M-Estimators

Li Gan

Basic Asymptotic Theory

Convergence of deterministic sequences:

Definitions:
(1) A sequence of nonrandom numbers {ay: N=1,2,...,} converges to a

ay=2> aif Ve>0, 3 N, Vsuch that |ay- a|<e Vn> N, We write ay—2a as
N>,
(2) A sequence {ay: N=1,2,...,} is bounded iff 3 h< oo such that
lay|<b,V N=1,2..... otherwise, we say ay is unbounded.
Examples: (1)if ay=2+1/N then ay—=>2.
(2) if ay=(-1)" then ay doesn’t have a limit but bounded.
B3)an= NW, then ay is not bounded.
Definitions:
(1) A sequence {ay} is O(N *) (at most of order N*) if N ay is bounded. We also
write is as ay=O(N*). When A =0, {an} 1s bounded, we also write it as ay=0(1)
(big oh one).
(2) {an} is o(N*) if N ay>0. We also write as ay = o(N*).
When 4 =0, ay converge to zero, or ay = o(1) (little oh one).

Example: (1) if ay =log(N), then ay = o(N*) for any 1>0.
(2) if ay=10+N"", then ay=O(N"") & a, =o(N"*") for y> 0.

Convergence in probability

Definitions:

(1) A sequence of random variables {xy: N=1, 2, ...} converges in probability to
the constant ¢ if for any ¢ >0 PerN| > bg)< & — 0 as N— co. We write it as

Xy —E—>aorplimxy=a.



(2) For {xy}, when a = 0 then x,, ——0 or xy=0,(1) (little oh p one)
(3) {xn} is bounded in probability if for any ¢ > 0, there exists a < oo and an
integer N, such that PerN| > bg)< ¢ forall N> N, orxy= O,(1) (xy1is big oh

p one)

Questions: (1) Is xy — N(0,67) bounded? PerN| >b, ) < ¢ 1s always true.

(2) Are all random variables bounded in probability? Cauchy? Yes. A
random sequence, however, is not bounded.

Discussions: If cy is a nonrandom sequence:
then cv=0,(1) iff cx= O(1)
ev=0,(1) iff cy=0(1)

Lemma: if x,, —2—a then xy= O,(1).

Definitions:
(1) Arandom sequence {xy: N=1, 2, ...} is o,(an), where ay is a nonrandom
positive sequence and xy/ay = o,(1).

(2) {XN}iS OP(GN) ifo/aN = Op(l)

Examples:

(a) Define x, = %in . We have x, —— E(x;). Then X, =o0,(1).

(b) Central limit theorem: \/N()?N ~E(x,)) > N(O, o’ ), then: x, =0, (n’”z)
(¢) Ifzisarandom variable, x, =~/Nz,then x, = 0, (n”z), and

_ 1/2+¢
Xy =0, (n ) for any £>0.

Lemma:

If wy=o0,(1) or wy 2> 0
xv=0,(1)orxy >0
yn=0,(1) yn is bounded in probability
zy=0,(1) zy 1s bounded in probability.

Then: (1) wy+xn = 0,(1), or 0,(1)+ 0,(1)=0,(1)
(2) yn+zv = Oy(1), or O,(1)+ O,(1)= Ox(1)
(3) w2y = O(1), or O,(1)O,(1)= O,(1)



(4) xnznv = 0p(1), or 0,(1)O0x(1)=0,(1)
(5) wnxn = 0p(1), or 0,(1)op(1)= 0,(1)
(6) xy + zy = Op(1), or 0,(1)+O,(1)= 0p(1)

Lemma: g: R*>R’ continuous at some point ¢ € R* . Suppose a random sequence
{xn}, xy —2—>c. Then g(xN )—”—) g(c), or plim g(xy) = g(plim xy)

This is the so-called Slutsky theorem, which is very useful in practice. It shows
that the plim passes through nonlinear functions, provided they are continuous. The

expectation operator does not have this feature.

Definition: Let (2, F, P) be a probability space. A sequence of events {Qy: N=1, 2, ...}
F is said to occur with probability approaching one (w.p.a.1), if and only if Pr(Qy)
2>las N> w

Let {zx: N=1, 2, ...} be a sequence of random KxK matrix, and let 4 be a
nonrandom, invertible KxK matrix. If z,, —%— 4, then:

(1) z, exists with probability approaches to 1;
() zy —2—> A" or plimz,' = 4",

Convergence in distribution

Definition: a sequence of random variables {xy} convergence in distribution to the
continuous random variable x iff Fy(x) 2F(x) as N = o for all x € R, where
Fy(x) is the cdf of xy, and F(x) is the cdf of x.

Example: JNx v —Y> N (,u, o’ ) Note Fy(x) does not have continuous for any N. A

good example is where xy is discrete for all but has an asymptotically normal
distribution. A good example is Bernoulli.

Definition: A sequence of Kx/ random vectors {xy: N=1, 2, ...} converges in
distribution to the continuous vector x iff for Kx/ nonrandom vector ¢, such
that ¢'¢ =1,and ¢'x, —%>c'x. We write x, ——>x.

When x, —%— N(m,V) then ¢'x, —“—> N(c'm,c'Vc) forany ¢ € R* and ¢'¢=1.

Lemma: if x,, —%— x where x is any Kx/ random vector, then xy = O,(1).

This lemma is useful to establish if a sequence is bounded — often by simply
figuring out if the sequence has a limiting distribution or not.



Lemma (continuous mapping theorem): let {xy: N=1,2, ...} and x, —%>—>x.If

2:R* R’ is a continuous function then g(x v )—d> g(x).

The importance of the Continuous mapping theorem cannot be overstated. It says
if we know the limiting distribution of xy, we then know the limiting distribution of any
function of xy.

Corollary {z,}: zy, —~—>N(0,V) then
(1) For any KxM nonrandom matrix 4, A'z, —%— N(0, 4'VA)
() zy'V7'zy —"—> 1¢.

Lemma (asymptotic equivalence lemma):
Let {x,} and {z,}.If z, —%>z,and x, —z, —2—>0. Then x, —%>z, .

Limit Theorem for Random Samples

Here we state two classical limit theorems for iid sequence.

Theorem 1: {w;, i=1, 2, ...} are iid Gx1 random vectors with E(|w;,|)<co, then the
sequence satisfies the WLLN (Weak Law of Large Numbers):

N
%Zwi—p_)ﬂw = E(Wi)
i=1

Theorem 2 (Lindeberg-Levy CLT)
If {w;, i=1, 2, ...} with E(w;,’) <o, and E(w;g) = 0. Then
N
N> w, —% Normal(0, B) where B = Var(w;)=E(wmw;).

i=1
B is necessarily positive semidefinite.

Limiting Behavior of Estimators and Test Statistics

Asymptotic properties of estimators

Definition: { éN ,N=1,2, ...} be a sequence of estimators of Px1 vector 8§ € ®

If 6, — 0 for any value of 6 then we say 8, is a consistent estimator of 6.

Why for any value of §? Because we don’t know 6.

Definition: if {8, ,N=1,2, ...} be a sequence, and if x/ﬁ(éN - 0)—"’—) N(0,7),



éN is VN -normally distributed, and V is the asymptotic variance of JN (éN - 9).

Definition: Two estimators §,, and 6, with Jn (éN - 6’)—”’) N(0,7) and
Jn(@, —0)—> N(0,D).

(1) éN is asymptotically efficient relative to gN if D-V is positive or semi definite
for all
) éN and §N are\/;-equivalent if \/;(5]\, - éN ): 0,(1).

Definition: ém and éNz are asymptotically independent if

Cov(ém, ém)= (I(/)l I? J
2

Asymptotic properties of test statistics

Definition (1) asymptotic size: lim,, ,, P, (reject H, | H, ) (2) A test is consistent against
alternative H; if the null hypothesis is rejected with probability approaching one,
or:lim,,_ P, (reject Hy|H,)=1.

Lemma: If \n (é - (9)—") N(0,7), then:
(1) VnR(@ - 0)—> N(0,RVR')
@) Vnld-0) R(RVR) RO - 0)—> 2200,

For testing Hy: RO=r where r is a Qx1 non-random vector. Wald statistic

Lemma: If \n (éN - 9)—d> N(0,7). Let c: >R be a continuously differentiable

function on the parameter space ® — R” where O<P. Assume that @ is in the

interior of the parameter space. Define C(8)=V ,c(@)= % . Then we have:
INElG, )- )= vo.cloye@y)
How to get this? Delta method:

by )= c(6)+ c(6;, N6, - 0),

where 6}, is between 6, and 6. Therefore, 6, —2— 6 would result in 0, —2— 6.



Therefore,

@, )-c(0))=vNcle; )é, - o)
OWN (0, - 6)+(c(6;)- cONN(, - o)

ONN (G, - 6)+0,1)0,(1)
OWN (6, - 0)+o,(1)

—2 5 N(0,c(e)C(9))
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M-estimator / nonlinear estimator

“M” indicates either the minimum or the maximum. Examples of M-estimators
include MLE, least absolute deviation, GMM, non-linear least square, etc.

Nonlinear: we have a random variable y we would like to model E(y|x):

If E(y|x)=x0, then linear models.
If E(y|x) = m(x, 8), a nonlinear function of 6, then nonlinear models.

Examples:
(1) If y > 0, and m(x, 6) = ¢, exponential
x0

2)1f0 <y <1, and m(x,0)= le—e logistic
+e

ex&

l+e
Identification condition: A correctly specified model for the conditional mean, E(y|x) if

()

How do we know if m(x, §) = ¢™ ? Maybe it is the case that: m(x,8)= — 1

for some 6, € ® such that:

E(y|x) = m(x, 6p)

Example: consider a model: m(x,8) = 6,x" .
E(y|x)=4x'", then 0y=4, 6p,=1.5.

The model m(x, ) = 6,x* would be estimated.

In linear models, we add an error term: if E(y|x) = xf = y = xf+u in which u can
be identical (homoscedastic), and we assume E(u|x)=0

Question: In nonlinear models, are u and x still uncorrelated?
Example: if y>0, then m(x, ) +u>0 = u>-m(x, 0).

In which case, ©# and x cannot be independent. Further, # cannot be
homoskedasticity since var(u|x) # var(u).

Assumption NLS!: For some 6, € O, E(y|x) = m(x, 6)), where 0, is the true parameter.

How to find 8,? To find an estimate 0 : such that § —2— 0,.

Proposition: Given that E(y|x) = m(x, 8y). Show that the solution to the following
minimization problem is 6:



min E[(y —ml(x, 0))2]
Proof:

(v =m(x,0)f =((y - m(x.6,)+ (m(x.6,) - m(x.0))}
= (y=m(x.0,)) +2(y - m(x.6,)Jom(x.6,) - m(x.0))+ (m(x,6,) - m(x.0))

Given E(y|x) = m(x, 6)), and take the conditional expectation of y:

El(y = m(x, 0) |= E|(y = m(x,0,)) |+ (m(x.8,)~ m(x, 0)f

> E[(y - m(x.6,)) ]
The inequality is strict when 6 # 6.
Therefore: 6, = argmin £ [( y—m(x,0)) ]
N

Denote: 0, = arg min%Z(yl_ —m(x,,0))
i=1
N ~
If %Z(yi o m(xi’ 0)) %E(yi - M(xi, 9))2 then 8,,, —— 6,
in1

Identification: uniform convergence and consistency:

Assumption NLS2 (Identification): E [(y —m(x,0)) ] >0 V6 e® and 0 # 0.
Example: m(x,8) = 6, + 0,x, + O,x

If true Gy3=0 then E[(y - m(x, 6’))2] is minimized for any 6 with 8,=60y;, 6, = 6y,,
6p= 0 and 6, at any values.
Assumption NLS2 doesn’t hold. The model is not identified.
If 895 # 0, then NLS2 holds. The model is identified and can be estimated.
Example: point wise convergence but not uniform convergence.

0 if0<x<l

Let f(x):{l A

In this case, f,(x)2> f(x) pointwise.
However, f,(x) does not converge to f(x) uniformly.

| £u(x)- f{x)|=x" cannot be bounded although x"-0 but cannot be bounded



independent of x.

Because to have x" < &, we require nlog x < log ¢. Therefore, n > log &/ log x,
which is dependent on x. Uniform convergence (the maximum converges):

max 3" ¢(0,.6) - Elg(w,, 0)]| 0

Note: uniform convergence clearly implies point wise convergence.
. . 1
Point-wise convergence: for each 0 € O, N Z g(w.,0)—2— E(q(w,0)).

Uniform weak law of large numbers

Theorem: w be random variable taking values W — R , @ be a subset of R”
q:WxO->R be real value function. Assume that: (a) @ is compact (b) For each 6 € ©,
q(.,0) is bound measurable on W. (c) For each we W, g(w,.) is continuous on @. (d)

lg(w,0)| <b(w) forall 0 ® .

Theorem: If
(i) %Zq(wi,e) uniformly converges to E[g(w.,0)] ;
(i) 6, = argmin E(g(w,,0)), and

A 1 &
(iii) @y = arg min FZ q(w,.,é’),
i=1

Then we must have: 8, —2—4, .

This theorem can be illustrated by the following graph:

1 (Condion (1
qu(wiae) E— E[‘](Wzae)]
min T numerically min T
N —L 6,

Theorem applies to median regression too.



LAD (least absolute deviation) estimator of &. If
(1) —Z] Y, — x,,e | uniformly converges to E | y, — (xi,9)| ;
(i1) 6, =argmin E'| y, — m(xi, 49)|, and

n N
(i) 6, =argmin 3|y, =, 6)].

i=1

Then we must have: éL n—0,.

Asymptotic normality (working with 1% derivatives):

aQ(Wia 0)
06

Define: S(w,,0)= . The first order condition to the problem ensures that for any

N

set of solution 6, , we must have: Z S (wi, HN)= 0. We will mostly work with this
i=1

equation. By Taylor expansion:

3 Slod )= 32500+ 3 )G, g) o
i=1 i=1 i=1

where 6} is between 6, and 6.

2
Define H (49) = 82’(;) = %an(z) . Multiply both sides by 1/ JN , we have:
1L aS(w 0,)
— > Sw,0,)=—N 9 -0, N

Applying CLT we have:
\/— ZS w;, 6 )—>N(O E[S(Wi= eo)S(Wia 90)'])

Further let — i (w,,@) 25 A(6,), and E[S(w,,6,)S(w,,6,)]=B,(6,)

=1

Therefore, we have the limiting distribution of the estimate

N6, -6, N (0.4 (6,)8(6,)47(6,)

10



Examples: For NLS,
1
Q(Wiv 9) = P (yi - m(xi9 ‘9))2 and S(Wi’ 9) = —ng(xl. > H)(y[ - m(xi’ 9))

Note the conditional expectation is zero:

E(S(Wiv 6) | xi): _vem(xiv H)(E(yi | xi)_ m(xn 9))
=0

Let E(y, | x,)—m(x,,0)=1u,. We have:

If homoscedastic, i.e. E(uu’) =¢’I, then B,(6,)= 0’V ,m(x,,6,)V m(x,.6,).

The Hessian is given by:

H(Wi= 9) = ng(xi, H)ng(xl., 9)'_V9€m(xi’ 0)()’1‘ - m(xi > 9))
Take the conditional expectation:

4, = E(H(Wn 90) | xi) =V,m(x,.6, )ng(xi .0y )'

Note the 2™ term has zero expectation.

Therefore By= O'ZB() .

Examples:
(1) If linear, m(x,0) = x6. Then Ap=E(x’x).
(i1) If m(x,0) = exp(x0). Then A4, = E(exp(2x6,)x"'x)

(iii) If m(x,0) = 6, + 0,x, + O,x,” , the model is not identified.

Fore nonlinear regression, 49 and By are similar because they both depend on
v m(x,,6,)V ,m(x,,6,) . Generally, there is no single relationship between 4, and By,

without homoscedasticity.

Estimating asymptotic variance:

A =%iH(wi,é), and B :%iS(wi,é)ﬁ{wi,é)

i=1 i=1
and the covariance matrix is given by:

Avar(\/ﬁé): A7T'BA™, or Avar(é’)=

11



Two-step M-estimators

A two-step M- estimators 6 of 6, solves the problem

rgngqw 6.7)

i=1
Example: Weighted nonhnear least squares

Ig]glzy mxlae)) /h( 137/)

The conditions for consistency are:
If 77—y, and E[q(w,@o,y*)]< E[q(w,@,y*)] VO8e0,0 =0,

Asymptotic normality: The first order condition gives:

Y A aqfw,,e % ’
IZ:‘S(W“& ) N

i= l

1** —order Taylor expansion:
N n R N N 6S ’e ;
S S0 05:7)= > S(w. 0:7)+ > (Wl v )( b, -8,)=0.
i=1 i=1 i=1

where 6} is between 6, and 6.

2
62,(9('9) = %Z;Z? . Multiply both sides by 1/ JN , we have:

3 sl.037) =N, - ) $2500.05:7)
=1

NS o0

Define H(#)=

Rearrange this equation:
n 1 &
N, -8,)= 4,(6,.7) - T2 wl,ﬁo,y]+op(1)
i=1

Given we have: 7 — 7 . Taylor expansion again:
N

E
i( Oy;7" )+ FNN (7 -7 )+0, (1)

where F = E( S(W Oy; ))
Therefore,

ﬁ\

12



\/N(éN—eo)zAg‘(eo,y)(— is(we )j+o,,(1)

=Aol(eo,f)[—%iS(w[,eo;y*)+Foﬁ(f—y*)wpm}opa)

i=1

= oa { \/_ZSWI’QO’ )j (goaf)Fo\/N(?_V*)"'Op(l)

Therefore, if F;=0, we can ignore the effect of 7 ; There is no need to make
adjustment. We just simply treat 7 as a constant. Otherwise, it is necessary to make
corrections. One case that F=0 is the weighted nonlinear least squares:

rgegl; v =mlx;, 0)) / h(x,, 7).
In which

S(Wwao;};) = —ng(x[,ﬁo)(y - m(xneo))/h(xnﬁ)
Therefore,
Fy, = E(VyS(Wi’HO;V*))

_ (- ng(xi’go)(y_m(xi,ﬁo)))(_ h2(1 _ ,5h(xia7/*)J

x,r") oy

=0
How to make adjustments (when estimating variance?)

Suppose that JN (}7 - }/*) can be written, similarly, as the form:
N
A *\ _ ar-1/2 *
NG =7 )= N2 )+ 0,0
Almost all estimators we encounter have the representation like this. Given this,

we could write:
N

\/N(éN _Ho): A()_l(eoﬂj;{_%Z(S(Wi’QO;}/*)-FFO]/;’(y*))j|+0p(1)

N ‘=

1 & *

EAO‘I(HO,]?)[—WZg(W,«,@o;}/ )}4—017(1)
i=1

Let D, = E(g(w,..0,:7")g

-0

Avar\/_(

0

(wl NN )) Then we have:
) 1D0A01

13



Optimization methods:

The most popular way of numerically searching for maximum or minimum is via
line search.

Given we are now at point 8¢ how do we move to the next point #¢""'? More
specifically, we need to find out what direction to move, and what the step size is.

A common way is to apply the quadratic approximation: the objective function
can be approximated by a second-order Taylor expansion.

Let the objective function be 1(8), the second order Taylor expansion is:

1(6)= 10 )+ [%:})], (6-0)+ % (6-0) {M)(e _g)

Recognize that:
ollgte )

2 — S(g{g})

Assume that the optimum is reached at @™, The first order condition is given by:

S((g{g})+ aSgee{g})(g{gﬂ} _ e{g}): 0

This equation shows a possibility for iteration

14



00

9{g+1} — H{g} _[55(9% )j_lS(g{g})

AN
So the direction is given by: S(H{g} ) and the step size is given by: (&S‘(@ )j S(H{g}).

{g}
Now the optimization methods include how to specify [((3—6’)} .

(1) Newton- Raphson method

Qieth — giel _ (ﬁ:Hz (g{g})]l(ﬁ: Si (g{g} )]
i=l

i=1

Check if:

If so, we take the step, otherwise, we reduce the step-size

fic = g'e) - r(i H, (e{g}))_](g s, (6 )j

i=1
When do we stop?

g [0

(2) Berndt, Hall, Hall and Hausman (BHHH)

Reptce (37107 vy 3507507 |

i=l1 i=1

Note that BHHH requires computation of scores only and sum of outer product is

always at least positive semi-definite.

15



Maximum Likelihood Estimate

Intuition:

Observe n observations, with one random drew from » random variables that are
iid. The intuition is to find out the parameter values which make the joint distribution, or
the observed values most likely occur.

This is a powerful intuition. It turns out to be extremely useful.

Plan:

(1) A theorem shows that estimates from this éMLE is indeed close to true  (or
converges to true )
(2) The limiting distribution of éMLE

(3) The efficiency of éMLE

Examples of MLE
Bemoulli: f,(x|0)=[[0"(1-0)""
i=1

The likelihood function is:

n

1,(0)=>(x,1og 6 + (1 - x,)log(1 - 9))

i=1
The first order condition is given by:

ae) &5 "TEY

00 0 1-6

Therefore, 6,,, =X,

Properties of MLE

1. Consistency: suppose the true value of & will be denoted as 6y :

Pr, {ll[ f(x,,6,)> ll[f(xi,é’)} — 1 as n—>oo for any G£6,.
i=1

i=l1

Proof: (homework)

This property says that the probability is the largest at the point of the true 6y, so

we try to get the maximum. Note the point has to be the global one.

16



Intuitively, if én maximize likelihood function, and 6) maximizes the expectation

of the likelihood function. Then 8, — 6,

2. Efficiency
Cramer-Rao information inequality:

Lemma: Let x; beiid x; 2 f{x;, ). Let T'be a function of x;. T=t(x,, x2, ... X,), and E(T)
= u(6).

Show that Var(T) > % where 1(0)= E{(%y"g)ﬂ .

Proof: Let S, = Oln f, (x) = f”'(x’ 9) Then:
SNFY: £, (x,0)
fi '(x’ 9) 1
ES,)) =271, x,0)dx=| f,'(x,0)dx =0
(5= [0 (b= [ 1. (s 0M

u(0)= [ T(x), (x,0)dx
u'(0)= J.T(x)%);’e)dx
B o,(x.0) 1
= [T ) (x, O)x

- J. T(x) —8 In ](;”e(x’ 9)- £ (x, 6’)dx

= [7(0)S,(x.0) £, (x,0)ix
= E(T(%)S, (x,0)) = Cou(T(x),S,(x,0))

The last equality is obtained because E(S,)=0. Given the fact that
Cov(x,y) < var(x) 12 var(y) 12

u'(0) = Cov(T(x),S,(x,0)) > (u'(9)) < var(T(x))var(S,(x,0))

Note var(S, )= E{(wﬂ =1(9)

, we have:

00

We have: var(7T'(x,8))> M
1(0)
Therefore, when u’(6) = 1, i.e., € estimate is unbiased, we have the Cramer-Rao
inequality:

var(T(x,0))> ﬁ

17



—— is the minimum variance that an unbiased estimate may attain.

1(6)
3. Asymptotic efficiency and normality

Next we show that MLE is asymptotic normal and efficient. First, we show the
asymptotic normality.

The likelihood function is given by:

L0)=L S n 15,00 £, 1 £(5,0)= [In 1(x,0)- 1 (x, 0,

i=1

The first order condition is:

1 d1n f(x,,0)
S, (x,0)=—Y 220 =0.

Note that: \/;Sn (x,6,)—~—>N(0,1(6,))
Note the solution of equation implies that:
S, (x.0,,, )= 0.

Taylor expansion at 6

A

S, (xa éMLE ): S, (x’ Ho)+ (HMLE -6, )M

00
_ y _o LS f”(xiﬂe:)_ lnf'(xiﬁ:)z
—S,1(xa90)+(9MLE 90) ;[f(xi’g}j) (f(xi,e,j)
=0
Therefore,
. 1< f"(xiﬁ:) (lnf'(xiﬁ:)jz
nS,(x,60,)=—~n\Oy.; —6,)— ) :
nS, (x.6,) = | )n;{f(xiﬁn) /1x,.6;)

Note that we have ‘Hn —~ 6’0‘ < ‘éMLE -6, So,

) P * _ p
O, —6, =0 —F—->60,.

It is important to notice that a fact:

18



fﬂ(xe) f(ao) [+ _
[ L T o= 00

®(
In fact, E, (f X, 60y )J 0 for k> 0.

0)

Therefore, by the WLLN:

_Zf((xll,’en)) L E, (f"(’f g)j 0,and

Z(lnf(x(l,en))jz > 1(,)

i=1

Therefore,
(0, - 0, )—— N(0,1(6,)")

Since the minimum variance is achieved for MLE, therefore, the MLE efficient
estimator is efficient.

Example: let x have density f(x)=(1+60)x’ 6>1 0<x<I

Obtain the MLE estimator of the mean and compare it with sample average x .

Note we can express likelihood in terms of i, and found the value u. We could,
however, to express the likelihood function in term of € =» more generally, if 8, and 6,

are 1-1 mapping, and #;,=g(6,), then we must have:

Example: y=xf + ¢, ¢ is iid normal N(0, ¢°). ¢ is known MLE estimate of /3?

f(ﬂ)ﬁp[%]

lnf(gi,ﬁ):c—lna—w
20
Therefore,
Glnf(gi,ﬂ) _ xi'(yi _xiﬁ)
op 207
0 lnf(ei,ﬂ) X'y
opof 200
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-> \/;(ﬁ’MLE - ﬂ)—d> N(O, o’ (x' x)_l)

Likelihood Function example
x; ~N(? 1), o #0, y~N(e",1), and S #0 .

x; and y; are independent. The density (x;, y;) is:

(_ (v —e”) + [, —e“)zJ

1
f(xi’yi)=2_exp

T 2

The log-likelihood function is given by:

I= —12((:@ —e”J +(y, _ea)z)

2

The first order condition is given by:

o _ —l(—Zﬂe“ﬁZX,- +2ne*” —2e" "y, +2”ea): 0
oa 2
o 1

—=—(-2a”) x, +2ame’” )= 0
Solving this two-equation system:
af —

2% =X

Plug this into the first equation: y = e

From the second equation: e

IS |-

5 Inx . .
Bur = X s the MLE estimator

How to find the variance of ,E'MLE ?

2
% = ,Bze“ﬂin —25°ne*” + e“Zyi —ne”
a
2
aaﬁlz = —aze“ﬂin —2a’ne**”
821 af 2ap
dadp =—(1+ap)e in +(1+2ap)ne

20



Plug off=Inx and o =Iny, we have:

2

ze“ﬂin —2B°ne*” + e“Zyl. —ne”

0
2
Ol e = —n(Iny)’ x>

op’
2

ol %z

oaop
A 1
> Var(\/;ﬁMLE ) = W
Therefore, \/; ( 3 e — B )—d> N (O: #J
ny)x

Example: x; ~ N(6, (92):

The log-likelihood is given by:

2 (x, - 0)

1
x5, x,;0)=——In27 —nln6 -
(x50 X, 0) 5 n2z—nln Y

The first order condition is:

ﬂ_ £+Z(xi_9)+2(xi_9)2 ~0

00 0 0’ o’
We have two roots to this equality: =

~ —le. i\/( xl.)2 +4n2xi2

Oy0r =
BT

2

Assume the true 6 (in which the data x; were generated) value is 6. By the Weak

Law of Large Numbers:
2%
&N E(x)=6,
n

&_Pﬂf(xf): Var(x,) +(E(x,)) =26;
n

21



Therefore,

2 p —&i%

QMLE — ) 7

When there are multiple roots, only one of them is a consistent estimator that
will converge to the true value 6. The other root is not. Next we show how to distinguish
if a root is the consistent estimator of the true parameter value.

Note that, for any 8, we have:

8% In f(x,0) +(8ln f(x, 9)}2 1 & f(x0)

C f(x,0)  06* ®)

06’ 00

For the normal density:

e

SO L w0y o) 520

'/ (x.0) L 9)_1{_éf(x’ 0)+ f(x, m{(x ~0F | (x- 9)}}

06> 6 0 9’ 9>

+{_ % F(.0)+ 1. H{(x_e)z . (x_e)m(x_e)z . (x_e)}

6’ i 6’ 0’
+ (0307 (x-0) -0 2(x-0)-207 (x-0)-07)

. 9){()6_69)4 (2e-0) _a-0) ds-0), 1 }
o 0 0 0 0

- : ;x 1
Based on moment generating function: E, (e ): exp(ﬁt + 5 Gztz) , we have:

Ego(x): 6,, Eeo(x2)=2l902, Eeo(x3)=46’03, E‘go(x“)zloﬁ(;1

Therefore,
E, (x—0)=[(x-0)f(x.0,)dx = 6,0
E, (x-0) =20; 20,0+’
E, (x-0) =46, - 60,0 +36,0° - 0’
E, (x-0)" =100, —160,0 +126,6" — 436,0° + 0*

22



Take the expectation of equation (*) with respect to the true value 6y:

£ {az lnf(x,é’)}_Eg ﬂcﬂnf(x,@)jz} :Eg[ 1 azf(x,e)}
AV ° 00 N f(ne) 06

4 3 2
_E, (x—é@) +2(x—50) _4(x—40) _6(x;0)+i2
‘N 0 0 0 0
_ 106, _8003 B 86; N 40, 2

o0 o ¢ & ¢

At the first root, 6,,, —2—> 6,

. A 2
1§80 0s) +(alnf<x, em)] .,
00

N < 06?
£ {az mf(zx,eo)}Eg |:(8lnf(x,90)j }
Ay b o0

At the second root, §,,, —2—>—26),.

7

. n 2
L §o lnf(x,eMLE>+(alnf<x,em>} b

N4 06 00
2 . _ 2
E 0% In f(xz, 2001, E oln f(x, 290)J
’ 00 ’ 00
__3 #0
320,

N A2 %) A 2
This result shows that the %Z 0"In g (gx; Ovie) + (6 In / (axe’ Ou )J =0 if the

root éMLE converges to the true value, and # 0 when éMLE does not converge to the true

value. Therefore, one may test if —

L¢3 Infx, Ous) [aln f(x,6,0)

2
=0 as atest
00 ]

N < 06*

of the root that is the consistent estimate.

Generalized Method of Moments (GMM)
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First consider a linear model:
vi=xif tu;,  with E(x; ’u,-) 0

Assumption 1: E(zi:ui) =0
Assumption 2: E(z; x;) #0

So the moment conditions are: E(z u)) = E(z: (vi - x8)) =0

Find g, such that:

min (Zz —xﬁj/ [ﬁ:z}(yi—xiﬁ')j

The solution to this problem:

P =(X'ZWZ' X)' X' ZWZ'Y
=p+(X'ZWZ2 X)' X' ZWZ'u

and the covariance of the estimator:
Varl By )= (X' 2W2 X )" X' Z2WAWZ X(X' ZWZ' X )
where A = E(z; ’u,-u,- é). This is a very long but intuitive covariance matrix.

The next step is to find the optimal weighting matrix W, which is the GMM.

When W = A7, then the optimal covariance matrix is reached. In this case,

Bow =(X'ZA 2 X ) X' ZA'Z'Y | and

Var(ﬁGMM )

(x'za'zx)' xza ' AN 22 X (X' ZA 2 X )
(xza'zx)' xza'z x(x'za' 2 x )
(x'za'z x)"

Under homoscedasticity, A = E(z; uu; z)=6"E(z; z). Then:

Bom =Xz 2y 2 x)' x2(22) 'Y
= (X'X)_IX')’ = :ézsLS

24



VarlBo )= (X' 2072 x )
—sxz(zz)'zx)'
=0’ ()A( 'X )71

Generalized Method of Moments (GMM)
Similar to the M-estimator setup:
E[g(w;, 6p)] = 0, where 8 R” , and g(w,,6)e R".
In other words, the number of parameters is P, and number of moments is L.

When L < P, the model is not identified; when L = P, the model is exactly
identified; and when L > P, the model is over-identified.

Similar to the nonlinear least square case, if we define:
Q(Wi > 0) = g(Wi > ‘9)'g(wi > 0)

Then a typical model is given by:

min 3 q(.0)= X e(v,.0)<(s,.0) ")

i=l1 i=l1
All the properties from previous discussions apply.

Alternatively, consider a different model:
i | Se(.0)| 2 3eton-0)| "
i=1 i=1

when = =17, (**) = (*) when cross terms are close to zero, which is true when two
observations are independent.

However, compare (*) and (**), the advantage of (**) is that a weighting matrix
can be included in (**) while it is difficult to include a weighting matrix to (*).

[1»

Including the optimal weighting matrix would improve the asymptotic efficiency.

Define:
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We can use the first-order condition and Taylor expansion to obtain the

asymptotic distribution of this estimator.
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