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Consider a linear specification: E[y|X] = Xβ, where y is 1×n , X is , and β is 
. Adding an error term: 

Kn ×
1×K

    
  y = E[y|X] + u =  Xβ + u       (1) 
 
Assumption 1:    E(X’u) = 0 
Assumption 2:   rank (E(X’X)) = K  
 

To solve for (1), take expectation at both sides: 
 

E( X’y) =E( X’X)β + E(X’u) 
 

Empirically, expectations are approximated by averages: 
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Note xi is .   K×1

 
Discussion: Unbiasedness and consistency
 

If Assumption 1 holds: 
 

β = E( X’y) =[E( X’X)]-1 E( X’y) 
   = [E( X’X)]-1 E( X’(X β +u)) 
   = [E( X’X)]-1 [E( X’X)] β +[E( X’X)]-1 E(X’u) 
  = β + [E( X’X)]-1 E(X’u) 
  = β      by Assumption 1. 

 
As ∞→N . Let A = E(xi

’xi). Then: 
 
               )(ˆlim '1

iiuxEAp −+= ββ
 

Obviously, A has to have full rank to have plim = β. β̂
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herefore, if Assumptions 1and 2 hold, as expected, we have:  T
 

( ) ββ =ˆE , unbiased; and plim = β, consistent. 
 

Discussions: Asymptotic distribution 

 β̂

of β̂  
 

Repeat (2) here: 
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Rearrange equation (2), and multiply by N : 
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Applying the central limit theorem to the term: ⎟
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By Assumption 1,  E(zi) = 0.  Applying CLT, 
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   ( ) ( )12,0ˆ −→− ANN σββ  
   

 ( ) NXNii IuuE 2' σ==ΩAssumption 3:  iu is IID,  or .  

If Assumption 3 holds, then we must have: 
 

( ) ( )12,0ˆ −→− ANN σββ  
 

Now, what happens if some of the assumptions do not hold? 
 

Assumption 1 E(X’u) = 0 
full rank 

 

ase 1: If Assumption 2 does not hold: 

If assumption 2 does not hold, then at least one of xi’s is the linear combination of 
others. 

xample: The Longley data (on the website) 

ata: GNP deflator, GNP,  Armed forces,  and  Total employment. 1947-1962.  

  
 

Assumption 2 E(X’X) has 
Assumption 3 E(uu’) = σ2I 

 
C
 

Get rid of this xi’s (reduce the dimension of xi). This is called multicolinearity! 
 
E
 
D
 

0 1 2 3 4total year GNPdeflator GNP Armedforcesβ β β β β= + ∗ + ∗ + ∗ +  
 

stimation results:  

1947-1961   1947-1962 

E
   
    

Parameters 
   β0 1459400 1169090 
   β1 -721.76 -576.464 
   β2 -181.12 -19.761 
   β3 0.091068  0.064394
   β4 -0.074937 -0.01014 

 
Symptoms of near multicolinearity: 

 
(1) Small change in data produces wide swing in parameter values  
(2) Large standard errors despite joint significant and high 2R   

 
To fix the near-multicolinearity: ridge regression: 

    

where D- diagonal elements of X’X, and r is a scalar to be chosen such that the 

  ( ) yXXXOLS ''ˆ 1−=β  

( ) yXrDXXr ''ˆ 1−+=β  
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resulting estimates are “stable”. In practice, let  
 

r(k) = k * .01; k = 1, …K. 
 tolerancekrkr <− − )1()(

ˆˆ ββ  

 
It can be shown that ˆ

rβ is biased but may have a smaller mean square error than 
OLS. However, in order to construct an estimate with smaller mean square error, it is 
necessary to know ˆ

rβ . So this is irrelevant.  
 
 

Case 2: If Assumption 3 does not hold:  

 E(uu’) ≠ σ I 
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 is easy to estimate (X’X)-1. If we can estimate E(X’uu’X), we can obtain a 

consist le 
It
ent estimate of the covariance matrix of the OLS estimate of β. This is possib

because the dimension of X’uu’X is only KK × , as n goes to infinity.   
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( ) ∑≈ 2'1'' iii uxx
N

XuuXEThen: .  Let E(X’uu’X) = B, which can be 

approximated by: 

Bxxu
n i

iii →∑ '1 2  

Since  is not observed, we replace  by the OLS residuals: : iu iu β̂ˆ iii Xyu −=

∑≡
n1ˆ 2

i
iii xxu

n
B 'ˆ  

Standard error calculated by ( ) ( ) 11 'ˆ' −− XXBXX  is called heteroscedasticity-robust 
standard error.  
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 Note if ( ) 22
iiuE σ= , can we use  to approximate ?  In other words, if E(uu’) 

The difference that is that the dimension of B is only

2ˆiu 2
iσ

= Ω, can we find consistent estimate of Ω?  
 

BB p⎯→⎯ˆ  KK × , which 
ber of obs dimen  

ries data, it is possible that Ω has some particular 

   

 
In this example, Ω= Ω(ρ). It is then possible to estimate such a covariance matrix 

ase 3: If Assumption 1 does not hold: 

If Assumption 1 does not hold: E(X’u) ≠ 0.  

 one of  Xi such that:  E(Xi’u) ≠ 0, then the estimate is biased and inconsistent  

uestion (homework question): is it true that only is biased & inconsistent? 
Sup  =

 
Reasons that may cause: E (X’u) ≠ 0 

. Omitted variables. 

y| X, q) is the conditional expectation of interest (true model). Let the 

 = Xβ + γq + u  
 

ince q is unobserved, the model to be estimated is: 

y = Xβ +  u

Where  = γq + u. Then we have Cov(X’,u0) ≠ 0  if Cov(X’,q) ≠ 0. 

does not change as the num ervations increases.  However, the sion of Ω
is nn × . So there is no way we can consistently estimate Ω without further assumptions 
of the covariance structure of Ω.  
 For example, in the time se
structure, the following is an example: 
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consistently.  
 
 
C
 

 
If
 
Q iβ̂
pose only x1 and x2, E(x1) = E(x2) = 0.  If  Cov(x1,x2)  0 vs Cov(x1,x2) ≠ 0 ? 

2β̂ will be biased and inconsistent? 

 
1

 
Suppose E(
true model be: 

 
y

S
 

0 
 

0u
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Example (wage equation):  

he true model is: 

(wage) = β0 + β1 educ + β2 ability + β3 expr + …. 
 

e don’t observe “ability”  omitted variable problem. It is very likely that: 

herefore, OLS estimate for β1 will be biased, and biased upward, i.e., .  

2. easurement errors: 
 

True model:  
y = Xβ + γz* + u, 

here z  is unobserved but we can find a proxy for z*, z. Or z* is measured with 

y = Xβ + γz* + u 
    + u 

here u0 = - γξz + u. We must have: Cov(z,u0) ≠ 0 since Cov(z, ξz ) ≠ 0.  

xample (i): If  “ability”  is measured by IQ  

(wage) = β0 + β1 educ + β2 IQ + β3 expr + …. 
 

Example (ii): We are interested in how corporate donation is determined. Two 
 

A typical way in the literature is: 

n = Xβ + γ Advertising + u 

However, this will have an simultaneity problem.  

Gan and Shan (2009) suggest using corporate product type – whether the firm is 

 Donation = Xβ + γ Direct + u 

 
T

 
ln

W
  Cov(“ability”, educ) > 0. 
 
T 11

ˆ ββ >OLS

 
M

  
 

*w

error.  Suppose z = z* + ξz, where E(ξz) = 0.  z is observed and z* is unobserved. 

Assume Cov(z* , ξz ) = 0, then Cov(z, ξz ) ≠ 0.  

 

   = Xβ + γ(z- ξz) 
    =  Xβ + γz - γξz + u 
    = Xβ + γz + u0

 
w
 
E

 
ln

 
alternative hypotheses – donation as an advertising mechanism or donation as a way to
maximize management utility.  
 
 
   
  Donatio
 
 
 
 
directly consumer-oriented or not. 
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 However, Direct would potentially measured with error.  

3. Simultaneity:   

t least one of the explanatory variables is determined simultaneously along with y. 

Examples of Simultaneity: 

on-economics examples:  
-home moms 

 
A very important question in the US is whether stay-home mothers have 

hildren performance = a + b * stay-home-mommy + Zη + v 

ociologists run this type of regressions. For economists, this is simply wrong, 

(ii) The relationship between money spent on elections and the outcomes of 

Winning percentage = a + b * difference in campaign funds + Xβ + u 

he problem of this analysis is that campaign fund raising is very much 

Economics examples: 

xample (i): We are interested in studying how price affects demand of a good. We have 

qt: quantity of orange juice consumed in a city at time t. 

t  =β0  + β1 pt  + zt γ  + ut   

pt is endogenous. Suppose for whatever reason, the demand curve shifts up for 

However, if we have household data:  
 

qi = β0 + β1pi + ziγ + ui, 

 

 
A
This is what we call in economics that both y and X are endogenous variables: 
  

 
N

(i) The effect of stay

positive contribution to their children.  
 
C
 
S
because of the endogeneity: whether a mommy stays at home will be affected 
by the behavior of their children.   
 

elections. A typical empirical model is: 
 

 
T
dependent on the perceived (or expected difference) in a possibly non-
linear way.  
 

 
E
time series data: 
  
 
 pt: price of orange juice in a city at time t. 

 
q
 

orange juice, both pt and qt would increase.  
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We can estimate the model since individual households should not be able 

to affec

 
xample (ii): Female labor supply. 

We are interested how after-tax wage affect female labor supply. A typical 
empiric

 
  Hoursi = αwi(1-ti) + βyi + Ziη + ui  

here wi is the before-tax wage, ti is the tax rate, and yi is the non-labor income, 

It is well-known in the literature that ti, the marginal tax rate is dependent 
on Hou

 

an.  

Example (iii): Transaction volume and change of housing prices.  

It is widely observed that transaction volumes and housing prices are 
positive

Two previous models, 

) Down payment: this model suggests that that a decrease in price would 
lower t

 

) Loss aversion: according to the Prospect Theory of Kahneman and 
Tversk

er 

 both models,   

Qt = β0 + β1pt+ Zt γ+ u 

r:              
 β0 + β1Δpt+ Zt γ+ u 

t price of orange juice. Problem of this approach: pi does not have enough 
variations. 

E
 

al model is given by: 

 
 
w
and Zi is a set of control variables.   
 

rsi, since more working hours  higher household income  higher 
marginal tax rate. Therefore, both ti and Hoursi move simultaneously and they
both are jointly determined. So it is (1-ti) is endogenous, and so is wi. This 
problem can be solved though by maximum likelihood proposed by Hausm
 

 

ly correlated at the aggregate level: a 1% drop in housing prices is 
associated with 4% drop in transaction volumes. 
 

 
(a
he equity of the existing homes. So people who want to trade-up of their 

homes (sell their current home to buy a different and often a larger home) cannot
do so – this reduces the sellers in the market, and hence reduces the total 
transaction volumes and housing prices. 

 
(b
y, people hate to lose. Therefore, if the price is lower than the purchase 

price, people do not want to sell. As a consequence, a lower price leads to a low
transaction volume.  

 
In
 
 
 
O
 ΔQt =

 8



 
where Qt is the transaction volumes, pt is the house price, Zt are control 

variabl

 both models, a change in prices causes a change in transaction volumes.  

) Thin-thick model:   
⇒ ↓

 
 (c) is correct, then one cannot run regression of pt on Qt. In fact, a large part of 

 

Example (iv):   testing personal bankruptcy  

 Bi = Xiβ + γDi + ui 
  

i is debt, and it is correlated with ui. 

Two alternative models: “Strategic timing” and “Adverse Events”. One model 
plies  

xample (v): Fertility or spacing and labor supply. 

 Fi = 1(Xiβ + γLSi + ui > 0) 

 
Fi is fertility decision of a mother, Si is the spacing between two children, and LSi 

irection of the Bias of  when Cov(X, u) ≠ 0: 

at: 

es.  
 
In
 
(c
unemployment mar↑⇒ ket thinner P  & transaction volume ↓  

If
empirical work is all about this testing alternative theories. Different theories may
imply different causality. 
 

 

 where D
 
 
im  that the Debt, Di, is exogenous (Adverse Events), while another model implies
that Di is endogenous (Strategic Timing). Endogeneity of Di becomes the key to testing 
alternative theories. 
 
E
 

  
 Si = Xiβ + γLSi + ui

 
= 1 if work, 0 otherwise.  
 
 
D OLSβ̂
  
 Given th
 
 ( ) ( ) uXXXyXXXOLS ''''ˆ 11 −− +== ββ  
 

The direction of the bias depends the correlations between X and u. 

(1) For the omitted variable case, one can obtain the direction of bias by considering 

 
 

the correlation between X and the omitted variable q.  
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Examples: 

(i) In the case of returns to schooling with the missing “Ability” term, 
es 

 
i) Example 4.4 of the Wooldrige book, since the estimate of the 

ivity of 

 

since Cov (Schooling-years, “Ability”) > 0  0ˆ >OLSβ  overestimat
the returns. 

(i
coefficient for “grant” is reduced after considering the product
the firm, i.e.,  

( )typroductiviwithOLβ̂ S β̂>  
     We must have: 

 (grant, “productivity”) > 0. 
  

(2) or case: 

et the true X be denoted as X ,  the observed X =  X* + v 
 

  y = X β + u = (X – v)β + u 

Since Cov(X, u-vβ) < - βCov(X,v), and Cov(X, v)> 0, we have the so-called 

 Cov(X, u-vβ) < 0,  then  i.e. OLS estimate of β 

(ii) en  i.e. OLS estimate of β 

(iii) urement error, we would have: 

Cov

For the measurement err
 

*L
Then the true model is: 

 
* 

      = Xβ + (u - vβ)  
 

attenuation effect:   
(i) If β > 0, then ββ <OLS

ˆ ,
would underestimate the true β.  
If β < 0, then Cov(X, u-vβ) > 0, th  ββ >OLS

ˆ ,
would overestimate the true β.  
In summary, with classical meas ββ <OLS

ˆ  

The OLS estimate would be smaller in magnitude. In other words, it is 

 

Instrumental Variable Estimation  

The basic model:   y = Xβ + u,   and Cov(X, u) ≠ 0. 

ossible reasons:  omitted variables; measurement error in explanatory variables; and 
simu

How to solve this problem? Assume there exists a vector of random variable Z, such 
that

  

more likely that the OLS estimates would be statistically insignificant.  

 

 
P
ltaneity. 

 

, Cov(Z, X) ≠ 0, and Cov(Z, u) = 0. Pre-multiply z on (2):  
 
 uZXZyZ ''' += β  
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Taking expectations on both sides: ( ) )'()'(' uZEXZEyZE += β  
    

       e:  
)'(
)'(

XZE
yZE

=β   If E(Z’X) ≠ 0, then we hav

  
 Empirically, we use sample average to approximate the expectation: 
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asic requirements of IV: 

) Z’x must have full rank.  
 nd E(Z’u) = 0 (not really testable).  

 large part of empirical studies have been concentrated on searching for appropriate 
IVs

xample (Natural Experiment):  

) Omitted variable: “Ability” in the wage regression. 

(wage) = β0 + β1 educ + β2 “Ability” + β3 expr + ….+ u 
 

 “Ability” is missing, so we have ε = u + β2 “Ability”.  Note it is obvious that 
Cov

 Can we find Z such that:  Cov(educ, z) ≠ 0, and Cov(ability, z) = 0 
         

 
   Angrist and Krueger (1991, November, QJE): IV is born in the first quarter in the year: 

                           educ = δ0 + δ1 Born-First-Quarter + Xβ + v 

This is because of the compulsory school law: that each person has to stay in 
. If 

 

B
 
(1
(2) Cov(Z, x) ≠ 0 (testable), a

 
A
.  Following are several examples.  We divide the examples into two categories: 

“Natural Experiment” vs “Regular examples” 
 
E
 
(a

 
ln

(educ, ε) ≠ 0, since Cov(educ, Ability) ≠ 0.  
 

  

  
 
  
 
 
school until age 16. In the meantime, many states have a cutoff date of 9/1 or 12/1
a person was born before the cutoff date, he/she can go to school this year; otherwise, 
he/she has to wait until next year. Therefore, because the compulsory schooling law 
and the cutoff date for entrance, on average people who were born at the first quarter
(more likely to be before the cutoff date) would have more education than those who 
were born the last quarter (more likely to be after the cutoff date). 
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Card (1995)  
     educ = δ0 + δ1 Distance-to-Community-College + Xβ + v 

xample (b) (Natural Experiment) : serving military on long-term earning wages. 

Angrist (1990, AER): the effect of serving the Vietnam War on the earnings of 
ng 

 
   ln(wage) = β0 + β1 educ + β3 expr + β4 Military….+ u 

 
The problem of this regression, as in the previous regressions, is that “Ability” is 

m

 
  Angrist (1990) considers the example of the Draft number. One December 1, 1969 

ea

             Military = δ0 + δ1 Draft-Order + Xβ + v 

owever, there still is a problem in this. Being drafted was not an automatic ticket 
to

Exam c) (Natural Experiment): Colonialism and modern income on islands (80 

    James Feyrer and Bruce Sacerdote (2006, working paper) 

comei = Xiβ +γ length-of-colonizationi + ci(unobserved) + ui  

  Problem: length of colonization is related to unobserved characteristics ci. 

    IV regressions: 

                  length-of-colonization=f(wind-direction, wind speed)+X 
 

           Wind pattern which matters a great deal during the sail do not have   

esults: date of democratization is NOT a predictor of current income; 

                       
 
E
 
 
men. He is interested on how the participation in military would affect a person’s lo
term wage.  

  
issing. It is very likely that Cov(Ability, Military) ≠ 0. People with higher earning 

ability are less likely to join military (counter example: Pat Tillman) 

ch day of the year has a capsule randomly picked up. The draft continued yearly 
until 1973 (born between January 1st, 1944 and December 31, 1950).  All numbers 
would have equal chance of being drafted.  
                 
                  

 
H
 military, only half went (rejected on physical, mental, or legal reasons.)  Draft is 

random but draftees choose more education as a way of increasing the chance of 
deferment.  

 
ple (

observations) 
 
  
                     
                   In
   
    
 
  
 
  

much effect on modern income.  
 
R
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              length-of-colonization is strongly positively correlated with current 

 

xample (d) (Natural Experiment):  

 Performance of children = a + b * size of class + Xβ +u 

Obviously size of class is endogenous. However, Angrist and Lavy (1999, QJE, 
ol 114

bbinic scholar, Maimonides, suggested that 

 – 

xample (d) (regular): The effect of village elections on village resident income and 

Basic question:   

me) = a + b1 * health shock + b2*village election*health shock + Xβ +u 

The interests are b1 and b2: it is expected b1 is negative, and b2 is positive.  

the timing of village election, however, maybe endogenous – related to average 
come

Instruments variables:  

Timing of the Provincial election law * percentage of the largest surnames 

xample (e) Simultaneity of X 

Example: personal bankruptcy  

 Bankruptcyi = Xiβ + γDi + ui 
 

where Di is debt, and it is correlated with ui. The IV for this problem includes: 

                                                       

income. (45% higher per capita income if 100 years more colonization) 

 
E
 
 
 
 
V , No.2, pp. 533-575) suggest an IV: 
 In Israel, the great twelfth century Ra
class size should not be more than 40.1 Angrist and Lavy (1999) compare those schools 
with only 120 students at one grade (three classes are sufficient) vs those schools with 
121 students at one grade (has to be divided into four classes): Regression discontinuity
we will talk about it later.  
 
 
E
consumption insurance. (Gan, Xu, and Yao, 2006): 
 
 
  
 log(inco
 
 
 
 
in  of the households.  
 
 
 
 
 Timing of the Provincial election law * number of surnames in the village 
 
E
 
 
 

medical problem, divorce, and unemployed. 

 
1 In fact, the precise wording of Maimonides is, according to Angrist and Lavy (1999), is, “Twenty-five 
children may be put in charge of one teacher. If the number in the class exceeds twenty-five but is not more 
than forty, he should have an assistant to help with the instruction. If there are more than forty, two teachers 
must be appointed.” 
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    + u 

 
                 One solution: measured twice.  

           Cov(v1, v1) = 0  Cov(v1, z2)=0,  and Cov(z1, v2) = 0.  Therefore, z1 

    
Example: Ashenfelter and Krueger (AER, 1994 84(5), 1157-73) twin study. They 

 
xample (f): we are interested in estimating the effect of nutrition on income and labor 

me) =a +  b* health + Xβ + u 

log(income) =a +  b1 * carbon + b2 * fat + b3* protein + Xβ + u 

 b1 is negative, b2 is insignificant, and b3 is positive.  

Obviously there will be the problem of endogeneity. 

 IVs: prices variations across regions. 
ld affect effective prices of food 

atural experiment IVs: public policy change in China, such as establishing 

 
e are interested in estimating the following model: 

pply  = a + b * number of kids +  Xβ + u 
 

 of kids” is obviously endogenous. Other potential IVs include age 

Example (e): Measurement error: 
 

y = Xβ + γz* + u 
   = Xβ + γ(z- ξz) 

    =  Xβ + γz - γξz + u 
    = Xβ + γz + u0

  
                                   z1 = z* + v1   
                                   z2 = z* + v2   
                   

        
can be IV for z2, and z2 can be IV for z1.  

ask each of the twins their own education level, and their brother/sister education 
level. Therefore, for each person, they have two measurement of their education. 
The one from their twin brother/sister can serve as IV for the self-reported 
education.  

E
supply: 
  
 log(inco
 
 
 
 
 
 
  
 Standard

Other IVs: number of people in the family (wou
consumption). 
 
N
health insurance in rural China (would nutrition), an increase in university 
enrollment, etc.  
 

Example (g): w
  

Labor su
 

 “number
difference between the husband and the wife. 
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 Standard IVs: whether the first two kids are in the same sex. 

xample (h): fertility and labor supply 

Gan and Noelia (2009) suggest using the variations in tax schedules across states 

xample (i): demand and supply. 

ample earlier about demand and supply,  

Qt = β0 + β1pt+ Zt γ+ u 
  

ential IV is the price of the material. For example, if we are interested in 

Optimal IV : Two Stage Least Square (2SLS)? 

he IV estimate is given by: 

       

Question: can we do better?  

(1) Constancy: . It is consistent, so we can not do better than 

 
) Efficiency:  

et z be multiplied by a vector or a matrix zΓ, where Γ could be a matrix or a vector: 
 

   

 
E
 
 
and across time as IV.  In particular, they calculate each person’s marginal tax rates if she 
works full time and if she works half time (regardless of the actual working hours), and 
then using these marginal rates as instrumental variables.  
 
E
  
 In the ex
 

 One pot
orange juice’ price effect on quantity sold, we may use the price of oranges as the IV for 
the price of the orange juice.  
 

IVβ̂

 
T

( ) yzxzIV ''ˆ 1−=β  

 
ββ ⎯→⎯p

IV
ˆ

consistency. 

(2
 
L

( )
( ) uzxz

yzxzIV

''''

''''~

1

1

ΓΓ+=

ΓΓ=
−

−

β

β
 

 
o, given Cov(z’u) = 0, for any matrix of constants Γ,  S

 

( ) ββ

ββ

=

→

IV

IV

E ~

~
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Therefore, there are many IV estimators that are unbiased and consistent.  Among 
all estim

 x = zδ + ε.   The OLS of this equation yields: 
 
     Let ,  we have: 

ators, consider a regression: 
       

δ̂ˆ zxOLS =          

 δ̂=Γ ( ) yxxxSLS 'ˆ'ˆˆ 1
2

−=β  . 

Pr sition: This IV estimator
    

, ( ) yxxxSLS 'ˆ'ˆˆ 1
2

−=βopo  turns out to be the same as an OLS 

 
estimator of: 

                   ηβ += xy ˆ ,    where 

Proof: 
( ' ) ' z

δ̂ˆˆ zxx OLS == . 
 

   ˆ 1x z z z z x P x− =    where  is idempotent and symmetric  
( ' ) 'z z zP z z z z z z z z P− − −= =  

 
Therefore,      

                          

Therefore, , which is equivalent to running the regression: 

                        

= 1( ' ) 'zP z z z z−= . zP
  ) 'P z z z z=1 1 1' ( ' ) ' ( '

'z zP P= . 

xx
xPPx

xPxxx

zz

z

ˆ'ˆ
''

''ˆ

=
=
=

 

( ) yxxxSLS 'ˆˆ'ˆˆ 1
2

−=β
 
   ηβ += xy ˆ , 
 

( ) ( )IVSLS VarVar ββ ~ˆ
2 ≤Proposition:  : 

roof (for homoscedastic): Define 
 

Γ= zx~P : 

                 

 
( )
( ) yxxx

yzxzIV

'~'~
''''~

1

1

−

−

=

ΓΓ=β
 

 
1( ' ) 'IV x x x yβ −=% % %  

      
ptotic variance for a generic IV estimator is given by:  Asym

 
( ) ( )[ ] ( )[ ] ( )[ ] 112 ~'~'~'~ˆ −−= xxExxExxEnVar IV σβ   

 
symptotic variance for a ( ) yxxxSLS 'ˆ'ˆˆ 1

2
−=βA  is given by: 
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                   ( ) ( )[ 12
2 ˆ'ˆˆ −= xxEnVar SLS σβ ] ,  where . δ̂ˆ zx =

  
It is sufficient to show that: ( )[ ] ( )[ ] ( )[ ] ( )[ ]xxExxExxExxE ~'~'~'~ˆ'ˆ 1−−   is P.S.D. 
   
Since is a prediction of x, we can let x̂ rxx += ˆ , where r is the residual.  
 
We have: ( ) ( ) 0''ˆ'ˆ == rzErxE δ , which leads to E(z’r) = 0. 
 
Therefore  ( ) ( ) 0'''~ =Γ= rzErxE ,  given Γ= zx~ . Therefore,  
 
                            ( ) ( )( ) ( )xxErxxExxE ˆ'~ˆ'~'~ =+=  
 
Therefore,  

                
( )[ ] ( )[ ] ( )[ ] ( )[ ]
( )[ ] ( )[ ] ( )[ ] ( )[ ]xxExxExxExxE

xxExxExxExxE

ˆ'~~'~ˆ'~ˆ'ˆ

~'~'~'~ˆ'ˆ
1

1

−

−

−=

−
 

 
Consider a regression:  sxx += η~ˆ       ( ) xxxx ˆ'~~'~ˆ 1−=η  
               ( ) xxxxxxxxs ˆ'~~'~~ˆˆ~ˆˆ 1−−=−= η . 
Finally,   
              ( ) xxxxxxxxss ˆ'~~'~~'ˆˆ'ˆˆ'ˆ 1−−= , 
 
which is P.S.D.  Note there are four terms when calculating . The other two terms 
cancel each other.  

ss ˆ'ˆ

 

IV or Regular Model 

 
One may for an alternative model, 
 
  y = Xβ +Zγ +  u   
 

Instead of using Z as IV for X. In addition to the economic argument of Z should 
not be entering the equation, there is a different argument. In the first stage regression, 
 
  X = Zη + v = Z1η1  + Z2η2 + v  
 

If we do not observe Z2 but only observe Z1, and Z1 and Z2 are correlated, the first 
stage regression would be biased, the OLS parameter estimates for η1 will be biased. One 
big advantage of the IV regression is that the consistently estimated η1 will NOT affect 
the consistency of the parameter β.   

 
For example, consider a return to education model, 
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ln(wage) = xβ  + γ educ + u 

 
IV regression, 
 
 educ = xδ + a1 * mother-educ + a2 * father-educ + v 
 
The excluded IVs are mother-educ and father-educ. However, if we do not 

observe father-educ, and given mother-educ and father-educ are likely to positively 
correlated, our estimate of a1 will be biased upward. In another word, one may not say 
that an increase of one year of mother-educ will result in an increase of a1 year of kid 
education, because a1 is overestimated. However, this biased estimated will not affect the 
consistency of gamma in the main equation.  

 

More discussions of 2SLS2

 y1 = x1β1+ y2β2 + u,  where Cov(x1, u) = 0, but Cov(y2, u) ≠ 0.   
 
In other words, x1 exogenous, and y2 endogenous. 
 
Assumption 1: There is a set of  IV, denoted as z2, E(z2’u) = 0.  
 
Assumption 2: (rank condition) 
 
(a) rank E(z2’z2) = L2  (b) rank E(z2’y2) = k2.  It is important to note that L2  ≥ k2.  
 
Condition (b) is critically important. It is equivalent to Cov(z2, y2) ≠ 0.  
 

For 2SLS, we typically include x1 in the set of IV.  So the IV is z = (x1, z2), and rank 
E(z’z) = L,  where L = k1+L2.  
 

At the 1st stage: x = zδ + ε, where z =(x1, z2). 
   

For x1 part of z, .   For  part of z: 11ˆ xx = 2ŷ
 

22112
ˆˆˆ δδ zxy += . 

 
At the 2nd stage, run regression of:   
   
  uyxy ++= 1211 ˆ ββ  
   
      ( )SLSSLSSLS 2,22,12

ˆ,ˆˆ βββ =  

                                                        
2 STATA Command: ivreg y Xvars (Yvars = Zvars) 

 18



  Note:  ,  and .  if Cov(xOLSSLS ,12,1
ˆˆ ββ ≠ OLSSLS ,22,2

ˆˆ ββ ≠ OLSSLS ,12,1
ˆˆ ββ ≠ 1,y2) = 0. 

 
Assumption 3: (homoscedasticity) 

 
E(u2zz’) = σ2E(zz’),  where σ2=E(u2) 
 

Given Assumption 3, define . A consistent estimator of SLSiiSLSi Xyu 22
ˆˆ β−= 2σ  under 

Assumption 3 is:  
 

∑−
=

N

i
SLSiSLS u

KN
2
2

2
2 ˆ1σ̂  

 
The  matrix  is a valid estimator of the asymptotic variance of 

. 

K K× ( ) 12
2 'ˆˆ −xxSLSσ

2
ˆ

SLSβ
 
Heteroskedasticity-Robust inference for 2SLS: 

 
As before, asymptotic variance of  can be estimated as  2

ˆ
SLSβ

 

( ) ( ) ( ) 1'2
2

1 ˆ'ˆˆˆˆˆ'ˆˆ −−
⎥
⎦

⎤
⎢
⎣

⎡= ∑ xxxxuxxnVar
n

i
iiSLSiIVβ  

 
This heteroskedastic-robust estimator can be used anywhere the estimator 

 is. ( ) 12 ˆ'ˆˆ −xxσ

 

Forbidden Regressions: 
 

Consider a model,  
  
   y1 = z1δ1+ α1y2+ α2y2

2 + u1
 
 The model is nonlinear in endogenous variables.  
 

 Step 1: y2 = z1π21+ z2π22 + v2. Let the predicted value be  2ŷ
 
  Step 2: run regression ( ) eyyzy +++= 2

222111 ˆˆ ααδ .  
 
 This regression is sometimes called forbidden regression. It is wrong. The reason 
for this is easy: 
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  ( ) ( )( )22 yEyE ≠  
 
 What we need is to have the predicted value of  E(y2) in the model, not (E(y))2.  
This is a common mistake in the empirical literature. We have to treat y2 as a separate 
variable from. If the instrument variable for y is z, then the instrumental variables for y2 
shoid often include z, and z2.   
 
 The correct method should be: 
 

 Step 1: run two regressions: 
 

y2 = z1π21+ z2π22 + v2. Let the predicted value be  2ŷ
y2

2=g(z1,z2) + e. Let the predicted value be , and g(z2
2ŷ 1,z2) could be a 

nonlinear function of  z1 and z2. For example,  
 
  vzzzzzzy +++++= 5214

2
23

2
12211

2
2 ηηηηη

 
  And use the predicted value from this regression. 
 
 
  Step 2: run 2SLS as in: 
     eyyzy +++= 2

222111 ˆˆ ααδ
 
Example: consider a regression: 
 

 ln(wage) = β0 + β1 educ + β3 expr + β3 expr2 +….+ u 
 
 Suppose we suspect that the experience variable, expr, is endogenous. Let the z be 
a set of IVs for this variable (z could include the local unemployment rate, local industry 
composition change, etc.).  For 2SLS: 
 
 Stage 1:  run two separate regressions: 
 
  expr = a0 + a1 educ + za2 +….+ e1   (a) 
 expr2 = b0 + b1 educ + b2 educ2 + zb3 + z2b4 + b5 edu * z +….+ e2  (b) 
 

 Stage 2: the predicted value from the first stage will be used in the second stage. 
 

It is wrong, however, if one only runs equation (a) and used the square of the 
predicted expr from (a).  
 
 
A Simple Review of Statistical Test 
 
A test is a statement. For example, consider a simple t-test of β = 0. Given H0: β = 0, and 

 20



H0: β ≠ 0.  
 

Statement 1: accept H0 if and only if ( ) 95.1ˆ
ˆ

≤
β

β
stdc

.  

 
 
However, since the estimated value of  has random errors, the statement will not right 
or wrong. Consider the following table: 

β̂

 
  Truth 
  H0 H1
 Accept H0 No Error Type II 
Action   Error 
 Accept H1 Type I  No Error 
  Error  

 
 
 Or, Type I error is equivalent to: Accept H1|H0 is true; and Type II error is 
equivalent to Accept H0|H is true.  
 
 In terms of Statement 1, Pr(Type I error) is given by: 
 

 

( )

( ) 05.0)0(95.1ˆ
ˆ

Pr

)0(|Pr

0

01

=
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
=>=

=

β
β

β

β

trueisH
sd

trueisHHAccept

.  

since when β=0, then ( )β
β

ˆ
ˆ

sd
 has a Student-t distribution.  

 
 Two important points may be mentioned here: 
 

(1) It is possible to have either Pr(Type I error) = 0 or Pr(Type II error) = 0, but not 
both. In fact: 

 
Pr(Type I error) = 0 Pr(Type II error) = 1 
Pr(Type II error = 0) Pr(Type I error) = 1 

 
Statement 2: always accept H0 regardless of the truth. 
 
 This statement implies that there will be no Type I error. However, it also implies 
that Pr(Type II error) = 1. 

 
Statement 3: always accept H1 regardless of the truth. 
 
 This statement implies that there will be no Type II error. However, it also implies 
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that Pr(Type I error) = 1. 
 
 In fact, it is generally true that a lower type I error would imply a higher Type II 
error, and a vice versa. Therefore, a test is actually a compromise between Type I error 
and Type II error.  
 
 It is the default or tradition that we let: 
 

 Pr(Type I error) = 0.01, 0.05, or 0.10.  
 
 There are often many different tests that can achieve Pr(Type I error) = 0.01, 0.05, 
or 0.10. The goal is to find a test that may have the minimum Type II error, or 
equivalently, the maximum power at a given size.  
 

(2) How to determine H0 and H1:  
 

It is often NOT arbitrary to assign H0 and H1. The most important factor to 
determine which hypothesis is H0 is the distribution of the test statistic under H0. 
Such distribution of the test statistic should be generic and standard, and not 
parameter-dependent. The most often used distributions include: 

 
(a) standard normal distribution.  
(b) Student-t distribution.  
(c) F-distribution 
(d) χ2(k) distribution. 

 
  For example, consider a regression: 
 
   uxuxxy +=++= βββ 2211  
 
 If we are interested in testing: H0: Rβ = 0 where R is a matrix of constants.  
 
  ( ) ( ) 'ˆˆ RVarRRVar ββ =  
 
 Therefore, asymptotically, and under H0: ( )( )'ˆ,0~ˆ RVarRNR ββ . It is typical to 
transform a k-dimension multivariate normal distribution to a χ2(k) distribution: 
 
 The test statistic is given by:  ( ) ( )[ ] ( ) 21

~ˆ'ˆ'ˆ
kRRVarRR χβββ

−
 

 
 Based on this test statistic, we can construct a test. An example is: 
 
Statement 4: Reject H0 if the test statistic ( ) ( )[ ] ( ) valuecriticalRRVarRR >

−
βββ ˆ'ˆ'ˆ 1

. The 
critical value is obtained using the distribution of χ2(k).  
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Testing for Endogeneity 
 

Consider a model,  
  
   y1 = z1δ1+ α1y2+ u1    (*) 
 

where y2 is potentially endogenous, and z2 is a set of instrument variables. One 
can use the Hausman test. 

 
(1) Hausman test: 

Consider H0: y2 is exogenous.  
 
 Under H0, both OLSα̂  and SLS2α̂  are consistent. The difference between these two 
estimators are their covariance matrix. Asymptotically, both estimators should have 
normal distributions. Therefore, it is necessary that the difference of the two estimates 
will have zero mean and normal distributions, i.e.,  
 
  ( )( )SLSOLSSLSOLS VarN 22 ˆˆ,0~ˆˆ αααα −−  
 
 Therefore, we can construct the test statistic under H0: 
 
 (i) Normalize to a vector of standard normal: 
 

  ( )[ ] ( ) (( )SLSOLSSLSOLSSLSOLS VarNVar 222
1

2 ˆˆ,0~ˆˆˆˆ αααααα −−− − )  
 
 (ii) Construct the test statistic with χ2(k2), where k2 is the dimension of  α1. 
 

( ) ( )[ ] ( ) ( )2
2

2
1

22 ~ˆˆˆˆ'ˆˆ kVar SLSOLSSLSOLSSLSOLS χαααααα −−− −  
 
 However, the difficulty of the previous procedure is to calculate the variance of 
the difference, ( )SLSOLSVar 2ˆˆ αα − . 
  

Note that the variance of the difference do not equal to the difference of the 
variances, nor the sum of the variance, because the covariance of the two estimators not 
zero.  
 
(a) A regression based test: 
  
Alternatively, one can try a regression-based test. To derive this test, consider the IV 
regression, 

 
  y2 = zΠ + v2 = z1π21+ z2π22 + v2

  
 The endogeneity of y2 is equivalent to Cov(u1,v2) ≠ 0. Let 
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u1 = ρ1v2 + ε2

  
Then the endogeneity of y2 is equivalent to ρ1 ≠ 0. Plug this into (*): 
 
  y1 = z1δ1+ α1y2+ ρ1v2 + ε2

 
Although we do not observe v2, we can use the residual from the IV regression 
instead.  

 
 Step 1: IV regression,  y2 = z1π21+ z2π22 + v2
 
  Let the residual from this regression be: . 2v̂
 
 Step 2: Regression: 
 

  y1 = z1δ1+ α1y2+ ρ1 2v̂  + error   (**) 
 
One can use t-statistic in the usual sense to test H0: ρ1=0 as a test of endogeneity 
of y2.  

 
 However, if H0 is rejected, i.e., ρ1≠0, then the standard error calculated from (**) 
is not valid. The reason is because we use  instead of v2v̂ 2.  
 
 
Testing Overidentifying Restrictions 
 
 Again, consider the model  
   
   y1 = z1δ1+ α1y2+ u1
 
with z2 being a set of instrument variables.  

 
Let dimension(y2) = K2, and dimension(z2) = L2.  If L2> K2, we have more IVs 

than necessary. Can we use this to test if additional IVs are valid IVs?  

The basic idea is: Suppose we divide the set of IVs (z2) into two groups, z21 and 

z22. If dimension(z21) = K2, then we can obtain different IV estimates,  if 

dimension(z

( 212
ˆ zSLSβ )

)21) ≥ K2 and  if dimension(z( 222
ˆ zSLSβ 22) ≥ K2 .  Intuitively, under H0: z21 and 

z22 both are sets of valid IVs, the estimates ( ) ( )222212
ˆˆ zz SLSSLS ββ ≈ . 

Alternatively, one can compare  ( )212
ˆ zSLSβ  with the estimates using all available 
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IVs, . Under H( )22
ˆ zSLSβ 0, we must have: ( ) ( )22212

ˆˆ zz SLSSLS ββ ≈ . The only difference is 

their sampling errors.  

We can construct a test for this easily: 

( ) ( )( ) ( ) ( )( )[ ] ( ) ( )( ) 2
222212

1

222212222212 ~ˆˆˆˆ'ˆˆ χββββββ zzzzVarzz SLSSLSSLSSLSSLSSLS −−−
−

 

 

 The difficulty of this type of test is that inverse of the covariance matrix of the 

difference of the estimates. Note that it typically does not equal to the difference of the 

inverse. More particularly, suppose we have two estimates, under H0, both are consistent: 

( ) ( )( )( )[ ] ( )( )[ ] ( )( )[ ] 1

222

1

212

1

222212
ˆˆˆˆ −−−

−≠− zVarzVarzzVar SLSSLSSLSSLS ββββ  

 

Alternatively, we can conduct a regression-based test: 

 

Step 1: run 2SLS using all IVs, let the residual be  1û

Step 2: run OLS of  on all instruments z. Under H1û 0, the R2 from this regression 

has a distribution: 

   22
22 KL

d
uNR −⎯→⎯ χ

 A larger value rejects the H0. E(z’u1) = 0. 
 
 
 
 
Testing for Functional Form 
 
Consider a model, 
 
  y = xβ + u,  and    E(u|x) = 0. 
 

However, it is possible that the quadratic form of x or even higher order of x may 
be more appropriate: 
 
  y = xβ1 + x2β2 + ... + u,  and    E(u|x) = 0. 
 
 A test includes two stops: 
 
Step 1: a linear regression of y = xβ + u. The predicted value of y is given by: ,  β̂ˆ xy =
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and . β̂ˆ xyu −=
 
Step 2: Regress u  on x, , as a test of neglected nonlinearity. ˆ 2ˆ,ˆ yy 43 ˆ,ˆ yy
 
 
 
Testing for Heteroskedasticity 
 
Consider a model, 
 
  y = xβ + u,  and    E(u|x) = 0 
 
H0: E(u2|x) = σ2.    H1: E(u2|x) = h(x). 
 
A general way to test heteroskedasticity is to conduct a regression: 
 
       (*)    ( ) iii vxhu += δ2

 
We can apply an F test for the null that δ =0. In practice, since is not observed, one 
may use the residual .  

2
iu

2ˆiu
 
One thing to notice here is that vi cannot be normally distributed under H0. The OLS 
estimates of (*) is consistent.  
 
Two popular tests are special cases of (*). 
 

(i) h(xi) = (1, xi) 
(ii) ( ) ( )2ˆ,ˆ,1 iii yyxh =   

 
 

The Difference-in-difference method 

We are interested in average changes in outcome y after a policy change. As in the 
case of the medical field, we are interested in the outcomes of a new medicine, including 
its effectiveness and its side effect. To do that, it is typical that we randomly divide 
patients into two groups, the treatment group, and the control group. The treatment group 
is given the medicine while the control group is given the “placebo”.  

 
Consider an economic example. An important policy question is how to help 

needy families. Income transferring programs, such as Aid to Families with Children 
(AFDC) creates disincentives of working. One alternative method is the Earned Income 
Tax Credit (EITC).  

 
Eligibility for EITC: Gross income below a specified amount (in 2007, the 
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amount is $39,783 if you children and $14,590 if you do not have children).  
 
Benefits (in 2007): maximum benefits: $428 if no children; $2,853 if one child; 

and $4,716 if two children.  
 

The Tax Reform Act of 1986 includes an expansion of earned income tax credit. 
We are interested if expansion of EITC helps increasing labor supply.  

 
Denote 1 if with treatment (experiences expansions of EITC), and 0 without 

treatment (not affected by expansions of EITC). Average Treatment Effect (ATE) is 
defined as: 

 
 ATE = E(y1 – y0)    (*)     
 
The difficulty in estimating (1) is that we observe either y1 or y0, not both, for 

each person. However, we potentially can observe outcomes before the treatment and 
after the treatment for the same person or for different persons. We have two time periods, 
say year 0 and year 1. One would say that we can simply apply (*).  In the case of EITC 
expansion, year 0 is before 1986, and year 1 is after 1986.  

 
However, this is not entirely appropriate since there may be other factors that 

affect treated people as well. The difference in labor supply before 1986 and after 1986 
may be due to overall economic environment.  

 
Therefore, we need a control group. There are two groups, the control group 

(denoted as group A), and the treatment group (denoted as B).  At period 0, no treatment 
for both groups. At period 1, the treatment group experiences policy change (treatment) 
while the control group does not. Let D1 denote a dummy variable for time period 1, and 
DB denote the treatment group. The simplest regression for analyzing the impact of the 
policy change is: 

B

  
 y = β0 + δ0 D1 + β1DB + δB 1D1*DBB + u    (2)  
 

 It is easy to show that: 
  ( ) ( )0,1,0,1,1̂ AABB yyyy −−−=δ     (3) 
 
 This is why the regression of (2) is often called the difference-in-difference.  

 
In the example of the expansions of EITC, Eissa and Liebman use “single women 

without children” as the control group, and “single women with children” as the treatment 
group. Their time periods are: 1984-1986 as time 0, and 1988-1990 as time 1.  
 
 The regression, therefore, is: 
 

( ) ( )( )titiitit postmmyChildrenDupostmmyChildrenDuZlfp 86861Pr 200 ×++++Φ== γγγβα
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Eissa and Liebman (1996) find that single women with children increased their 
relative labor force participation by up to 2.8% percentage points.  

 

Spatial Dependence 

Consider a model,   

isssisis eqzxy +++= γβ  

where i is for individual and s is for stratum. The covariates in xis change with the 
individual, while zs change only at the strata level. If qs is not observed, then the presence 
of qs induces correlation in the composite error uis = qs+eis within each stratum. 
 
This is often called clustered sample. 

 

Weak IV problem 

 
1.  The Problem of Weak IVs: 
 
Now consider the more general model: 
 

y = Yβ +Xγ +  u   (3) 
 

Y = ZΠ +XΦ+ V   (4) 
 

 In (3),  is endogenous, i.e., there are n endogenous variables in (3). Note the 
set of variables X  is exogenous.  

nNY ×

 In (4),   is a set of excluded exogenous instrumental variables. K
2KNZ × 2 ≥ n.  

 
Most of the empirical work, including the “natural experiment,” concentrates on 

the requirement of the IV that Cov(Z, u) = 0. However, when Cov(Z, Y) is small – we 
have a weak IV problem. As pointed in Stock, Wright, and Yogo (2002), weak IVs create 
serious problems.  

 
• The sampling distributions of the estimates are in general non-normal. Hypothesis 

tests based on standard methods are not reliable. 
• It is not useful to think of weak instruments as a “small sample” problem. Bound, 

Jaeger, and Baker (1995) provided an empirical example of weak IV despite 
having 329,000 observations. 

• There are methods that are more robust to weak IV than conventional methods.  
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2.  A Test of Weak IVs 
 
Consider the first stage regression. Let MX=I-X(X’X)-1X’, and let: Z┴=MXZ, which 

is the residual of the regression of Z on X. Similarly, Y┴ = MXY = Y-X(X’X)-1X’Y is the 
residual of the regression of Y on X.  

In addition, let PX=X(X’X)-1X,  then: ( ) '' 1 ⊥−⊥⊥⊥=⊥ ZZZZP
Z

. According to the 
partitioned regression of (4), we have: 

   ( ) YZZZOLS ''ˆ 1 ⊥−⊥⊥=Π
Therefore, 

 
( )
( )

( )
( ) ( )( )
( ) OLSOLS

XXXXXX

XXZ

ZZ

YZZZZZZZZY

YZZZZY

YMMZZMMZZMMY

YMZZZZMYYPY

ΠΠ=

=

=

=

=

⊥⊥

⊥−⊥⊥⊥⊥−⊥⊥⊥

⊥−⊥⊥⊥

−

⊥−⊥⊥⊥⊥⊥
⊥

ˆ'ˆ
'''''

'''

'''

''''

'

11

1

1

1

 

 
 Intuitively, a test of the correlation between Z and Y should be a test of ПOLS = 0. 

Therefore, parallel to the F-test of testing the restriction of ПOLS = 0, the proposed test for 
weak instruments is based on the eigenvalue of the matrix analog of the F-statistic from 
the 1st-stage regression: 
 

 ,      where 2
2/12/1 /ˆ''ˆ KYPYG VVZVVT

−⊥⊥− ΣΣ= ⊥
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 The test statistic is the minimum eigenvalue of GT: 
 
  gmin = min-eigenvalue (GT) 
 

To find eigenvalues, just solve the equation: det(GT – λI) = 0 to get values of λ. A 
larger value of gmin would reject the H0 (weak instrument).  
 
 If gmin is close to zero, then the model is unidentified (this is what Cragg-Donald 
statistics was for originally) 
 
 For GT, for the case of one endogenous variable and one exogenous variables, X is 
a constant. Y┴ = Y, Z┴ = Z, and   12/1 ˆˆ −− =Σ vVV σ
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where Y is the predicted value from the 1ˆ st stage regression of Y on Z.  
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A test of weak IVs is to compare the Cragg-Donald Statistic gmin with the critical values 
listed in following tables (from Stock and Yogo, 2004).  
 
Example: suppose we have one endogenous variables (n = 1) and 3 IVs (K2 = 2) at 5% 
significance level.  
 
 The critical values are: 
 

2SLS, tolerance of bias 5% :  13.91   (Table 1) 
2SLS, tolerance of bias 10%:   9.08 (Table 1) 
 
2SLS, size = 10%:   22.30 (Table 2) 
LIML, size = 10%:    6.46 (Table 4) 

 
 
3. Robust Estimators to Weak IVs 
 

If weak IVs are detected using 2SLS, there are alternative estimators that are mor 
robust against the weak IVs.  

 
Consider the k-class estimators. Note again by partitioned regression, the OLS 

estimator of β in (3) is given by: 
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In other words,  is obtained by running a regression of y on the YOLSβ̂ ┴, which is 

the residual of the regression of Y on X.   
 

The k-class estimator of β is given by: 
  ( ) ( )( ) ( ) ⊥⊥−⊥⊥

⊥⊥ −−= ykMIYYkMIYk
ZZ

''ˆ 1β  
  

where Z┴=MXZ, which is the residual of the regression of Z on X.  
and 
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 It has been shown that: 
 
  OLS:  k = 0. 
  2SLS:   k = 1. 
  LIML:  , the smallest root of det(Y’MLIMLkk ˆ= XY - kY’MZY) = 0 
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  Fuller – k:  
21

ˆ
KKN

ckLIML −−
− , where c is a positive constant 

  B2SLS: k= T/(T-K2+2) 
 
 

From the tables, it is important to notice that the critical value is much smaller for 
LIML than for 2SLS. Therefore, it is much easier for LIML to be absent from weak IV 
problem than 2SLS is. Therefore, LIML is more robust than 2SLS against the weak IV 
problems.  
 
Limited information maximum likelihood (LIML) estimator:  
 This estimator is based on a single eq1uation under the assumption of normally 
distributed disturbances; LIML is efficient among single-equation estimators. 
 
 One of the results emerges from the derivation is that the LIML estimator has the 
same asymptotic distribution as the 2SLS estimator, and the latter does not rely on an 
assumption of normality.  
 
  
 
 
STATA Deviation: 
The command in STATA to do this is: 
 
IVREG2 y X (Y = Z), ffirst 
 
The options ffirst produces Cragg-Donald statistics gmin. If the weak IV problem exists, 
one may try: 
 
IVREG2 y X (Y = Z), liml 
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