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Basic Asymptotic Theory 
 
Convergence of deterministic sequences:  
 
Definitions:  

(1) A sequence of nonrandom numbers {aN: N=1,2,…,} converges to a  

aN  a if ∀ ε > 0,  N∃ ε ∀ such that |aN - a|< ε  ∀ n > Nε.  We write aN a as 

N ∞.  

(2) A sequence {aN: N = 1,2,…,} is bounded iff ∃  b< ∞ such that  

|aN|<b,∀N =1,2…..  otherwise, we say aN is unbounded. 

Examples:  (1) if aN =2+1/N   then aN 2. 

              (2) if  aN = (-1)N  then aN doesn’t have a limit but bounded. 

  (3) aN = N1/4, then aN is not bounded.  

Definitions: 

(1) A sequence {aN} is O(N λ) (at most of order N λ) if  N -λaN  is bounded. We also 

write is as aN=O(N λ). When λ = 0, {aN} is bounded, we also write it as aN=O(1) 

(big oh one). 

(2) {aN} is o(N λ) if N -λ aN 0. We also write as aN = o(N λ). 

      When λ =0, aN converge to zero, or aN = o(1) (little oh one).  

Example:  (1) if aN =log(N), then aN = o(N λ)  for any λ>0.  
           (2) if aN =10+N1/2,  then aN =O(N1/2)  &  ( )γ+= 2/1NoaN  for γ > 0.   
 
 
Convergence in probability  
 
Definitions: 
 

(1) A sequence of random variables {xN: N = 1, 2, …} converges in probability to 
the constant a  if  for any ε > 0   ( ) 0Pr →<≥ εεbxN  as N→ ∞. We write it as 

or plim xax p
N ⎯→⎯ N = a.  
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(2) For {xN}, when a = 0 then  or x0⎯→⎯p
Nx N = op(1)  (little oh p one) 

(3) {xN} is bounded in probability if  for any ε > 0,  there exists a bε< ∞ and an 
 integer Nε such that ( ) εε <≥ bxNPr  for all N ≥ Nε or xN = Op(1)  (xN is big oh 
 p one) 
 
Questions:  (1) Is xN → N(0,σ2) bounded? ( ) εε <≥ bxNPr  is always true. 

(2) Are all random variables bounded in probability?  Cauchy? Yes. A 
random sequence, however, is not bounded.  

 
Discussions:  If  cN  is a nonrandom sequence: 

then     cN = Op(1) iff cN = O(1) 
        cN = op(1) iff cN = o(1)  
 
Lemma: if   then xax p

N ⎯→⎯ N = Op(1).  
 

Definitions: 

(1) A random sequence {xN: N = 1, 2, …} is op(aN), where aN  is a nonrandom  

positive sequence and xN /aN = op(1).      

(2) {xN}is Op(aN) if xN /aN = Op(1).   

  

Examples: 

(a) Define ∑=
i

iN x
N

x 1 . We have  ).( i
p

N xEx ⎯→⎯  Then  )1(pN ox = . 

 (b) Central limit theorem: ( )( ) ( )2,0 xiN NxExN σ→− , then: ( )2/1−= nOx pN  

(c)   If z is a random variable,  zNxN = , then ( )2/1nOx pN = , and  

( )ε+= 2/1nox pN  for any ε>0.      
 

Lemma: 

         If wN = op(1) or wN  0 

xN = op(1) or xN  0         

     yN = Op(1)  yN  is bounded in probability  

     zN = Op(1)   zN  is bounded in probability. 

Then:  (1) wN + xN = op(1), or op(1)+ op(1)= op(1) 

       (2) yN + zN = Op(1), or Op(1)+ Op(1)= Op(1)  

(3) yN zN = Op(1), or Op(1)Op(1)= Op(1)  
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(4)  xN zN = op(1), or op(1)Op(1)= op(1) 

(5) wN xN = op(1), or op(1)op(1)= op(1) 

(6) xN + zN = Op(1), or op(1)+Op(1)= op(1) 

 
Lemma: g: RK RJ  continuous at some point . Suppose a random sequence  KRc∈
{xN}, . Then   , or plim g(xcx p

N ⎯→⎯ ( ) )(cgxg p
N ⎯→⎯ N) = g(plim xN)      

 
 This is the so-called Slutsky theorem, which is very useful in practice. It shows 

that the plim passes through nonlinear functions, provided they are continuous. The 

expectation operator does not have this feature. 

 

Definition: Let (Ω, F, P) be a probability space. A sequence of events {ΩN: N = 1, 2, …} 
F is said to occur with probability approaching one (w.p.a.1), if and only if Pr(ΩN) 

1 as  N  ∞ 
 
 Let {zN: N = 1, 2, …} be a sequence of random KxK matrix, and let A be a 
nonrandom, invertible KxK matrix. If , then: Az p

N ⎯→⎯

 (1) exists with probability approaches to 1;  1−
Nz

 (2)  or . 11 −− ⎯→⎯ Az p
N

11lim −− = Azp N

 
Convergence in distribution 
 
Definition: a sequence of random variables {xN} convergence in distribution to the 

continuous random variable x iff  FN(x) F(x) as N  ∞ for all Rx∈ , where 
FN(x) is the cdf of xN, and F(x)  is the cdf of x. 

 
Example: ( 2,σμNxN d

N ⎯→⎯ )

)

. Note FN(x) does not have continuous for any N. A 
good example is where xN is discrete for all but has an asymptotically normal 
distribution. A good example is Bernoulli. 

 
Definition: A sequence of Kx1 random vectors {xN: N = 1, 2, …} converges in 

distribution to the continuous vector x  iff for Kx1 nonrandom vector c, such 
that c‘c =1, and  . We write . xcxc d

N '' ⎯→⎯ xx d
N ⎯→⎯

 
When  then ( VmNx d

N ,⎯→⎯ ( )VccmcNxc d
N ','' ⎯→⎯   for any  and cKRc∈ ‘c =1.  

 
Lemma: if   where x is any Kx1 random vector, then xxx d

N ⎯→⎯ N = Op(1).  
 
 This lemma is useful to establish if a sequence is bounded – often by simply 
figuring out if the sequence has a limiting distribution or not.  
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Lemma (continuous mapping theorem): let {xN: N = 1, 2, …}  and . If 

g:R
xx d

N ⎯→⎯
K RJ is a continuous function then ( ) )(xgxg d

N ⎯→⎯ . 
   
 The importance of the Continuous mapping theorem cannot be overstated. It says 
if we know the limiting distribution of xN, we then know the limiting distribution of any 
function of xN.  
 
Corollary {zn}:    then  ( VNz d

N ,0⎯→⎯ )
 (1) For any KxM nonrandom matrix A,   ( )VAANzA d

N ',0' ⎯→⎯   
 (2) . 21' K

d
NN zVz χ⎯→⎯−

 
Lemma (asymptotic equivalence lemma):  
 Let {xn} and {zn}. If , and . Then  .  zz d

N ⎯→⎯ 0⎯→⎯− p
NN zx N

d
N zx ⎯→⎯

 
 
Limit Theorem for Random Samples 
 
Here we state two classical limit theorems for iid sequence. 
 
Theorem 1: {wi, i=1, 2, …} are iid Gx1 random vectors with E(|wig|)<∞, then the 

sequence satisfies the WLLN (Weak Law of Large Numbers):  

  ( )iw
p

N

i
i wEw

N
≡⎯→⎯∑

=

μ
1

1  

 
Theorem 2 (Lindeberg-Levy CLT) 
 If {wi, i=1, 2, …} with E(wig

2) < ∞,  and E(wig) = 0. Then  

   where B = Var(w( BNormalwN d
N

i
i ,0

1

2/1 ⎯→⎯∑
=

− ) i)=E(wiwi’).  

 B is necessarily positive semidefinite. 
 
 
Limiting Behavior of Estimators and Test Statistics  
 
Asymptotic properties of estimators  
 
Definition: { , N =1, 2, …} be a sequence of estimators of Nθ̂ 1P×  vector θ ∈Θ  

 If  for any value of θ then we say  is a consistent estimator of θ. θθ →N
ˆ

Nθ̂
 
Why for any value of θ? Because we don’t know θ. 
 
Definition:  if  { , N =1, 2, …} be a sequence, and if Nθ̂ ( ) ( )VNN d

N ,0ˆ ⎯→⎯−θθ , 
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Nθ̂ is N -normally distributed, and V is the asymptotic variance of ( )θθ −NN ˆ . 
 
Definition: Two estimators  and Nθ̂ Nθ%  with  ( ) ( )VNn d

N ,0ˆ ⎯→⎯−θθ   and  

( ) ( )DNn d
N ,0~

⎯→⎯−θθ . 
  

(1) is asymptotically efficient relative to Nθ̂ Nθ
~  if D-V is positive or semi definite 

for all θ 
 (2) and Nθ̂ Nθ

~  are n -equivalent if ( ) )1(ˆ~
pNN on =−θθ . 

 
Definition: and  are asymptotically independent if  1

ˆ
Nθ 2

ˆ
Nθ

( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

2

1
21 0

0ˆ,ˆ
V

V
Cov NN θθ . 

 
 
Asymptotic properties of test statistics  
 
Definition (1) asymptotic size: ( )00 |lim HHrejectPNN ∞→ . (2) A test is consistent against 

alternative H1 if the null hypothesis is rejected with probability approaching one, 
or: ( ) 1|lim 10 =∞→ HHrejectPNN . 

 
Lemma: If ( ) ( VNn d ,0ˆ ⎯→⎯−θθ ) , then: 
 (1) ( ) ( )',0ˆ RVRNRn d⎯→⎯−θθ  
 (2) ( ) ( ) ( ) 2

)dim(
1 ˆ'''ˆ

θχθθθθ ⎯→⎯−− − dRnRVRRn   
 
For testing H0: Rθ=r  where r is a Qx1 non-random vector. Wald statistic 
  
 
Lemma: If ( ) ( VNn d

N ,0ˆ ⎯→⎯−θθ ) . Let c: Θ RQ be a continuously differentiable 
function on the parameter space  where Q≤P. Assume that θ is in the 

interior of the parameter space. Define 

PR⊂Θ

( ) ( ) ( )
θ
θθθ θ ∂

∂
=∇≡

ccC .  Then we have: 

 ( ) ( )( ) ( ) ( )( )',0ˆ θθθθ VCCNccN d
N ⎯→⎯−  

 
How to get this? Delta method: 

 
  ( ) ( ) ( )( )θθθθθ −+= NNN Ccc ˆˆ * , 
 
where  is between and θ. Therefore,  would result in .  *

Nθ Nθ̂ θθ ⎯→⎯p
N

ˆ θθ ⎯→⎯p
N
*
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Therefore,  
 

  

( ) ( )( ) ( )( )
( ) ( ) ( ) ( )( ) ( )
( ) ( ) ( )
( ) ( )

( ) ( )( )',0

)1(ˆ
1)1(ˆ

ˆˆ

ˆˆ
*

*

θθ

θθθ

θθθ

θθθθθθθ

θθθθθ

VCCN

oNC

OoNC

NCCNC

CNccN

d

pN

ppN

NNN

NNN

⎯→⎯

+−=

+−=

−−+−=

−=−
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M-estimator / nonlinear estimator 

“M” indicates either the minimum or the maximum. Examples of M-estimators 
include MLE, least absolute deviation, GMM, non-linear least square, etc. 

 
 Nonlinear: we have a random variable y we would like to model E(y|x):  
  
 If E(y|x)=xθ, then linear models.  
 If E(y|x) = m(x, θ), a nonlinear function of θ, then nonlinear models. 
 
Examples: 
  (1) If y > 0, and m(x, θ) = exθ, exponential  

        (2) If 0 < y <1, and ( ) θ

θ

θ x

x

e
exm
+

=
1

, , logistic  

 How do we know if m(x, θ) = e xθ ? Maybe it is the case that: ( ) θ

θ

θ x

x

e
exm
+

=
1

, ? 

Identification condition: A correctly specified model for the conditional mean, E(y|x) if 

for some Θ∈0θ  such that:  

 E(y|x) = m(x, θ0) 

 
Example: consider a model: .   2

1),( θθθ xxm =
  E(y|x)=4x1.5, then θ01= 4,   θ02=1.5. 
  
 The model  would be estimated.  2

1),( θθθ xxm =
 
 In linear models, we add an error term: if E(y|x) = xβ  y = xβ+u  in which u can 
be identical (homoscedastic), and we assume E(u|x)=0 
 
Question: In nonlinear models, are u and x still uncorrelated? 
 
Example:  if  y ≥ 0, then m(x, θ) + u ≥ 0   u ≥ -m(x, θ). 
 
 In which case, u and x cannot be independent. Further, u cannot be 
homoskedasticity since var(u|x) ≠ var(u). 
 
Assumption NLS1: For some Θ∈0θ , E(y|x) = m(x, θ0), where θ0 is the true parameter.   
 
 How to find θ0? To find an estimate : such that . θ̂ 0

ˆ θθ ⎯→⎯p

 
Proposition: Given that E(y|x) = m(x, θ0). Show that the solution to the following 
minimization problem is θ0: 
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    ( )( )[ ]2,min θxmyE −   
Proof:    

 
( )( ) ( )( ) ( ) ( )( )( )
( )( ) ( )( ) ( ) ( )( ) ( )( )2000

2
0

2
00

2

,,,,,2,

,,,,

θθθθθθ

θθθθ

xmxmxmxmxmyxmy

xmxmxmyxmy

−+−−+−=

−+−=−

( )
   

 
Given E(y|x) = m(x, θ0), and take the conditional expectation of y:  
   

  
( )( )[ ] ( )( )[ ] ( ) ( )( )

( )( )[ ]2
0

2
0

2
0

2

,

,,,,

θ

θθθθ

xmyE

xmxmxmyExmyE

−≥

−+−=−
 

The inequality is strict when θ ≠ θ0.  
Therefore:  ( )( )[ ]2

0 ,minarg θθ xmyE −= . 

Denote: ( )( )∑
=

−=
N

i
iiNLS xmy

N 1

2,1minargˆ θθ    

If ( )( ) (( )2
1

2 ,,1 θθ ii
uniform

N

i
ii xmyExmy

N
−⎯⎯ →⎯−∑

=

)    then  0
ˆ θθ ⎯→⎯p

NLS

 
Identification: uniform convergence and consistency:  
 
Assumption NLS2 (Identification): ( )( )[ ] 0, 2 >− θxmyE  Θ∈∀θ  and θ ≠ θ0. 
 
Example:  4

33221),( θθθθθ xxxm ++=
 

If true θ03 = 0  then ( )( )[ ]2,θxmyE −  is minimized for any θ with θ1=θ01, θ2 = θ02, 
θ0 = 0 and θ4 at any values.  

  
Assumption NLS2 doesn’t hold. The model is not identified. 
 
 If θ03 ≠ 0, then NLS2 holds. The model is identified and can be estimated.    
 
Example: point wise convergence but not uniform convergence. 
 
  fn(x) = xn,  0 ≤ x ≤1 
 

 Let ( )  
⎩
⎨
⎧

=
<≤

=
11
100

xif
xif

xf

 

 In this case, fn(x)  f(x) pointwise.  

 However, fn(x) does not converge to f(x) uniformly.  

| fn(x)- f(x)|=xn cannot be bounded although xn 0 but cannot be bounded 
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independent of x. 

 Because to have xn < ε, we require nlog x < log ε. Therefore, n > log ε/ log x, 
which is dependent on x. Uniform convergence (the maximum converges):   

 ( ) ( )[ ] 0,,1max ⎯→⎯−∑ p
ii wqEwq

N
θθ  

 
Note: uniform convergence clearly implies point wise convergence.  

Point-wise convergence: for each Θ∈θ , ( ) (( )θθ ,,1 wqEwq
N

p

i
i ⎯→⎯∑ ) .   

Uniform weak law of large numbers  
 

Theorem:  w be random variable taking values , Θ be a subset of RMRW ⊂ P

q:WxΘ R be real value function. Assume that: (a) Θ is compact (b) For each Θ∈θ , 

q(.,Θ) is bound measurable on W. (c)  For each Ww∈ , q(w,.) is continuous on Θ. (d) 

|q(w,θ)| ≤ b(w) for all Θ∈θ . 

 
Theorem: If 

(i) (∑ θ,1
iwq

N
)  uniformly converges to ( )[ ]θ,iwqE  ;  

(ii) (( ))θθ ,minarg0 iwqE= , and  

(iii) ( )∑
=

=
N

i
iN wq

N 1
,1minargˆ θθ .  

Then we must have: . 0
ˆ θθ ⎯→⎯p
N

 
 
This theorem can be illustrated by the following graph: 
 
 

( ) ( )[ ]

0

)((

ˆ
minmin

,,1

θθ

θθ

⎯→⎯
↑↑

⎯⎯⎯⎯ →⎯∑

p
N

i
iCondition

uniformaly

i

ynumericall

wqEwq
N

 

 
 
 
 
 
Theorem applies to median regression too. 
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LAD (least absolute deviation) estimator of θ0. If  

(i) (∑ − |,|1 θii xmy
N

)  uniformly converges to ( ) |,| θii xmyE −  ;  

(ii) ( ) |,|minarg0 θθ ii xmyE −= , and  

(iii) ( )∑
=

−=
N

i
iiLAD xmy

N 1

|,|1minargˆ θθ .  

Then we must have: . 0
ˆ θθ ⎯→⎯p

LAD

 
Asymptotic normality (working with 1st derivatives): 
 

Define: ( ) ( )
θ
θθ

∂
∂

=
,, i

i
wqwS . The first order condition to the problem ensures that for any 

set of solution , we must have: Nθ̂ ( ) 0ˆ,
1

=∑
=

N

i
NiwS θ . We will mostly work with this 

equation.  By Taylor expansion: 
 

  ( ) ( ) ( ) ( )∑∑∑
===

=−
∂

∂
+=

N

i
N

Ni
N

i
i

N

i
Ni

wSwSwS
1

0

*

1
0

1

0ˆ,,ˆ, θθ
θ
θθθ  

where  is between  and *
Nθ Nθ̂ 0θ .  

 

Define  ( ) ( ) ( )
''

2

θθ
θ

θ
θθ

∂∂
∂

=
∂
∂

=
qSH . Multiply both sides by N/1 , we have: 

  ( ) ( ) ( )∑∑
== ∂
∂

−−=
N

i

Ni
N

N

i
i

wS
N

NwS
N 1

*

0
1

0
,1ˆ,1
θ
θθθθ  

  
 Applying CLT, we have: 

  ( ) ( ) ( )[ ]( )',,,0,1
00

1
0 θθθ ii

d
N

i
i wSwSENwS

N
⎯→⎯∑

=

 

 

Further let ( ) ( )0
1

*,1 θ
θ
θ AwS

N
p

N

i

Ni ⎯→⎯
∂

∂∑
=

, and ( ) ( )[ ] ( )0000 ',, θθθ BwSwSE ii ≡  

 
Therefore, we have the limiting distribution of the estimate  
 
  ( ) ( ) ( ) ( )( )0

1
00

1
0 ,0ˆ θθθθθ −−⎯→⎯− ABANN d

N  
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Examples:  For NLS, 

 ( ) ( )( )2,
2
1, θθ iii xmywq −=  and ( ) ( ) ( )( )θθθ θ ,,, iiii xmyxmwS −−∇=  

 
Note the conditional expectation is zero: 

 

 ( )( ) ( ) ( ) ( )( )
0

,|,|,
=

−−∇= θθθ θ iiiiii xmxyExmxwSE  

 
Let ( ) ( ) iiii uxmxyE =− θ,| . We  have: 
  

 
( ) ( ) ( )[ ]

( ) ( )[ ]00

0000

,'',
',,
θθ

θθθ

θθ ii

ii

xmuuxmE
wSwSEB

∇∇=
=

 

 
If homoscedastic, i.e. E(uu’) =σ2I,  then ( ) ( ) ( )00

2
00 ,', θθοθ θθ ii xmxmB ∇∇= .    

 
The Hessian is given by: 
 ( ) ( ) ( ) ( ) ( )( )θθθθθ θθθθ ,,',,, iiiiii xmyxmxmxmwH −−∇∇∇=  
Take the conditional expectation: 
 ( )( ) ( ) ( )',,|, 0000 θθθ θθ iiii xmxmxwHEA ∇∇==  
 Note the 2nd term has zero expectation. 
 
Therefore BB0= σ B0

2
B  . 

 
Examples: 
 (i)  If linear, m(x,θ) = xθ. Then   A0 = E(x’x). 

(ii) If m(x,θ) = exp(xθ).  Then  0 0(exp(2 ) ' )A E x x xθ=  
 (iii) If 4

1 2 2 3 3( , )m x x x θθ θ θ θ= + + , the model is not identified.  
 
 Fore nonlinear regression, A0  and BB

)
0  are similar because they both depend on    

( ) ( ',, 00 θθ θθ ii xmxm ∇∇ . Generally, there is no single relationship between A0  and B0B , 
without homoscedasticity. 
 
 Estimating asymptotic variance: 

  (∑
=

=
N

i
iwH

N
A

1

ˆ,1ˆ θ ), and ( ) ( )∑
=

=
N

i
ii wSwS

N
B

1

'ˆ,ˆ,1ˆ θθ  

   and the covariance matrix is given by: 

  ( ) 11 ˆˆˆˆvar −−= ABANA θ ,  or ( ) 11 ˆˆˆ1ˆvar −−= ABA
N

A θ  
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Two-step M-estimators 

A two-step M-estimators  of θθ̂ 0 solves the problem 

( )∑
=

Θ∈

N

i
iwq

1

ˆ,,min γθ
θ

 

Example: Weighted nonlinear least squares  

      ( )( ) (∑
=

Θ∈
−

N

i
iii xhxmy

1

2 ˆ,/,min γθ
θ

)

The conditions for consistency are:  
 
If   , and *ˆ γγ → ( )[ ] ( )[ ]**

0 ,,,, γθγθ wqEwqE <   0, θθθ ≠Θ∈∀  
 
Asymptotic normality: The first order condition gives: 

( ) ( ) .0
ˆ;ˆ,ˆ;ˆ,

11

=
∂

∂
= ∑∑

==

N

i

Ni
N

i
Ni

wqwS
θ

γθγθ  

 
1st –order Taylor expansion: 

  ( ) ( ) ( ) ( )∑∑∑
===

=−
∂

∂
+=

N

i
N

Ni
N

i
i

N

i
Ni

wSwSwS
1

0

*

1
0

1

0ˆˆ;,ˆ;,ˆ;ˆ, θθ
θ

γθγθγθ . 

 where *
Nθ  is between  and Nθ̂ 0θ .  

Define  ( ) ( ) ( )
''

2

θθ
θ

θ
θθ

∂∂
∂

=
∂
∂

=
qSH . Multiply both sides by N/1 , we have: 

 ( ) ( ) ( )∑∑
== ∂
∂

−−=
N

i

Ni
N

N

i
i

wS
N

NwS
N 1

*

0
1

0
ˆ;,1ˆˆ;,1

θ
γθθθγθ  

Rearrange this equation: 

 ( ) ( ) ( ) )1(ˆ;,1ˆ,ˆ
1

00
1

00 p

N

i
iN owS

N
AN +⎟

⎠

⎞
⎜
⎝

⎛−=− ∑
=

− γθγθθθ  

Given we have: . Taylor expansion again: *ˆ γγ →

 
( )

( ) ( ) )1(ˆ;,1

ˆ;,1

*
0

1

*
0

1
0

p

N

i
i

N

i
i

oNFwS
N

wS
N

+−+−=

−

∑

∑

=

=

γγγθ

γθ
 

where ( )( )*
00 ;, γθγ iwSEF ∇=  

Therefore,  
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( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( ) )1(ˆˆ,;,1ˆ,

)1()1(ˆ;,1ˆ,

)1(ˆ;,1ˆ,ˆ

*
00

1
0

1

*
00

1
0

*
0

1

*
00

1
0

1
00

1
00

p

N

i
i

pp

N

i
i

p

N

i
iN

oNFAwS
N

A

ooNFwS
N

A

owS
N

AN

+−+⎟
⎠

⎞
⎜
⎝

⎛
−=

+⎥⎦

⎤
⎢⎣

⎡ +−+−=

+⎟
⎠

⎞
⎜
⎝

⎛−=−

−

=

−

=

−

=

−

∑

∑

∑

γγγθγθγθ

γγγθγθ

γθγθθθ

 

Therefore, if F0=0, we can ignore the effect of γ̂ ; There is no need to make 
adjustment. We just simply treat γ̂  as a constant. Otherwise, it is necessary to make 
corrections. One case that F0=0 is the weighted nonlinear least squares: 

 

  . ( )( ) (∑
=

Θ∈
−

N

i
iii xhxmy

1

2 ˆ,/,min γθ
θ

)

In which  
( ) ( ) ( )( ) ( )γθθγθ θ ˆ,/,,ˆ;, 000 iiii xhxmyxmwS −−∇=  

 Therefore,  

 

( )( )

( ) ( )( )( ) ( )
( )

0

,
,

1,,

;,
*

*200

*
00

=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂

∂
⋅−−∇−=

∇=

γ
γ

γ
θθ

γθ

θ

γ

i

i
ii

i

xh
xh

xmyxmE

wSEF

 

  
How to make adjustments (when estimating variance?)  
 
 Suppose that ( *ˆ γγ −N ) can be written, similarly, as the form: 

  ( ) ( ) )1(ˆ
1

*2/1*
p

N

i
i orNN +=− ∑

=

− γγγ  

 Almost all estimators we encounter have the representation like this.  Given this, 
we could write: 

  
( ) ( ) ( ) ( )( )

( ) ( ) )1(;,1ˆ,

)1(;,1ˆ,ˆ

1

*
00

1
0

1

*
0

*
00

1
00

p

N

i
i

p

N

i
iiN

owg
N

A

orFwS
N

AN

+⎥⎦

⎤
⎢⎣

⎡−≡

+⎥⎦

⎤
⎢⎣

⎡ +−=−

∑

∑

=

−

=

−

γθγθ

γγθγθθθ
 

 
Let ( ) ( )( )';,;, *

0
*

00 γθγθ ii wgwgED ≡ . Then we have: 

 ( ) 1
00

1
00

ˆvar −−=− ADANA N θθ  
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Optimization methods: 
 
 The most popular way of numerically searching for maximum or minimum is via 
line search.   
 

 
 

{ }gθ  0θ 

{ 1}gθ +  θ  

 Given we are now at point θ{g} how do we move to the next point θ{g+1}? More 
specifically, we need to find out what direction to move, and what the step size is.  
 
 A common way is to apply the quadratic approximation: the objective function 
can be approximated by a second-order Taylor expansion.  
 
 Let the objective function be l(θ), the second order Taylor expansion is: 
 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )}{
}{2

}{}{
'}{

}{

'
'

2
1 g

g
gg

g
g llll θθ

θθ
θθθθθ

θ
θθθ −⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∂∂

∂
−+−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∂

∂
+≈  

 Recognize that: 

  ( ) ( )}{
}{

g
g

Sl θ
θ
θ

=
∂

∂  

  
 Assume that the optimum is reached at θ{g+1}. The first order condition is given by: 
 

  ( ) ( ) ( ) 0}{}1{
}{

}{ =−
∂

∂
+ + gg

g
g SS θθ

θ
θθ  

 
This equation shows a possibility for iteration 
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  ( ) ( )}{
1}{

}{}1{ g
g

gg SS θ
θ
θθθ

−

+
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂

∂
−=  

So the direction is given by: ( )}{gS θ , and the step size is given by: ( ) ( )}{
1}{

g
g

SS θ
θ
θ

−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂

∂
.  

Now the optimization methods include how to specify ( )
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂

∂
θ
θ }{gS . 

 
(1) Newton- Raphson method  

   ( ) ( )⎟
⎠

⎞
⎜
⎝

⎛
⎟
⎠

⎞
⎜
⎝

⎛−= ∑∑
=

−

=

+
N

i

g
i

N

i

g
i

gg SH
1

}{
1

1

}{}{}1{ θθθθ

  
 
Check if: 

   ( ) ( )∑∑
==

+ <−
N

i

g
i

N

i

g
i qq

1

}{

1

}1{ 0θθ

  
 If so, we take the step, otherwise, we reduce the step-size 

  ( ) ( )⎟
⎠

⎞
⎜
⎝

⎛
⎟
⎠

⎞
⎜
⎝

⎛−= ∑∑
=

−

=

+
N

i

g
i

N

i

g
i

gg SHr
1

}{
1

1

}{}{}1{ θθθθ

 When do we stop? 
  

  ( ) ( ) ( ) ηθθθ <⎟
⎠

⎞
⎜
⎝

⎛
⎟
⎠

⎞
⎜
⎝

⎛
⎟
⎠

⎞
⎜
⎝

⎛ ∑∑∑
=

−

==

N

i

g
i

N

i

g
i

N

i

g
i SHS

1

}{
1

1

}{

1

}{ '

 
(2) Berndt, Hall, Hall and Hausman (BHHH) 

 Replace   by  ( )⎟
⎠

⎞
⎜
⎝

⎛∑
=

N

i

g
iH

1

}{θ ( ) ( ) ⎟
⎠

⎞
⎜
⎝

⎛∑
=

N

i

g
i

g
i SS

1

'}{}{ θθ

 
Note that BHHH requires computation of scores only and sum of outer product is 

always at least positive semi-definite. 
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Maximum Likelihood Estimate  
 
Intuition: 

Observe n observations, with one random drew from n random variables that are 

iid. The intuition is to find out the parameter values which make the joint distribution, or 

the observed values most likely occur. 

This is a powerful intuition. It turns out to be extremely useful.  

Plan: 

(1) A theorem shows that estimates from this  is indeed close to true θ (or 
converges to true θ) 

MLEθ̂

(2) The limiting distribution of   MLEθ̂
(3) The efficiency of  MLEθ̂

 
Examples of MLE  

Bernoulli:   ( ) ( )∏
=

−−=
n

i

xx
n

iixf
1

11| θθθ

The likelihood function is: 

( ) ( ) ( )( )∑
=

−−+=
n

i
iin xxl

1

1log1log θθθ  

The first order condition is given by: 

( ) 0
1

11 =
−

−
−=

∂
∂ ∑∑

==

θθθ
θ

n

i
i

n

i
i

n

xnx
l  

 
Therefore, nMLE x=θ̂  
 

Properties of MLE 
 
1. Consistency: suppose the true value of θ will be denoted as θ0 : 
 

( ) ( ) 1,,Pr
11

00
→

⎭
⎬
⎫

⎩
⎨
⎧

>∏∏
==

n

i
i

n

i
i xfxf θθθ  as n ∞ for any θ≠θ0.  

Proof:  (homework) 
 
 

This property says that the probability is the largest at the point of the true θ0, so 

we try to get the maximum. Note the point has to be the global one.  
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Intuitively, if maximize likelihood function, and θnθ̂ 0 maximizes the expectation 

of the likelihood function. Then    0
ˆ θθ →n

 
2. Efficiency  
 
Cramer-Rao information inequality:  
 
Lemma: Let xi  be iid xi  f(xi, θ).  Let T be a function of xi. T = t(x1, x2, … xn), and E(T) 

= u(θ).    

Show that ( )( )
( )θ
θ

I
uTVar

2

)( ≥   where ( ) ( )
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

=
2,ln

θ
θθ xfEI n . 

Proof: Let ( ) ( )
( )θ

θ
θ ,

,'ln
xf
xfxfS

n

nn
n =

∂
∂

=    Then: 

( ) ( )
( ) ( ) ( ) 0,',

,
,'

=== ∫∫ dxxfdxxf
xf
xfSE nn

n

n
n θθ

θ
θ

 

( ) ( )dxxfxTu n∫= θθ ,)(  

( ) ( )

( )
( ) ( )

( ) ( )

( ) ( )
( )( ) (( )θθ

θθ

θ
θ

θ

θ
θθ

θ
θ

)

θθ

,),(,)(

,,)(

,,ln)(

,
,

1,)(

,)('

xSxTCovxSxTE

dxxfxSxT

dxxfxfxT

dxxf
xf

xfxT

dxxfxTu

nn

nn

n
n

n
n

n

n

==

⋅=

⋅
∂

∂
=

⋅⋅
∂

∂
=

∂
∂

=

∫
∫

∫

∫

   

  
The last equality is obtained because E(Sn)=0. Given the fact that  

Cov(x,y) ≤ var(x)1/2var(y)1/2, we have: 

  ( ) ( )( )θθ ,),(' xSxTCovu n=  ( )( ) ( ) ( )( )θθ ,var)(var' 2 xSxTu n≤  

Note ( ) ( ) ( )θ
θ

θ IxfES n
n ≡⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

=
2,lnvar  

We have: ( )( ) ( )( )
( )θ
θθ

I
uxT ',var ≥ . 

Therefore, when u’(θ) = 1, i.e., θ  estimate is unbiased, we have the Cramer-Rao 
inequality: 

 ( )( ) ( )θθ
I

xT 1,var ≥  
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 ( )θI
1

 is the minimum variance that an unbiased estimate may attain.  

 
3. Asymptotic efficiency and normality  
 

Next we show that MLE is asymptotic normal and efficient. First, we show the 
asymptotic normality.  

  
The likelihood function is given by:  
 

( ) ( ) ( )( ) ( ) (∫∑ ⋅≡⎯→⎯=
=

iiii
p

n

i
in dxxfxfxfExf

n
l 0

1

,,ln,ln,ln1
0

θθθθθ θ )  

     
The first order condition is: 

  

  ( ) ( ) 0,ln1,
1

=
∂

∂
= ∑

=

n

i

i
n

xf
n

xS
θ

θθ .  

 
 Note that: ( ) ( )( )00 ,0, θθ INxSn d

n ⎯→⎯  
 
Note the solution of equation implies that: 
 

( ) 0ˆ, =MLEn xS θ .  
 
Taylor expansion at θ:  

( ) ( ) ( ) ( )

( ) ( ) ( )
( )

( )
( )

0

,
,'ln

,
,1ˆ,

,ˆ,ˆ,

1

2

*

*

*

*''

00

*

00

=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−+=

∂
∂

−+=

∑
=

n

i ni

ni

ni

ni
MLEn

nn
MLEnMLEn

xf
xf

xf
xf

n
xS

xSxSxS

θ
θ

θ
θθθθ

θ
θθθθθ

 

 
Therefore,   

( ) ( ) ( )
( )

( )
( )∑

= ⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−−=

n

i ni

ni

ni

ni
MLEn xf

xf
xf
xf

n
nxSn

1

2

*

*

*

*''

00 ,
,'ln

,
,1ˆ,

θ
θ

θ
θθθθ  

 

Note that we have 00
* ˆ θθθθ −≤− MLEn . So, 

0
*

0
ˆ θθθθ ⎯→⎯⇒⎯→⎯ p

n
p

MLE .  
 
It is important to notice that a fact: 
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( )
( )

( )
( ) ( ) ( ) 0,,

,
,

,
,

0
''

0
0

0
''

0

0
''

0 ∫∫ ===⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
dxxfdxxf

xf
xf

xf
xfE θθ

θ
θ

θ
θ

θ . 

In fact, ( )
( ) 0

,
,

0

0
)(

0
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
θ
θ

θ xf
xfE

k

 for k > 0.  

 
Therefore, by the WLLN: 
 

( )
( )

( )
( ) 0

,
,

,
,1

0

0
''

1
*

*''

0
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎯→⎯∑

= θ
θ

θ
θ

θ
i

ip
n

i ni

ni

xf
xfE

xf
xf

n
, and  

 
( )

( ) ( )0
1

2

*

*

,
,'ln1 θ
θ
θ I

xf
xf

n
p

n

i ni

ni ⎯→⎯⎟⎟
⎠

⎞
⎜⎜
⎝

⎛∑
=

 

 
Therefore,  
  ( ) ( )( )1

00 ,0ˆ −⎯→⎯− θθθ INn d
MLE  

 
Since the minimum variance is achieved for MLE, therefore, the MLE efficient 

estimator is efficient. 
 

Example: let x have density ( ) (1 )f x xθθ= +     θ >-1    0<x<1 

Obtain the MLE estimator of the mean and compare it with sample average x . 

 

Note we can express likelihood in terms of μ, and found the value μ. We could, 

however, to express the likelihood function in term of θ  more generally, if θ1 and θ2 

are 1-1 mapping, and θ1=g(θ2), then we must have:   

 

 
Example: y = xβ + ε , ε  is iid normal  N(0, σ2).  σ2 is known MLE estimate of β? 

  ( ) ( )
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
−= 2

2

2
exp

2
1,

σ
β

σπ
βε ii

i
xyf  

( ) ( )
2

2

2
ln,ln

σ
βσβε ii

i
xycf −

−−=  

Therefore,  
( ) ( )

22
',ln

σ
β

β
βε iiii xyxf −

=
∂

∂  

( )
2

2

2
'

'
,ln

σββ
βε iii xxf

−=
∂∂

∂  
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( ) ( )( )12 ',0ˆ −⎯→⎯− xxNn d
MLE σββ  

  
 
Likelihood Function example  
  

xi ~N(eαβ,1), α ≠0, yi~N(eα,1), and  β ≠0 .  
 
xi  and yi are independent. The density (xi, yi) is: 
 

( ) ( ) ( )
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ −+−
−=

2
exp

2
1,

22 ααβ

π
eyexyxf ii

ii  

 
The log-likelihood function is given by: 

( ) (( )∑ −+−−=
22

2
1 ααβ eyexl ii )  

 
 The first order condition is given by: 

 
( )

( ) 022
2
1

02222
2
1

2

2

=+−=
∂
∂

=+−+−−=
∂
∂

∑

∑∑
αβαβ

αααβαβ

αα
β

ββ
α

nexel

neyenexel

i

ii

 

  
 Solving this two-equation system: 
 

From the second equation:  xx
n

e i == ∑1αβ  

Plug this into the first equation: αey =  
 

y
x

MLE ln
lnˆ =β  is the MLE estimator  

   
How to find the variance of  ?  MLEβ̂
  

( ) ( ) αβαβ

αβαβ

αααβαβ

αβαβ
βα

αα
β

ββ
α

2
2

222
2

2

222
2

2

211

2

2

nexel

nexel

neyenexel

i

i

ii

+++−=
∂∂

∂

−−=
∂
∂

−+−=
∂
∂

∑

∑

∑∑
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Plug  xln=αβ  and yln=α , we have: 
 

 ( )

xxnl

xynxnl

neyenexel
ii

ln

ln

2

2
2

2222
2

2

222
2

2

=
∂∂

∂

−=−=
∂
∂

−+−=
∂
∂ ∑∑

βα

α
β

ββ
α

αααβαβ

 

 

( )
( ) 22ln

1ˆvar
xy

n MLE =β  

Therefore,   ( )
( ) ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎯→⎯−

22ln
1,0ˆ

xy
Nn d

MLE ββ  

 
 
Example: xi ~ N(θ, θ2): 

 
The log-likelihood is given by: 

  ( ) ( )
2

2

1 2
ln2ln

2
1;,...,

θ
θ

θπθ ∑ −
−−−= i

n

x
nxxl  

 The first order condition is: 

  
( ) ( )

03

2

2 =
−

+
−

+−=
∂
∂ ∑∑

θ
θ

θ
θ

θθ
ii xxnl  

 We have two roots to this equality:   

( )

∑∑∑

∑∑∑

+⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
±−=

+±−
=

2

2

22

4
2
1

2

2
4ˆ

i
ii

iii
MLE

x
nn

x
n
x

n
xnxx

θ
 

 

Assume the true θ (in which the data xi were generated) value is θ0. By the Weak 

Law of Large Numbers:  

 
( ) ( ) 2

0
22

2

0

2)()(

)(

θ

θ

=+=⎯→⎯

=⎯→⎯

∑

∑

iii
pi

i
pi

xExVarxE
n
x

xE
n

x
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Therefore,  

2
3

2
ˆ 00 θθθ ±−⎯→⎯p
MLE  

When there are multiple roots, only one of them is a consistent estimator that 

will converge to the true value θ0. The other root is not. Next we show how to distinguish 

if a root is the consistent estimator of the true parameter value.  

Note that, for any θ, we have: 

  2

22

2

2 ),(
),(

1),(ln),(ln
θ

θ
θθ

θ
θ

θ
∂

∂
=⎟

⎠
⎞

⎜
⎝
⎛

∂
∂

+
∂

∂ xf
xf

xfxf   (*)   

   
 For the normal density: 
 

  ( ) ( )
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
−= 2

2

2
exp

2
1,

θ
θ

πθ
θ xxf  

 

  ( ) ( ) ( ) ( ) ( )
⎥
⎦

⎤
⎢
⎣

⎡ −
+

−
+−=

∂
∂

23

2

,,1,
θ
θ

θ
θθθ

θθ
θ xxxfxfxf  

  

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( )
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⎥
⎦

⎤
⎢
⎣

⎡
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−
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−
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−
=
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⎥
⎦

⎤
⎢
⎣

⎡ −
+

−
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡ −
+

−
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⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡ −
+

−
+−−=

∂
∂
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2

5

3

6

4

23324
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2

23

2

23

2
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2

1642),(
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,,1

,,11,1,

θθ
θ

θ
θ

θ
θ

θ
θθ
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θ

θ
θ

θ
θ

θ
θθθ
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θ
θ

θ
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xxxxxf

xxxxf

xxxxxfxf

xxxfxfxfxf

 

            

Based on moment generating function: ( ) ⎟
⎠
⎞

⎜
⎝
⎛ += 22

2
1exp

0
tteE tx θθθ , we have: 

   ( ) 00
θθ =xE , ( ) 2

0
2 2

0
θθ =xE , ( ) 3

0
3 4

0
θθ =xE , ( ) 4

0
4 10

0
θθ =xE  

Therefore,  
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( )
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0
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0
3
0

4
0

4

32
0

2
0

3
0

3

2
0

2
0

2
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43121610
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,

0

0

0

0

θθθθθθθθθ

θθθθθθθ

θθθθθ

θθθθθ

θ

θ

θ

θ
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−+−=−
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−=−=− ∫
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xE

xE

dxxfxxE
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        Take the expectation of equation (*) with respect to the true value θ0:  

  ( ) ( ) ( ) ( )

23
0

4

2
0

5

3
0

6

4
0

234

2

5

3

6

4

2

22

2

2

248810

1642

),(
),(
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θ
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⎠
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 At the first root, ,  0

ˆ θθ ⎯→⎯p
MLE
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of the root that is the consistent estimate.  
 

 
 
Generalized Method of Moments (GMM) 
 

 23



First consider a linear model: 
 
   yi = xiβ +ui, with E(xi

’ui) ≠ 0 
 
Assumption 1: E(zi

’ui) = 0 
Assumption 2: E(zi

’xi) ≠ 0 
 
So the moment conditions are: E(zi

’ui) = E(zi
’(yi - xtβ)) = 0 

 
 Find β, such that:  

( ) ( )⎟
⎠

⎞
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The solution to this problem: 
 

  , 
( )

( ) uZWZXXZWZX

YZWZXXZWZXMM

''''

''''ˆ
1

1

−

−

+=

=

β

β

 
and the covariance of the estimator: 
 
  ( ) ( ) ( ) 11 ''''''ˆ −− Λ= XZWZXXWZZWXXZWZXVar MMβ  

 
 where Λ = E(zi

’uiui
’z). This is a very long but intuitive covariance matrix.  

 
The next step is to find the optimal weighting matrix W, which is the GMM.  
 

 When W = Λ-1, then the optimal covariance matrix is reached. In this case,  
 

  , and  ( ) YZZXXZZXGMM ''''ˆ 111 −−− ΛΛ=β
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Under homoscedasticity, Λ = E(zi

’uiui
’z)=σ2E(zi

’z). Then: 
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Generalized Method of Moments (GMM) 
 
 Similar to the M-estimator setup: 
 
  E[g(wi, θ0)] = 0, where , and PR∈θ ( ) L

i Rwg ∈θ, . 
 

In other words, the number of parameters is P, and number of moments is L.  
 
When L < P, the model is not identified; when L = P, the model is exactly 

identified; and when L > P, the model is over-identified. 
 
 Similar to the nonlinear least square case, if we define: 
 
  ( ) ( ) ( )θθθ ,',, iii wgwgwq =  
 
Then a typical model is given by: 
 

     (*) ( ) ( ) ( θθθ
θ

,',,min
11

i

n

i
i

n

i
i wgwgwq ∑∑

==

= )

)

 
 All the properties from previous discussions apply. 
 
 Alternatively, consider a different model: 
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θ

 
when I=Ξ̂ , (**) = (*) when cross terms are close to zero, which is true when two 
observations are independent.   
 
 However, compare (*) and (**), the advantage of (**) is that a weighting matrix 

  can be included in (**) while it is difficult to include a weighting matrix to (*).  Ξ̂
 
 Including the optimal weighting matrix would improve the asymptotic efficiency.  
 
 Define:  
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We can use the first-order condition and Taylor expansion to obtain the 
asymptotic distribution of this estimator.  
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