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1 Introduction

Currently, there is a large literature on consistent model specification testing using non-

parametric estimation methods. The idea was first proposed by Ullah (1985) in which he

suggested that one may construct a consistent test for a parametric regression function based

on the difference between the nonparametric kernel sum of squares of residuals and the sum

of squares of residuals from the parametric null model.1 This is quite natural given that

the most popular parametric model specification test is the F-test based on restricted and

unrestricted sums of squares of residuals and the kernel method is one of the most popular

nonparametric estimation methods. However existing tests based on comparing nonpara-

metric with parametric sums of squares of residuals are not completely satisfactory. For

example, Lee (1994) attempted to establish the asymptotic null distribution of the test

statistic proposed in Ullah (1985). However, to avoid the degeneracy of the distribution of

the test statistic under the null, Lee (1994) used re-weighting, the consequence of which is

the requirement that the errors must be conditionally homoskedastic; Yatchew (1992) also

developed tests for a parametric regression function based on comparing sums of squares

of residuals. To avoid the degeneracy of the null distribution of his test statistic, Yatchew

(1992) introduced sample splitting. Despite the lack of a satisfactory theoretical justification

for the test originally proposed in Ullah (1985), the test is still being used due to its intuitive

appeal, see Lee and Ullah (2000).

Recently many authors have constructed consistent model specification tests that do not

rely on either sample splitting or the assumption of conditionally homoskedastic errors, see

Ait-Sahalia, Bickel and Stoker (1994), Delgado and Stengos (1994), Eubank and Spiegelman

(1990), Fan and Li (1999), Hong and White (1995), Horowitz and Härdle (1994), Lavergne

and Vuong (1996), Lewbel (1995), Robinson (1989, 1991), Wooldridge (1992), and Zheng

(1996), among others. However, none of these tests is based on the kernel sum of squares

of residuals originally proposed by Ullah (1985). Given that this is the first nonparametric

1Bierens (1982) was the first to construct a consistent model specification test. His test does not use
any nonparametric estimation method, see Bierens (1990), De Jong (1996), Bierens and Ploberger (1997),
Andrews (1997), and Chen and Fan (1999). For power comparisons between Bierens’ test and some non-
parametric kernel tests, see Fan and Li (2000). See also the recent monograph of Hart (1997) on consistent
model specification tests.
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test proposed in the literature and is a natural extension of the parametric F-test, we feel it

is worthwhile providing a theoretical justification for it. This is the purpose of the current

paper.2

The remainder of this paper is organized as follows. In section 2, we establish the asymp-

totic null distribution of the difference between the kernel sum of squares of residuals and

the parametric sum of squares of residuals. Based on this, we construct a consistent test for

a parametric regression model, which does not rely on either sample splitting or the assump-

tion of conditionally homoskedastic errors. We also show the validity of a wild bootstrap

procedure for approximating the asymptotic null distribution of the proposed test statistic.

A small simulation experiment is carried out in section 3 to study the efficacy of the proposed

test and its bootstrap version. All the technical proofs are postponed to the Appendix.

2 The Test Statistic and Its Asymptotic Distribution

We consider the following nonparametric regression model

yi = m(xi) + ui, (i = 1, ..., n) (1)

where xi ∈ Rd, m(.) is a smooth unknown function, and ui is the error satisfying E(ui|xi) =

0 and E(u2
i |xi) = σ2(xi). We are interested in testing the null hypothesis of a correct

parametric specification for m(x), i.e.,

H0 : Prob[m(xi) = g(xi, β0)] = 1 for some β0 ∈ B , (2)

where g(., .) is a known function with β0 being a p × 1 unknown parameter, and B is a

compact set in Rp. The alternative hypothesis is the negation of H0, i.e.,

H1 : Prob[m(xi) = g(xi, β)] < 1 for all β ∈ B . (3)

2Recently, Horowitz and Spokoiny (2000) propose an adaptive and rate-optimal test for parametric re-
gression functional forms. To generalize the tests considered in this paper along the lines of adaptive and
rate-optimal is left for future research.
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2.1 A Test Based on the Kernel Sum of Squares of Residuals

Following the suggestion of Ullah (1985), we will construct a test for H0 against H1 on the

basis of the difference between the sum of squares of residuals from the restricted parametric

null model and the kernel sum of squares of residuals from the unrestricted nonparametric

regression model.

Let β̂ denote a
√
n-consistent estimator of β0 under H0. For instance, one can take β̂ as

the nonlinear least squares estimator of β0 based on the null model. The ith residual from

the parametric model is ũi,p = yi − g(xi, β̂). Then the sum of squares of residuals from the

restricted parametric model is

SSRP =
1

n

∑
i

ũ2
i,p. (4)

By using standard arguments based on the Taylor series expansion, one can easily show

that under condition (C1) given in the Appendix and the fact that β̂−β = Op(n
−1/2) under

H0, the following is true:

SSRP =
1

n

∑
i

u2
i +Op(n

−1). (5)

For the unrestricted model, we estimate E(yi|xi) ≡ m(xi) by the following leave-one-out

kernel estimator,

ŷi ≡ Ê(yi|xi) =
1

nhd
∑
j 6=i

yjK(
xi − xj
h

)/f̂(xi), (6)

where K(.) is the kernel function, h = hn is the smoothing parameter, and

f̂(xi) =
1

nhd
∑
j 6=i

K(
xi − xj
h

), (7)

is the leave-one-out kernel estimator of f(xi), the density function of the regressor xi. There-

fore, the ith nonparametric residual is

ũi = yi − ŷi, (8)

and the nonparametric kernel sum of squares of residuals is given by

SSRN =
1

n

∑
i

ũ2
i =

1

n

∑
i

(yi − ŷi)2. (9)
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In the Appendix we show that

SSRN =
1

n

∑
i

u2
i − Un + c1(n) + c2(n) + op((nh

d/2)−1), (10)

where

Un =
1

n2hd
∑
i

∑
j 6=i

uiuj[K̄ij − 2Kij]/f(xi), (11)

is a second order degenerate U-statistic, Kij = K((xi − xj)/h), K̄ij = K̄((xi − xj)/h), in

which K̄(v) =
∫
K(u)K(u+ v)du is the two-fold convolution kernel obtained from K(.),

c1(n) =
1

n3h2d

∑
i

∑
j 6=i

(m(xi)−m(xj))
2K2

ij/f̂
2(xi), (12)

and

c2(n) =
1

n3h2d

∑
i

∑
j 6=i

u2
iK

2
ij/f̂

2(xi). (13)

By lemma A.7 we know that nhd/2Un → N(0, σ2
0) in distribution, where

σ2
0 = 2E[σ4(xi)/f(xi)]{

∫
[K̄(u) − 2K(u)]2du}. Thus, (5), (10) and lemma A.7 lead to the

following Theorem.

THEOREM 2.1 Under (C1) and (C2) given in the Appendix, we have under H0,

nhd/2[SSRP − SSRN + c1(n) + c2(n)]→ N(0, σ2
0) in distribution.

Theorem 2.1 suggests that one need to provide consistent estimators for c1(n), c2(n) and

σ2
0 in order to construct a test statistic based on (SSRP − SSRN). The following theorem

serves this purpose.

THEOREM 2.2 Define ĉ1(n) = (n3h2d)−1∑
i

∑
j 6=i[g(xi, β̂) − g(xj, β̂)]2K2

ij/f̂
2
i , ĉ2(n) =

(n3h2d)−1∑∑
j 6=i û

2
i,pK

2
ij/f̂

2
i and σ̂2

0 = 2(n2hd)−1∑
i

∑
j 6=i û

2
i,pû

2
j,p(K̄ij− 2Kij)

2/f̂ 2
i , where f̂i =

f̂(xi). Then under conditions (C1) and (C2) given in the Appendix, we have under H0

Tn
def
= nhd/2[SSRP − SSRN + ĉ1(n) + ĉ2(n)]/σ̂0 → N(0, 1) in distribution.
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Remark It is easy to show that c1(n) = Op(h
2(nhd)−1). Therefore, nhd/2c1(n) = Op(h

2−d/2),

which is op(1) if d ≤ 3 (d is the dimension of xi). Thus, one can drop c1(n) and ĉ1(n) in

Theorem 2.1 and Theorem 2.2 when d ≤ 3.

The next Theorem establishes the consistency of the Tn test.

THEOREM 2.3 Under (C1) and (C2), we have under H1,

Prob[Tn > c]→ 1 for any positive constant c > 0.

2.2 A Bootstrap Test

It is well known that nonparametric kernel-based tests suffer from poor size performance for

moderately large samples typically encountered in practice, see Härdle and Mammen (1993),

Li and Wang (1998), and Lee and Ullah (2000), among others for evidence on this. In this

subsection we show that the wild bootstrap can be used to approximate the null distribution

of the Tn test.

Let u∗i be the wild-bootstrap error obtained from the two point distribution based on the

nonparametric residual ũi, i.e., u∗i = aũi with probability r = (
√

5 + 1)/(2
√

5) and u∗i = bũi

with probability 1 − r, where a = (1 −
√

5)/2 and b = (1 +
√

5)/2. With {u∗i }ni=1, the

bootstrap test statistic is obtained by the following steps.

Step (i): Generate y∗i according to the parametric null model: y∗i = g0(xi, β̂)+u∗i , i = 1, ..., n,

and then use the bootstrap sample {xi, y∗i }ni=1 to estimate β based on the parametric null

model. Denote the resulting estimator as β̂∗. Then obtain the parametric bootstrap residual

based on the null model: û∗i,p = y∗i − g(xi, β̂
∗), i = 1, ..., n.

Step (ii): Obtain the nonparametric bootstrap residual: ũ∗i = y∗i − ŷ∗i , i = 1, ..., n, where

ŷ∗i =
∑
j 6=i y

∗
jKij/

∑
j 6=iKij is the kernel estimator of E(yi|xi) using the bootstrap sample

{xi, y∗i }ni=1.

Step (iii): Compute the bootstrap test statistic

T ∗n = nhd/2[SSR∗P − SSR∗N + ĉ∗1(n) + ĉ∗2(n)]/σ̂∗0,

where SSR∗N , SSR∗P , ĉ∗j(n) (j = 1, 2) and σ̂2∗
0 are obtained in the same way as SSRN , SSRP ,

ĉj(n) (j = 1, 2) and σ̂2
0 except that ũi and ûi,p are replaced by ũ∗i and û∗i,p, respectively.
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The next Theorem shows that the wild bootstrap method works.

THEOREM 2.4 Let Zn = {xi, yi}ni=1. Under conditions (C1) and (C2), we have

T ∗n |Zn → N(0, 1) in distribution.

The proof of Theorem 2.4 is basically the same as that of Theorem 2.2. We only provide

a sketchy proof in the Appendix. Note that whether H0 is true or not, our bootstrap sample

is always generated according to the null model. Therefore, the distribution of the bootstrap

statistic T ∗n will mimic the null distribution of Tn even when the null hypothesis is false.

2.3 A Density-Weighted Test

Condition (C1) requires that the density function f(.) be bounded below by a positive

constant, which rules out any regressor whose distribution has an unbounded support such as

normal regressors. To relax this restrictive assumption, one can either introduce a trimming

parameter to trim out the small values of f̂(xi), or construct a density weighted test statistic.

The latter is much easier to handle technically and also has the advantage of avoiding another

(trimming) nuisance parameter. Below we will construct a density weighted test statistic

and derive its asymptotic distribution.

Define a density-weighted kernel sum of squares of residuals by DSSRN = n−1∑
i ũ

2
i f̂

2
i

and a density weighted parametric sum of squares of residuals by DSSRP = n−1∑
i û

2
i,pf̂

2
i .

THEOREM 2.5 Define ĉ1,d(n) = (n3h2d)−1∑
i

∑
j 6=i[ĝ(xi, β̂)− g(xj, β̂)]2K2

ij,

ĉ2,d(n) = (n3h2d)−1∑
i

∑
j 6=i ũ

2
i,pK

2
ij, and σ̂2

0,d = 2(n2hd)−1∑
i

∑
j 6=i û

2
i,pû

2
j,pf̂if̂j[K̄ij − 2Kij]

2.

Then under (C1) and (C2) except the condition of infx∈Sf(x) ≥ δ > 0 in (C1), we have

(i) Tn,d = nhd/2[DSSRP − DSSRN + ĉ1,d(n) + ĉ2,d(n)]/σ̂0,d → N(0, 1) in distribution

under H0, and

(ii) Prob[Tn,d > c]→ 1 for any positive constant c > 0 under H1.

The proof of Theorem 2.5 is similar to the proofs of Theorems 2.2 and 2.3 and a sketchy

proof is given in the Appendix.
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One can also use the wild bootstrap method to approximate the null distribution of Tn,d.

The bootstrap statistic is given by

T ∗n,d = nhd/2[DSSR∗P −DSSR∗N + ĉ∗1,d(n) + ĉ∗2,d(n)]/σ̂∗0,d,

where DSSR∗P , DSSR∗N , ĉ∗1,d(n), ĉ∗2,d(n) and σ̂∗0,d are defined in the same way as DSSRP ,

DSSRN , ĉ1,d(n), ĉ2,d(n) and σ̂0,d except that ũi and ûi,p are replaced by ũ∗i and û∗i,p, respec-

tively, ũ∗i and û∗i,p are given in section 2.2. Similar to the proof of Theorem 2.5, one can show

that T ∗n,d → N(0, 1) whether H0 is true or not. Hence, T ∗n,d can be used to approximate the

null distribution of Tn,d.

2.4 The Dependent Data Case

Like most of the existing tests in the literature, our tests are established for independent

observations. The main tool being used to obtain the asymptotic null distributions of the

test statistics in this area is Hall’s (1984) central limit theorem for degenerate U-statistics.

Recently Fan and Li (1999) have extended Hall’s (1984) result to weakly dependent data

case. Using Theorem 3.1 of Fan and Li (1999), one should be able to establish the validity of

the tests in section 2 for the weakly dependent data case and hence provide some theoretical

justification for the finite sample results in Lee and Ullah (2000). However, a detailed proof

is quite tedious and thus omitted.

3 Monte Carlo Simulations

In this section we report results from a small Monte Carlo experiment to examine the finite

sample performance of our proposed Tn test and its bootstrap version. We will only study

the size performance of our tests, for the power performance, see Lee and Ullah (2000). We

use the same data generating process (DGP) as considered in Härdle and Mammen (1993):

yi = 2xi − x2
i + ui, (14)

where xi is uniform [0,1] and ui is i.i.d. N(0, σ2) with σ = 0.1. Li and Wang (1998) also used

the same DGP to examine the size performance of an alternative nonparametric test (their

Jn test, see also Zheng (1996)). We use a standard normal (second order) kernel function for
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K(.). Hence, the convolution kernel K̄(.) is a normal density with zero mean and variance 2.

Condition (C2) (ii) in the Appendix requires that h → 0 and nh4.5 → ∞ as n → ∞, which

rules out the optimal smoothing. We choose the smoothing parameter via h = σxn
−1/3,

where σx is the sample standard deviation of {xi}ni=1. For comparison we also computed the

test statistic suggested by Li and Wang (1998), and Zheng (1996) (denoted as Jn test). The

Jn test is given by

Jn = nhd/2[
1

n2hd
∑
i

∑
j 6=i

ûi,pûj,pKij/σ̂1],

where σ̂2
1 = 2(n2hd)−1∑

i

∑
j 6=i û

2
i,pû

2
j,pK

2
ij. It is known that Jn → N(0, 1) under H0. Note

that the Jn test has a simpler structure compared with the Tn test because Jn only involves

two summations. Also, the conditions on h are h → 0 and nhd → ∞ so that the Jn test

allows optimal smoothing parameter being used. We also use a standard normal kernel for

the Jn test, and the smoothing parameter is chosen via h = σxn
−1/5 for the Jn test.

Table 1 gives the estimated sizes of the Tn and the Jn tests based on the asymptotic

standard normal critical values, where the number of replications is 2,000 for all cases. From

Table 1 we observe that both tests are conservative. The Tn test suffers from more bias

than the Jn test, while the Jn test has an standard error significantly less than 1 even for

n = 1, 000. Overall, the bias of both tests become smaller and the standard deviations get

closer to 1, as sample size gets larger, as suggested by the asymptotic theories. However

extremely large sample sizes may be needed in order for the asymptotic theories to work

satisfactorily.

Next we turn to the performances of the bootstrap tests. Table 2 reports the estimated

sizes based on wild bootstrap statistics. The number of replications for the bootstrap tests is

1,000 and within each replication, 399 bootstrap statistics are generated to yield bootstrap

critical values. From Table 2 we can see that the bootstrap tests perform much better than

their asymptotic counterparts. The Jn test seems to have slightly better estimated sizes than

the Tn test, probably due to the fact that Jn test has a simple structure and it allows a wide

range of values for h (including optimal smoothing).
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Table 1: Estimated sizes based on asymptotic critical values

Tn test Jn test

Mean Std 1% 5% 10% Mean Std 1% 5% 10%

n= 50 -1.587 1.373 .001 .014 .027 -0.845 .568 .001 .002 .004
n=100 -1.328 1.171 .004 .014 .025 -0.768 .630 .001 .004 .014
n=200 -1.207 1.032 .004 .012 .020 -0.726 .681 .002 .011 .018
n=500 -1.030 0.992 .003 .012 .022 -0.697 .687 .002 .008 .016
n=1000 -0.944 0.998 .004 .004 .029 -0.678 .712 .004 .130 .046

Table 2: Estimated sizes based on bootstrap critical values

Tn test Jn test

1% 5% 10% 20% 1% 5% 10% 20%

n = 50 0.012 0.057 0.118 0.237 0.012 0.053 0.109 0.216
n = 100 0.013 0.069 0.135 0.248 0.008 0.048 0.094 0.210
n = 200 0.009 0.043 0.101 0.219 0.009 0.051 0.101 0.207

APPENDIX: Proofs of the Main Results

The following definition (Robinson (1988)) will be used.

Definition 1. Gαµ , α > 0, µ > 0, is a class of functions g: Rd → R satisfying: g is µ -times

partially differentiable; for some ρ > 0, supy∈φzρ |g(y)−g(z)−Qg(y, z)|/|y−z| ≤ Gg(z) for all

z, where φzρ = {y : |y− z| < ρ}; Qg = 0 when ν = 1; Qg is a (ν − 1) th degree homogeneous

polynomial in y − z with the coefficients the partial derivatives of order µ− 1 and less, and

Gg(z) has finite αth moments.

The following conditions are used to derive the asymptotic distributions of the test statis-

tics considered in this paper.

C1 (yi, xi), i = 1, ..., n, are independent and identically distributed as (Y,X), X has a

convex compact support S. Let f(.) denote the density function of X. f(x) is bounded

above and infx∈Sf(x) ≥ δ > 0; under H0, β̂ − β = Op(n
−1/2), ∇g(X, .) and ∇2g(X, .) are

continuous in X and dominated by functions with finite second moments, where ∇g(X, .)

and ∇2g(X, .) are the d×1 vector of first order partial derivatives and d×d matrix of second

order partial derivatives of m with respect to β respectively. Y has finite fourth moment;

m(x), f(x) and σ2(x) = E[u2
i |xi = x] and µ4(x) = E[u4

i |xi = x] all belong to G4
ν for some
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positive integer ν ≥ 2.

C2 (i) We use product kernel, in which the univariate kernel function k: R → R is

an even and bounded νth order kernel function, i.e,
∫
k(v)vldv = 0 for l = 1,...,ν − 1 and∫

k(v)vldv 6= 0; (ii) as n→∞, h→ 0, nhd →∞ and nh2ν+d/2 →∞.

Define m̂i = (nhd)−1∑
j 6=im(xj)Kij and ûi = (nhd)−1∑

j 6=i ujKij. Then from (6) we have

ŷi = m̂i + ûi, and

SSRN =
1

n

∑
i

[ui + (mi − m̂i)− ûi]2 =
1

n

∑
i

u2
i +

1

n

∑
i

(mi − m̂i)
2 +

1

n

∑
i

û2
i

+
2

n

∑
i

ui(mi − m̂i)−
2

n

∑
i

ûi(mi − m̂i)−
2

n

∑
i

uiûi

≡ A1n + A2n + A3n + 2A4n − 2A5n − 2A6n, (A.1)

where the definitions of Ajn (j = 1, ..., 6) should be apparent from (A.1).

Lemma A.0 E[(m(x2)−m(x1))|x1] ≤ Gm(x1)hd+ν ,

where Gm(X) has finite fourth moments.

Proof: It is similar to the proof of Lemma 5 in Robinson (1988).

Lemma A.1 (i) supx∈S |f̂(x) − f(x)| = o(1) almost surely (a.s), (ii) supx∈S |1/f̂(x)| =

O(1) a.s.

Proof: For (i), see Györfi, et al. (1989).

(ii) f̂(x) = f(x) + (f̂(x) − f(x)) ≤ infx∈Sf(x) − supx∈S |f̂(x) − f(x)|. Therefore,

supx∈S |1/f̂(x)| ≤ 1/| infs∈Sf(x)− [supx∈S |f̂(x)− f(x)|] | = O(1) a.s. because infx∈Sf(x) ≥
δ > 0 by (C1) and supx∈S |f̂(x)− f(x)| = o(1) a.s. by (i) above.

Lemma A.2 A2n = c1(n) + op((nh
d/2)−1), where c1(n) is defined in (12).

Proof: A2n = n−1∑
i(mi−m̂i)

2 = n−1∑
i[(mi−m̂i)

2f̂ 2
i /f̂

2
i ] = (n3h2d)−1∑

i

∑
j 6=i

∑
l 6=i(mi−

mj)Kij(mi −ml)Kil/f̂
2
i = (n3h2d)−1∑∑

j 6=i(mi −mj)
2K2

ij/f̂
2
i + (n3h2d)−1∑∑∑

i6=j 6=l(mi −
mj)Kij(mi −ml)Kil/f̂

2
i ≡ c1(n) + A2n,2.

It is easy to show that the leading term ofA2n,2(n) is (n3h2d)−1∑∑∑
i6=j 6=l(mi−mj)Kij(mi−

ml)Kil/f
2
i = (n3h2d)−1Op(n

3h2(d+ν)) = Op(h
2ν) = op((nh

d/2)−1) by lemma A.0.

Hence, A2n = c1(n) + op((nh
d/2)−1).
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Lemma A.3 A3n = U1n + c2(n) + op((nh
d/2)−1),

where U1n = (n2hd)−1∑
i

∑
j 6=i uiujK̄ij/fi with K̄ij =

∫
K((xi−xj)/h+v)K(v)dv, and c2(n) =

(n3h2d)−1∑
i

∑
j 6=i u

2
jK

2
ij/f̂

2
i .

Proof: A3n = (n3h2d)−1∑
i

∑
j 6=i

∑
l 6=i ujulKijKil/f̂

2
i = (n3h2d)−1∑∑∑

i6=j 6=l ujulKijKil/f̂
2
i +

(n3h2d)−1∑∑
i6=j u

2
jK

2
ij/f̂

2
i = (n3h2d)−1∑

i

∑
j 6=i

∑
l 6=i ujulKijKil/f̂

2
i + c2(n) ≡ A3n,1 + c2(n),

where c2(n) is defined in (13). We write A3n,1 = (n3h2d)−1∑∑∑
i6=j 6=l ujulKijKil/f

2
i +

(n3h2d)−1∑∑∑
i6=j 6=l ujulKijKil[(f̂i)

−2 − (f̂i)
−2] ≡ B3n,1 +B3n,2.

By H-decomposition (e.g., Lee (1990)), the leading term of B3n,1 is a second order de-

generate U-statistic of the form of (n2h2d)−1∑∑
l 6=j ujulE[KijKill/f

2
i |xj, xl].

Note thatE[KijKil/f
2
i |xj, xl] =

∫
[f(xi)K((xi−xj)/h)K((xi−xl)/h)/f2

i ]dxi = hd
∫

[K(v)K((xj−
xl)/h + v)/f(xj + uh)]dv = (hd/f(xj))K̄((xj − xl)/h) + O(hd+1), where K̄(v) =

∫
K(u +

v)K(u)du is the two-fold convolution kernel obtained from K(.). Therefore, we have

B3n,1 = (n2hd)−1∑
j

∑
l 6=j ujulK̄jl/fj + (s.o) = (n2hd)−1∑

i

∑
j 6=i uiujK̄ij/fi + (s.o) ≡

U1n + (s.o.), where U1n is defined in lemma A.3 above and the (s.o.) term means it has an

order smaller than U1n.

Obviously, B3n,1 = Op((nh
d/2)−1). By lemma A.1, it is easy to show that B3n,2 has an

order smaller than B3n,1, that is B3n,2 = op((nh
d/2)−1). Thus we have,

A3n = U1n + c2(n) + op((nh
d/2)−1).

Lemma A.4 A4n = op((nh
d/2)−1).

Proof: A4n = Op(h(nhd/2)−1 + n−1/2hν) = op((nh
d/2)−1) by lemma 3 of Li (1996).

Lemma A.5 A5n = op((nh
d/2)−1).

Proof: A5n = n−1∑
i ûi(mi−m̂i) ≡ n−1∑

i ûif̂i(mi−m̂i)f̂i/f̂
2
i = (n3h2d)−1∑

i

∑
j 6=i

∑
l 6=i ujKij(mi−

ml)Kil/f̂
2
i = (n3h2d)−1∑

i

∑
j 6=i uj(mi−mj)K

2
ij/f̂

2
i +(n3h2d)−1∑∑∑

i6=j 6=l uj(mi−ml)KijKil/f̂
2
i ≡

A5n,1 + A5n,2,

By lemma A.0 it is easy to see that the second moment of A5n,1 is (n6h4d)−1O(n3h2h2d +

n2hd) = o(n2hd), and that the second moment of A5n,2 is (n6h4d)O(n6h4(d+ν) + n4h3(d+ν) +

n2h2(d+ν)) = O(h2ν + (n2hd)−1h2ν) = o(n2hd).

Therefore, A5n = op((nh
d/2)−1).

Lemma A.6 A6n = U2n + op((nh
d/2)−1), where U2n = (n2hd)−1∑

i

∑
j 6=i uiujKij/fi.

11



Proof: It suffices to show that B6n
def
= A6n − U2n = op((nh

d/2)−1).

Now, B6n = A6n−U1n = 2(n2hd)−1∑
i

∑
j>i uiujKij[(1/f̂i)− (1/fi)]. The second moment

of B6n is E[B2
6n] = 4(n2hd)−1∑

i

∑
j>iE{u2

iu
2
jK

2
ij[(1/f̂i) − (1/fi)]

2} ≤ E[ {supx∈S |[f̂(x) −
f(x)]/(f(x)f̂(x))|}24(n4h2d)−1∑

i

∑
j>i u

2
iu

2
jK

2
ij ] = o(1)(n4h2d)−1∑

i

∑
j>iE[u2

iu
2
jK

2
ij]

= o(1)O((n2hd)−1) = o((n2hd)−1) by lemma A.1, which implies that B6n = op((nh
d/2)−1).

Lemma A.7 nhd/2Un → N(0, σ2
0) in distribution,

where Un = U1n − 2U2n, U1n and U2n are defined in lemmas A.1 and A.3, respectively, and

σ2
0 is defined above Theorem 2.1.

Proof: nhd/2Un = (n2hd)
∑
i

∑
j 6=i uiuj(K̄ij − 2Kij)/fi is a degenerate U-statistic and it

is easy to show that its second moment is E{[nhd/2Un]2} = 4(n2hd)−1∑
i

∑
j>iE[u2

iu
2
j(K̄ij −

2Kij)
2/f2

i ] = 2E[σ4(xi)/f(xi)]{
∫

[K(u)− K̄(u)]2du}+o(1) = σ2
0 +o(1). Finally it is straight-

forward to check that the conditions of Hall’s (1984) Theorem 1 holds. Therefore by Hall’s

central limit theorem for degenerate U-statistic, we know that nhd/2Un → N(0, σ2
0) in distri-

bution.

Proof of Theorem 2.1

Proof: Using (5), (8) and lemmas A.2 to A.6, we have

SSRP − SSRN + c1(n) + c2(n) = Un + op((nh
d/2)−1).

Therefore,

nhd/2[SSRP − SSRN + c1(n) + c2(n)] = nhd/2Un + op(1) → N(0, σ2
0) in distribution by

lemma A.7.

Proof of Theorem 2.2

By noting that ûi,p− ui = Op(n
−1/2) and cj(n) = Op((nh

d)−1) (j = 1, 2), it is easy to see

that ĉj(n)− cj(n) = Op(n
−1/2)Op((nh

d)−1) = op((nh
d/2)−1). Hence,

Tn = nhd/2[SSRP −SSRN + ĉ1(n)+ ĉ2(n)] = nhd/2{Un+[ĉ1(n)−c1(n)]+[ĉ2(n)−c2(n)]+

op((nh
d/2)−1)} = nhd/2Un + op(1)→ N(0, σ2

0) in distribution by lemma A.7.

Finally it is easy to show that σ̂2
0 = σ2

0 + op(1). Hence,

nhd/2[SSRP − SSRN + ĉ1(n) + ĉ2(n)]/σ̂0 → (1/σ0)N(0, σ2
0) = N(0, 1) in distribution

under H0.

Proof of Theorem 2.3

12



Let β̄ denote the probability limit of β̂ under H1. We have ûi,p = yi − g(xi, β̂) =

ui+m(xi)−g(xi, β̄)+op(1) ≡ ui+ηi+op(1), where ηi = m(xi)−g(xi, β̄). Denote σ2
u = E(u2

i )

and σ2
η = E(η2

i ). Then

SSRp = n−1
∑
i

(ui + ηi)
2 + op(1)

= n−1
∑
i

u2
i + n−1

∑
i

ηi + op(1) = σ2
u + σ2

η + op(1).

It is easy to show that, under H1, SSRN = n−1∑
i u

2
i + op(1) = σ2

u + op(1), ĉj(n) =

Op((nh
d)−1) = op(1) (j = 1, 2 ). Hence,

nhd/2[SSRP −SSRN + ĉ1(n) + ĉ2(n)] = nhd/2[σ2
η + op(1)]→∞ at the rate of nhd/2 since

σ2
η > 0 under H1. This completes the proof of Theorem 2.3.

Proof of Theorem 2.4

First using β̂∗ − β̂ = Op(n
−1/2), it is easy to show that

SSR∗P =
1

n

∑
i

u∗2i +Op(n
−1). (A.2)

Next, define m̂i,p = g(xi, β̂), m̂∗i = (nhd)−1∑
j 6=i m̂j,pKij and û∗i = (nhd)−1∑

j 6=i u
∗
jKij.

Then we have ŷ∗i
def
=
∑
j 6=i y

∗
jKij/

∑
j 6=iKij = m̂∗i + û∗i , and

SSR∗N =
1

n

∑
i

[u∗i + (m̂i,p − m̂∗i )− û∗i ]2 =
1

n

∑
i

u∗2i +
1

n

∑
i

(m̂i,p − m̂∗i )2 +
1

n

∑
i

û∗2i

+
2

n

∑
i

u∗i (m̂i,p − m̂∗i )−
2

n

∑
i

û∗i (m̂i,p − m̂∗i )−
2

n

∑
i

u∗i û
∗
i

≡ A∗1n + A∗2n + A∗3n + 2A∗4n − 2A∗5n − 2A∗6n, (A.3)

where the definitions of A∗jn (j = 1, ..., 6) should be apparent.

Following exactly the same arguments as in the proof of Theorem 2.1, one can show that

nhd/2[SSR∗P − SSR∗N + c∗1(n) + c∗2(n)]|Zn = nhd/2U∗n + op(1)→ N(0, σ̂2
0) in distribution,

where c∗1(n), c∗2(n) and U∗n are defined the same way as c1(n), c2(n) and Un with ui and m(xi)

replaced by u∗i and m̂i,p = g(xi, β̂), respectively. Hence, Theorem 2.4 follows by noting that

ĉ∗j(n)− c∗j(n) = op((nh
d/2)−1) (j = 1, 2), σ̂∗20 − σ̂2

0 = op(1).

Proof of Theorem 2.5

DSSRN =
1

n

∑
i

[ui + (mi − m̂i)− ûi]2f̂ 2
i =

1

n

∑
i

u2
i f̂

2
i +

1

n

∑
i

(mi − m̂i)
2f̂ 2
i +

1

n

∑
i

û2
i f̂

2
i

13



+
2

n

∑
i

ui(mi − m̂i)f̂
2
i −

2

n

∑
i

ûi(mi − m̂i)f̂
2
i −

2

n

∑
i

uiûif̂
2
i

≡ D1n +D2n +D3n + 2D4n − 2D5n − 2D6n, (A.4)

where the definitions of Djn (j = 1, ..., 6) should be apparent.

The proof is similar to that of Theorem 2.1. In particular, D4n and D5n are all of

op((nh
d/2)−1) by the same arguments in the proof of Ajn = op((nh

d/2)−1) (j = 4, 5).

By the same arguments as in the proof of lemma A.2, one can easily show that D2n =

c1,d(n) + op((nh
d/2)−1), where c1,d(n) = (n3h2d)−1∑

i

∑
j 6=i(m(xi)−m(xj))

2K2
ij.

Similar to the proof of lemma A.3, we have

D3n = n−1∑
i û

2
i f̂

2
i = (n3h2d)−1∑

i

∑
j 6=i

∑
l 6=i ujulKijKil = (n3h2d)−1∑

i6=j 6=l ujulKijKil +

(n3h2d)−1∑
i

∑
j 6=i u

2
jK

2
ij = D3n,1 + c2,d(n).

The leading term of D3n,1 is a second order degenerate U-statistic. Using the standard H-

decomposition, we have E[ujulKijKil|zj, zl] = ujulE[KijKil|xj, xl] = ujul{hdK̄jlfj + o(hd)}
, where K̄jl = K̄((xj − xl)/h) and K̄(.) is the convolution kernel. Therefore, we get

D3n,1 = (n2hd)−1∑
i

∑
j 6=i uiujfjK̄ij + (s.o.) ≡ U1n,d + (s.o.).

By the same arguments as in the proof of lemma A.6, one can show that D6n =

(n2hd)−1∑
i

∑
j 6=i uiujKij f̂i = (n2hd)−1∑

i

∑
j 6=i uiujKijfi + (s.o.) ≡ U2n,d + (s.o.).

D1n cancels the leading term in DSSRP , i.e., DSSRP −D1n = Op(n
−1). Thus, we have

nhd/2[DSSRP −DSSRN + c1,d(n) + c2,d(n)] = nhd/2Un,d + op(1),

where Un,d = (n2hd)−1∑
i

∑
j 6=i uiujfi(K̄ij − 2Kij). The second moment of Un,d is

E[(Un,d)2] = 4(n2hd)−1∑
i

∑
j>iE{u2

iu
2
jf

2
i (K̄ij−2Kij)

2} = E[σ2(x)f 3(x)][
∫

(K̄(v)−2K(v))2dv]+

o(1) ≡ σ2
0,d + o(1).

We estimate σ2
0,d by σ̂2

0,d = 2(n2hd)−1∑
i

∑
j 6=i û

2
i,pû

2
j,pf̂if̂j(K̄ij − 2Kij)

2. Also we esti-

mate c1,d(n) and c2,d(n) by ĉ1,d(n) = (n3h2d)−1∑
i

∑
j 6=i[g(xi, β̂)− g(xj, β̂)]2K2

ij and ĉ2,d(n) =

(n3h2d)−1∑
i

∑
j 6=i û

2
j,pK

2
ij.

Obviously σ̂2
0,d−σ2

0,d = op(1) and ĉj,d(n)−cj,d(n) = Op(n
−1/2)Op((nh

d)−1) = op((nh
d/2)−1)

(j = 1, 2). Therefore, we have

Tn,d
def
= nhd/2[DSSRP −DSSRN + ĉ1,d(n) + ĉ2,d(n)]/σ̂0,d

= nhd/2Un,d/σ0,d + op(1)→ N(0, 1) in distribution under H0.
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