Boﬁp+4 _ £B4 + 2ﬁp+2n71/2[32n + By 23,/ (2B3)] — Zin + (s.0.) =0, (A.16)
n

Wt = (hy + hy)**? = B3P+ (4 + p)REF3hy + (s.0.). (A.17)

Using Equation (A.12) and Equation (A.17), then from Equation (A.16) we obtain

hp/?
p20 Z1, + (s.0) = 0. (A.18)

By(p + 4)RP3hy + 20220~ Y2( 2, + By Zs,/(2Bs)] —
n

Equation (A.18) gives

p(2nh3P) 1 2 — 202 hy) Y[ Zon + BaZs,/(2Bs3))

h p—
! By(4 +p)

+ (s.0.). (A.19)
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By noting that h; = h — h,, we have from Equation (A.19) that

. 1
(h = ho)/hy = m{p(znhjﬁpﬂ)*lzm —2(n*2h2) Y 2oy 4+ By Z3n/(2B3)]} + (s.0.)
0
= O,(h?/?) = O, (n~P/BUHPI), (A.20)

Using h = h, + hy in Equation (A.15) gives us

~

A = (ho + h1)2Bg/<2B3) + n_1/223n/(2B3) + (S.O.)
= )\0 + 2h0h132/(2B3) + n_1/223n/(233) + (S.O.) = >\o + Op(n_l/Q), (A21)

because hohy = O(n~'/2) by Equation (A.19).
Equation (A.20) and Equation (A.21) completes the proof for p < 3, part (i) of Theorem 2.2.

The Case of p > 4
We now consider the case of p > 4. When p = 4, Az, has the same order as A,, and when
p > 5, Az, has an order larger than that of A,,. We first consider the case of p > 5 below. In this

case we have CV = Ay, + As, + (s.0.) since As,, = 0,(As,) in this case. Therefore we have

CV = Ay, + Az, + (5.0.) = Bih* — Byh® A + B3A\* + By(nh?) ™!
+Clh6 + Cgh4)\ + Cghz)\2 + 04)\3 + CghQ(nhp)_l + (S.O.). <A22)
Taking derivatives of Equation (A.22) with respect to A and h and setting them to zero will give

us two equations. We then replace h by h, + h; and A by A, + A1. Noting that h; has an order

smaller than h, and that \; has an order smaller than \,, then using expansions of

h* = (ho+h1)*=h+shs ' h + (s.0.),
Moo= Mo+ M) = A+t + (s00.), (A.23)
for some positive integers s and ¢, we obtain two equations that are linear in h; and A; (i.e., we only

retain up to the linear terms in h; and A;). It is easy to see that solving these two linear equations

for h; and \; leads to

~

A= (A=) = Op(hﬁ) = Op(n74/(4+p))a
hi/he = (h—he)/he = Opy(h2) = O,(n=2/4P), (A.24)

Finally when p = 4, A,, has the same order as As,, but this only amounts to adding some extra

terms having the same order as As,, while the above arguments leading to Equation (A.24) remain
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unchanged. Hence, Equation (A.24) holds true for the case of p = 4. This completes the proof of
Theorem 2.2 (i).

Proof of Theorem 2.3 (i)
From (h — h,)/ho = 0,(1) we have

1 1 1 h— ho 1
=t O ( " > (1 0,(1). (A.25)

hp o o

Using Equation (A.25) and XA — A\, = 0,(1), it is easy to see that

g == u X o d d 3
(52) () = Sl )W (S ) D at )
1 X{—a‘
= ;[go@) — g(x) + W (h) L(X%, 2% ),) + (5.0.).
X — g
= nzg 2 lo(X:) — g(a) +ui]W< = & )L(X;l,g;d, Ao) + (5.0.)
= ot (s0), (A.26)
where J,, = (nh?)~13,[9(X;) — g(x) + u|W (XCT_QC) L(X® 2% \,). Define J, by replacing h by h,
in J,:
ho® o ia Tlal )l (FET) DOt = (30 - o) ). (A2)

Then by the proof of Theorem 2.1 (i) we know that J, o = O,((nh?)'/?) = O,(h?). Next, applying
a Taylor expansion to W ((X¢ — z°)/h) at h = h,, we have

~

W(Xﬁ—af) _ W(X"C_xc>+ 3 EW“)(XE_:UC) h — hy
h he ey 8! he he

1 - Xe—aoN\ (h—h,\"
+_W<m>< i 7 ) ( - ) , (A.28)
m! h h
where W) ((X¢ —2¢)/h) & “f ps g;s W ((X¢—x)/h), and h is between h and h,. It is easy to see that
W) (v) contains terms of W® (v) = —%—W (v) (514 ... + 5, = t) times a {-th order polynomial

Bvil...av;p
invfor 1 <t<s Also, W®(v) is an even function and thus can be viewed as a second-order

kernel function (though it may take negative values).
Substituting Equation (A.28) into Equation (A.26) we obtain
X —a°

b= St )+l (SL) Lt 0)

o
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h — h,
+0,(Jn0)0, ( . ) + 70, (( -

= Juo+ 0p(Jno) + 0p(h2) = Joo + 0p(h2), (A.29)

o>
|
>
Q
N———
3
N————

since J,0 = O,(h2) and ((h — he)/h)™ /B = h;PO,([(h — he)/ho)™) + (5.0.) = 0,(h2) by Theorem
2.2 and Assumption (A1) (ii).
Similarly, it is straightforward to show that

A~

f(@) = f(x) + 0p(1). (A.30)

Summarizing the results in Equation (A.26), Equation (A.27), Equation (A.29) and Equation
(A.30) we have

oo o(e) — @) — Bl ) — V1(0(x) = 0(z) = Blho, ) ()

f(x)
_ \/n—h’é(Jn,;(—x)B(hm)\o)) +0,(1) = N(0,9(z)) in distribution, (A.31)

where the last convergence result follows from the proof of Theorem 2.1.

Proof of Theorem 2.3 (ii)
Using the results of Theorem 2.3 (i), it is obvious that B(fie, Ao) = B(he, Xo) + 0p(h2 + Xo) and
Q(x) = Q(x) + 0,(1). Hence, Theorem 2.3 (ii) follows from these results and from Theorem 2.3 (i).

Proof of Theorem 2.4

From Equation (A.19), Equation (A.20), and Equation (A.21) we know that both n?/2(4+2) () —
he)/h, and \/ﬁ(j\ — Xo) can be written as linear combinations of Zj,, Zs, and Z3, (plus some
0p(1) terms). Obviously Zj, is a second-order degenerate U-statistic, thus using the central limit
theorem for degenerate U-statistics of Hall (1984) it is straightforward to show that Z;,, converges
in distribution to a mean-zero finite-variance normal random variable. For Z,, and Z3,, using H-
decomposition it is easy to see that both Z,, and Zs, are of the form of n=/2 3", 14;C(X;) + (s.0.) for
some function C(-). Therefore, Z,, and Z3,, are asymptotically normally distributed with mean-zero
and finite-variance. Note that Z;, is uncorrelated with either Zs, or Zs,. It is easy to show that

a linear combination of Zy,, Z5, and Z3, has an asymptotic normal distribution which results in

Theorem 2.4.
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Appendix B

Lemmas B.1 to B.3 below utilize the U-statistics H-decomposition with variable kernels. Here
we provide an intuitive explanation of H-decomposition for a second-order U-statistic:

Uy= n—2 SOY HuJ(X, X)), (B.1)

1<i<j<n

where H,(.,.) is a symmetric function. The H-decomposition involves rewriting U, in the form of
uncorrelated terms of differing order:

Un = E[H,(Xi, X;)] + ~ Z{E n (X X5)|Xi] = E[Hn (X, X;)]}

Y > {Hu(Xi X)) — ElHa(Xi, X5)|Xi] — B[Ha (X, X;)|X;] + E[Ha(Xi, X))]}-

n o 1 1<i<j<n

(B.2)

If E[H:(X;, X;)] = O(1), then it is easy to see that the three terms in Equation (B.2) are of
the orders O,(1), O,(n~'/2) and O,(n~1), respectively. Moreover, the three terms are uncorrelated
with each other. In our application of the H-decomposition below, usually E[H, (X;, X;)] = O(a,)
(say a, = O((h*+\)?), the second term in the decomposition is of the order of O,(n"'/%a,), and the
third term is of even smaller order. We also use the H-decomposition of a third-order U-statistic,
while Lee (1990, section 1.6) provides a detailed result of H-decomposition for a general kth-order

U-statistic. For U-statistics with variable kernels, see Powell, Stock and Stoker (1989).

Lemma B.1 S; = Bh* — Boh?\ + B3A2 + B1hS + Boh* A + Bsh2A\2 + B\ + Bsh2(nh?)~! + (s.0.),

where B;’s Bj ’s and By are some constants defined in the proof below.

Proof: Sy = n X 32409 — 95)(9i — 90) Knij Kna/ [T+ 173 2 2(9: — 95)°Ki i/ 7 = Sia +
Sip. We first consider Si,. Sia = [n_SZZZ##l Hy,(X;, X;, X)), where Hy,(X;, X;, X)) is a
symmetrized version of (g; —g;)(g; —gl)Khjinh,il/ff given by Hy,(X;, X;, Xi) = (1/3){(9: —9;)(g: —

90) KnijKna 17+ (95 — 9:)(95 — 90) Knig K/ 17 + (91 — 95) (9 — 9:) K1 K/ £}
We first compute E[(g; — g;) K| Xi] (note that di; = d,, »;)

E[(g9i — 9j) Knij| Xi] = E[(9i — 95)Wh.ij| Xi, dij = 0] P(di; = 0] X;)

+E[( ;= 95)Whij| Xi, dij = 1] P(di; = 1| X3)A

+ZE — g/ Wil Xi, dij = | P(di; = 1] X;)\!

{Bl,l( X))k + O(h")} + {=Bi2(X)A + O(ARH)} + {O(A\H)} (B.3)
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where Bi1(X;) = {V[[Vgi + (1/2) f(X;) [ tr(V?g:) }[J w(v)v?dv], and Bia(X;) = E[(g(X, X]) —
g(X¢, X9 X;,di; = 1)P(d;; = 1|X;) are as defined in Assumption (A1).
Note that in the above calculation, g; — g; # 0 even when d;; = 0. This arises because d;; = 0
only restricts X{ = X, while [(g; — g;)|di; = 0] = g(X¢, X{) — g(X§, X{) # 0 because X{ # X¢.
Using Equation (B.3) we have

E[Hyo(Xi, X5, X0)] = El(g9: — 95)(9i — 1) K Kna/ f7]
= E{E[(g9: — ;) Knis| Xi| El(9: — 90) Kna| Xil/ £7} = E{E[(9: — 9;) Kni51 Xi]/ fi}
= E[(Bi1(Xi)/fi)*h* = 2f72B11(Xi) Bia(Xi)R2A + (B12(X5)/ fi)2N’]

+ B0 + Boh* A\ 4 B3h*A? 4 By\® + (s.0.)

[ Bih* — Boh® A\ + B3] + Bih® + Boh® A\ + Bsh*\* + ByA® + (s.0.), (B.4)

where By, = E[(B11(X;)/f)%, B2 = E[2f;?B11(X;)B12(X;)] and Bz = E[(B12(X;)/f:)?. Simi-
larly, the Bj’s correspond to terms with higher order derivatives (with respect to the continuous
variables) and/or terms where d, ., assumes values larger than 1 (which results in higher order
polynomials in ). We do not give the explicit definitions of the Bj’s here to save space and because
we do not use their specific expressions in the paper.

Therefore, by Equation (B.3), Equation (B.4), and the H-decomposition, we have

Sta = {E[H1a (X3, X5, X0)] + 307 S B[H1a (X, X, X0)| X3) — E[Hio (X, X5, Xo)]} + (s.0.)}
= E[Hla(Xi, Xj, Xl)] + n_l/QOp(h4 + h2)\ + )\2) + (S.O.)
= Bih* — Boh? X + B3\ 4 B1hS + Boh*\ + B3h?A2 + ByA? + (s.0.).

Next, we consider Sy,. Defining H1y(X;, X;) = (9: — 9;)° K}y ;;(1/f? + 1/ f7)/2, then
Sty =n"n"? 3 2 Hip(X;, X)), and it is easy to see that

E[H(Xs, X;)] = El(9: — 9;)° K715/ 2] = El(9: — 9;)*Kjy 35/ f7|diz = O]p(di; = 0)
+E[(9: — 9;)° K7 5/ f2ldig > 1p(dy; > 1) = E[(gs — 9;)* Wi i/ 2 dis = 0]p(dij = 0) + h™PO(N?)
= Bsh*h7? + O(h7P(h* + )\2)),
where Bs = E[(Vg:)'Vg;/ fi][] w?(v)v*dv]p(d;; = 0).
Similarly one can easily show that E[Hy,(X;, X;)|X;] = O(h?h™P). Hence,
S =n"t [E[Hw(X;, X)) + 207 S B[Hw (X, X5)|X0] — E[Hip(Xi, X;)]} + (s.0.)]
= h2(nhP)~' Bs + n~20((nh?) "' h?).
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Summarizing the above we have shown that

S1 = Sia+S1p = Bih* — Boh? A+ BsA? 4 B1h8 + Boh* A+ Bsh? A2 + B4\ + Bsh?(nh?) ™ 4 (s.0.)(B.5)

Lemma B.2 S, = (nh?)"'[By + Bsh?] + (nh?/?)~' 2, + (s.0.),

where By and Bj (j = 5,6) are some constants and 21, is a Oy(1) random variable.

Proof: Sy =n=3Y, Dt 2ot Ui Ky 5 Ky, al ff—2n72%, i withi K i/ fi
=n3Yy,; 2t ]Kh zj/f2 +n Yy 2itjt Uity K
=207 50 X wiwi Kjij ) fi = S2a + Sy — 250

Defining Hoo(Z;, Z;) = (1/2)(u?/ f7 + U?/fj?)K/%,ij, then Sy, = n~t[n =2 > iz Hoal Zi, Z5)).

ElH5(Zi, Zj)] = E[u; K3 35/ 7] = Elo*(Xi) K3 35/ f7]
= E[OQ(Xi)K}%,ij/fz?ldij = ]p(dw =0)+ Elo ( )Kh,ij/fi2|dij > 1]p(dij >1)
= Elo*(X)Wi,;/ f21dij = 0lp(di; = 0) + O(N*h7P)
= h P [ [ (20 1) 0% (2¢, ) f (2 + ho, 2¥)W?2(v)datdv]p(d;; = 0) + O(N2h7P)
= h™P[By + Bsh? + O(h*)] + O(\2h7),
where By = E[o*(X;)/ f(Xi)][J W*(v)dv]p(di; = 0), and
35 = (1/2)B[0*(Xa)tr(V2 f(X0) / (X)) w? (v)v*dvlp(dy; = 0).
Next,
ElHal 2, 23)1 2] = (1/2){(2 f2)EIKR 4| Z] + El(0*(X;)/ £2) K2 ]}
— (/20 [P BIK? | Xy diy = Olpldy = 01X,) + Sy EIK? /£, diy = Up(dsy = 1]X0)}
H(1/2Bl0?(X)K2 ) £21 X2, dy = Olpldsy = 01X) + Sy Blo®(06) K2,/ 21X, diy = Up(dyy = 11X,)
— (120 £ a2 + (X)) W (0)dv] + O + 32))
= (1/2h7 f7HX{[uf + o*(X)][f W2 (v)dv] + Op(h* + A)}
= By(Z)h P + Oy (b P(h* + N)),
where By(Z;) = (1/2) f7  [u? + o*(X,)][J W?(v)dv]. Tt is easy to check that By = E[B4(Z;)].
Hence, by the H-decomposition we have
Saa = 0" E[Haa(Zi, Z;)] + 207" Sl E[H2a(Zi, Z)| 23] — E[Haa(Zi, Z3)]} + (s.0.)}
= (nh?) " [By + Bsh?® + O(h* + A2 + h2X\)] 4 (nh?) " 'n"Y2[ 250 4+ O, (h* + \)] + (s.0.),
where 2y, = "2 3,[Bi(Z:) — E(Bu(Z:))].

Next, Sy, can be written as a third-order U-statistic. So, = [n‘?’zzzi#ﬂ How(Z;, Z;, Z)),
where Hoy(Z;, Z;, Z;)] is a symmetrized version of wju K ;; Ky q/f? given by
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Hoy(Zs, Zj, Zn) = (1)3) [uju Kp i Knat ) f7 + witn K iy Ko ) 7+ i K g Kpa /) 7]
Note that E[Hx(Z;, Z;, Z;)|Z;] = 0 because E(u;|Z;) = 0. Hence the leading term of Sy, is a
second-order degenerate U-statistic.
E[Hw(Zi, Zj, Z1)| 2, Z3] = (1/3)wsw; E[ Ky K a / £ X0, X
— wu; B[ Ky K £21X0, X, di + dy = 01P(dyy + dyy = 0|X;, X)) + (5.0.).
Note that
E|Ky; K/ 71X, X5, dij + di = 0] = E[Wy;Wha/ 21X, Xj, dij + dy = 0]
= E[WigiWaa/ 21X, X5] + O = W3/ fi+ O+ 1?)
where W}EQZ)] = h_pW(Q)((Xf—Xj)/h) with W® (v) 2] [ W (u)W (v+u)du is the two-fold convolution
kernel derived from W (-). Hence,
Sop = 3{n"2 XY E[Hx(Zi, Zj, Z)| Zi, Z;] + (s.0) }
= {7172 > ijgi UinE[Kh7leh,il/f12|Zia Zj] + (3~0~) }
=[nhP Y Y uZuJW,g)J/fz + (s.0.)]
= (nh??) 7' Zop + 0p(nAP2) 1),
where Zy,, = (nh?/2){n=2 % P uzu]W,E?j/fz}
Finally,
Soe =n"2Y; > Wit Ky g5/ fi = n2y, D jids;=0 Wi/ fi + 723, D jtidi 1 Adii w;w;Wh i/ fi
=072 Y iag—0 withi Wi/ fi + (s.0.) = (nhP?) ™ Zog  + (s.0.),
where Z,,.,, = (nh?/?)[n"2%; D joti sy =0 wiw;Whii/ fil-

Summarizing the above we have shown that
SQ = Sga -+ Sgb — 2SQC = (nhp)_l[B4 -+ B5h2] -+ (nhp/Q)_lzln -+ (S.O.), (B6)

where Z,, = Z9,, — 2Z5.,,. Note that Z;,, is a second-order generate U-statistic. Using Theorem
1 of Hall (1984), it is easy to see that Zj, has an asymptotic mean-zero finite-variance normal

distribution. Hence, Z;,, = O,(1).

Lemma B.3 S; = h?n~Y2Z,, + An~Y2Z5, + 0,(n"/2(h2 + ))),

where both Zs, and Zs, are mean-zero Oy(1) random variables.

Proof: S5 =n"23 3 ui(gi — 9) Knij/ fi — 72 30 Y gz Sui(9i — 95) WK i Kna ) [}
=n"?y, i Wil G — 95) Knag/ fi — n=*y, > izilgi — gj)qui%,ij/ff
—n 3 Y (9i — 9) WK i Kna ) ff = S3a — Ssp — Sse-
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We first consider S3,. The leading terms of Ss, are the cases (i) d;; = 0 and (ii) d;; =

1. We use Ssq ;) and Ssq i) to denote these two cases. For case (i), we have Ss,
N2 Y ki ay—0 Ha(Zi, Z5), where Hso(Z;, Z;)] = (1/2)[wi(gi — 95)/ fi + (95 — 90)/ FilWh.ij-
(Hsa(Zi, Z7)| 2] = (1)2)(wif 1) E[(9i — 95)Wh,i| X
= —(1/)h*(ui/ fi)tr[V2gi][J w?(v)v*dv] + Op(h?) = h*Bsa,)(Zi) + Op(hY),
where B, 1)(Z:) = —(1/4)(u;/ fi)tr[V2g] [ w* (v)v*dv).
Using H-decomposition and noting that E[Hs.(Z;, Z;)] = 0, we have
Ssa) = {2071 Y E[Hs(Zi, Z7)| Zi] + (s.0.)} = 20°n "t Y, Baa,iy (Zs) + (s.0.)
= n_l/thZgay(i) + (s.0.), where Z3, ;) = n~ V23 Baa, iy (Z:).
Now consider Sz, (i),
S3a,(ii) = An~? Z Z ui(gi — 95)Whj/ i} = An_l/zzsa,(n'), (B.7)
i jtidi =1
where Z3, ;i) = n 3%y, S itidiy=1 Wi(gi — 9)Whij/ fi. Obviously, Zs, is O,(1).
It is easy to see that when d;; > 2, we have Sz, = O,(\2n~'/2). Thus, we have shown that

Sga = h2n_1/233a7(i) + )\’I’L_l/223a7(ii) + Op()\Qn_l/Q). (B8)
Next, for Sy, it is easy to see that
Say = (nhP) 71 0,(S3q) = Op((nAP) (W2 4+ N)n~2)) = 0,(n~ V(K 4 N)). (B.9)

Finally we consider S3.. The leading terms should have d;; = 0 (since there is no (g; — ¢;) term
in S3.). The two leading cases are (i) dy = 0 and d;; = 0, (ii) dy = 0 and d;; = 1. We use Ss. ;)
and Ss. ;) to denote these two cases.

Ssc,(7) can be written as a third-order U-statistic Ss. ;) = n3y Y D it di =0,y =0 Hae (i) (Z:, Z;, 2),
where Hs.)(Zi, Zj, Z;) is a symmetrized version of w(g; — ¢;)KnijKna/f?. Obviously
E[Hsc)(Z;i, Z;, Z;)] = 0 and it can easily be verified that

E[Hsei)(Zi, Zj, Z1)| Zi) = (1/3)h*wi Bse i) (Z3),

where

Bsei)(Zi) ={(Vg:)'V i/ fi + (1/2)757”[V29z']}[/w(v)v2dv]- (B.10)

Therefore, by H-decomposition we have

Sse,i) = 30" Y E[Hse,iy(Zi, Zj, 1) Zi) + (s.0.) = B*n= 2 [n=Y2 Y0, 4 Bse (i) (X3)]
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+(s.0.) = h2n_1/223,;,(,>) + (s.0.),
where Z3. ; = =12y, u; Bse,(5)(X;)] with Bs, ;) defined in Equation (B.10).
Next,

Sse iy =AY Y > (9: — 9)uWhijWha/f? = )\nfl/Q{Z?)c,(u‘)}, (B.11)

{i#j#l,d;;=0,d;;=1}

where Zs. i) = n923 % (iAo diy =1} (Gi — ) wuWh.iiWha/ 7} It is straightforward to show
that E{[Z2,]*} = O(1). Hence, Z5, = O,(1).
It is easy to see that all when d;; + dy > 2, S3. = Op(/\2n*1/2). Hence, we have

S3. = h2n_1/223c7(i) + n_l/Z/\ch,(z’z’) + Op(/\2”_1/2)~ (B.12)
Summarizing Equation (B.8), Equation (B.9) and Equation (B.12), we have shown that

Sy = Ssq — Sgp — Ss. = B2 V2 2y, + X072 24, + 0,(n V2 (R + V), (B.13)

where Za, = Z34,(3) — Z3¢,() and Z3p, = Z3q,(i6) — Z3¢,(i1), both are mean-zero O,(1) random variables.

Lemma B.4 OVy(h, \) = 1% + Coh* X\ 4 Csh?A2 + Oy A% 4 Csh?(nh?) = + (s.0.),

where C;’s are some finite constants.

Proof: Since the details of the proof are very similar to the proofs of Lemma B.1 and Lemma B.3,

we only sketch a proof here.

= 12 fz) /f +2TL_IZ gz) fz/f
+ 2n~ 12%‘ Gi— 9)(fi = F)/ fi- (B.14)

It is easy to see that the first term on the right-hand-side of Equation (B.14) has an order
smaller than the second and the third terms. Let C'Va denote the leading term of C'Vs, i.e

CVy = CVy 1, + (s.0.). Replacing (g; — g:) by (G; — gz)fz/fZ in the second and the third terms of
Equation (B.14), we obtain the leading term of CV;

CVor = 2nilz — fi)(9i — 93) fz/f3+2n 12“@ i — [i)(Gi gl)fl/f2
= Op(h° + WA+ h*N2 + X° + K2 (nh?) ™) + (s.0.), (B.15)
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where the order calculations follow the same arguments as in the proofs of lemmas B.1 through B.3.

It is not hard to see that a detailed calculation would reveal that
OV, = C1h® + Coh* X + Csh® X% + Cy A + Csh?(nh?) ™! + (s.0.), (B.16)

for some constants C’j. We will not give the explicit definitions of C;’s to save space.
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