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Linear Equation System without Endogeneity (Seemingly Unrelated Regressions):

Example: A basic utility maximization problem:

Suppose we are interested in estimating household demand functions for a set of
goods. The basic utility maximization problem is given by:

max U (housing, food ,clothing; c)
housin g, food ,closth

s.t.  housing * houseprc + food * foodprc + clothing * clothprc + ¢ = income

To characterize the solution of the problem, the demand function is a function of
prices and income y:

housing = H(houseprc, foodpre, clothprc; income)
food = F(houseprc, foodpre, clothpre, income)
clothing = C(houseprc, foodprc, clothpre; income)

If we know the functional form the utility function U(-), then we can precisely
obtain the functional forms of H(+), F(:), and C(*). In most cases, all three functions are
likely to be nonlinear in prices and in y. So we may use the nonlinear least square to
estimate the model. The empirical econometric model is:

housing = H(houseprc, foodpre, clothpre; income;0) + u;
food = F(houseprc, foodpre, clothpre; income;0) + u;
clothing = C(houseprc, foodpre, clothpre; income; 0) + u;3

However, if we do not know or we are not willing to make assumptions on the
utility functional forms, then we consider a linear model as an approximation of the first-
order Taylor expansion of any nonlinear model:

housing = £,y + f;; houseprc + S, foodprc + f;3 clothprc + 5, income + S5 size + .. u;
food = 59 + f2; houseprc + 55, foodpre + f23 clothpre + f2, income + f55 size + .. u;
clothing = 39 + f3; houseprc + f3, foodprc + f33 clothpre + 3, income + f35 size + .. u3

After the model is estimated, it is possible to “recover” the implied direct and
indirect functional form by Roy’s identify. For example, the demand for housing can be
derived based on the Roy’s identify:



food =— oV /ofoodpre
oV /oy
One solve for the differential equation to recover the functional form of the
indirect utility function V(-). Hausman (1981, 4AER) argues that the importance of this
method.

Notes:

(1) In the previous equation, we assume that all regressors are uncorrelated with
errors. A system of equations with such an assumption is called seemingly unrelated
regression (SUR) model.

(1) If the model is estimated equation by equation, consistency only requires that
ug is uncorrelated with x, for the gth equation, i.e., cov(ug, x,) = 0. This assumption is
called the weak exogeneity. However, if we are interested in obtaining more efficient
estimates by working with all three equations simultaneously, it is necessary to have the
so-called the strong exogeneity, i.e., all regressors in all equations are uncorrelated with
all errors in all equations, cov(ug, x;) = 0, for all g and k. Furthermore, there are
correlations among error terms.

(i11)) We include the family size in the model. We may also include, for example,
more detailed family composition variables, including the number of children in certain
age ranges, if the household lives in urban areas, and other variables. These variables are
often called control variables (as a modification of the constant term.)

(iv) In the previous model, regressors in all three equations are the same. This is
NOT necessary. In fact, in many cases regrssors are different across different models.
Further, in the previous model, coefficients are different across different equations. Again
this is NOT necessary. Some coefficients can be the same across different equations.

Example (Panel Data Model): Consider one of the most famous panel data sets: Panel
Study of Income Dynamics (PSID): since 1969, we observe the set of about 10,000 same
households year after year.

Suppose we are interested in knowing how savings vary:

log(saving ) = a, + a, log(income, ) + a,return, + z,y +u,
=x,p+u,
where return; is the investment return, for example. It may depend on individuals
because of different compositions in their investment portfolio. In this example, the

strong exogeneity assumption is that:

Cov(x;, u;s) =0 for all ¢ and s.



In such a model, however, it may be difficult to maintain the strong exogeneity
assumption. For example, when the lagged dependent variable is present:

log(saving,,) = a, + plog(saving, | )+ a, log(income, ) + a,return,, + z,y +u,
In this equation, the strong exogeneity assumption is violated, cov(x;, u;.;) #0.

In general, we write SUR models as following:

»=x06 +u
Vo =%, tu,

2

Yo =X +ug
where E(xgug) =0 forg=1, ..., G. Note x, is NXK,, and f; is KX1.

Write the system of equations in the matrix form: y, = (y,,,7,,,---v,c) » and

u; = (uilﬂuiZ’“'uiG)y'

Vi xp 0 o 0) B U

. 0 «x 0 U,
).112 I i2 . éz + ‘12 =X f+u
Yic 0 0 Xic \Bs Uig

wherei=1,...,N

e [t is possible to write: X, =1, ®x;

e Since y; is GX1, and therefore y is NGXI.

o X is GX(K;+K+ ... + K¢). Define K=K;+K;+ ... + K, and X is NGXK.
o Bis (K;+K/+ ... + Kg)X1 = KX1.

With the weak exogeneity assumption: E(x,’u,) = 0, the simple OLS estimator is
consistent and asymptotically normal, similar to what we have before.

However, it is possible to improve efficiency of the estimator if correlations
Cov(ug, ui) # 0. The method is the Generalized Least Square, or GLS:

A transformation (by multiplying a matrix) of X; would typically lead to a linear
combination of X; and u,, and the weak exogeneity assumption would not be sufficient.

Generalized Least Squares (GLS)

Let Q= E(u,ul), which is GXG.



The GLS estimator is to obtained by pre-multiplying Q™"'*:
Q"y =X p+Q U, or: y =X, B+u;
It is easy to show that E(u,.*uf'): I

Now we need to show that consistency:

B =p+ (Nl i)(;glxl)_ (Nl iX;Qluij (1)

i=1
It is therefore sufficient to show that: E(X Q7 lu, ): 0.
This is where the strong exogeneity assumption becomes necessary. In this

equation, X,Q"" is a linear combination of x;,, g = 1, ..., G. The weak exogeneity
assumption is no longer sufficient for consistency.

For example, consider a two equation system, and let:
o' = (0)11 a’lzJ
Wy, WOy

. XWXy u; Xy @ Uy + Xy @)U
E(XiQ lui)zE[ 1@ i 12}( i J =E( @ity Xy G ajzo
Xip@yy  Xjp@y) \Upp Xig @yl + X Wyl

Therefore, the weak exogeneity ensures that E(x}la)“u[1 )= 0,and E (x}za)zzu[z)z 0.

Then:

But the strong exogeneity assumption is necessary to ensure E(x}la)lzui2 )= 0 and
E(x;2w12”i1)= 0.

@y

However, if Q™' =( ], 1.e., there are no correlations between the errors in

0 w,

two equations, the strong exogeneity is not necessary, and will not help.

From the (1), the asymptotic distribution of the estimator is given by:
IN (5" - )~
N -l N . N -l
N| 0, (Nl ZXinXij [N“ > X Qa0 X, j(zv“ ZXI.Q‘IXIJ
i=1

i=1 i=1



uu,', where 4, is the residual from the OLS estimation.

M=

where Q= L
N

Notes: (1) Note in general:
E(X,Q uu0 x, )= E(x)0'x,)
(2) To see how the equality would hold:

E(X,0 uu ' X, )= E[E(X,0 uu 7' X, | X, )|
- E[X;Q_IE(MI'”; | X; )lliu;Q_lXi]

- E(X;Q’IE(uiu; J'ax, ): E(x;0"00 " x,)
= E(x;.Qflxi)

ifE(ul.ull. |Xl.): E(ulul)

Therefore, to write this model into the usual GLS or FGLS format, additional
assumption E(ulul |Xl.): E(“zul) is necessary.

SUR Revisited:

(1) If Q is a diagonal matrix, i.e., there are no correlations among error terms,
GLS and OLS are the same.

(2) If x;; = xi2 = ... = x;6, 1.€., if the same regressors show up in each equations
(for all observations), then OLS equation by equation and FGLS are identical.

Example: A model of the demand for inputs in the production process.
Consider a firm who minimizes its cost:
max  C=pyK+p,L+pyM

K;,Li,M;

st. Y, =F(K,L

I’Mi)

Solving this equation to get a demand for K, L and M for firm i.

Ki* = k(Yi;pik 5piL’piM)
L =1(Y;: piss Pir Piss)

Mz* = m(Yi;pikvpiL9piM)



The total cost of production is given by the cost function:
Ci* = pikK: + piLLj + piMMi*

If there are constant return to scale, then
C = Yic(pik’piL>piM )a or InC; =InY, +lnc(pik’piLspiM)’

where ¢(p,, p,.» Py, ) is the unit or average cost function.

The cost minimization factor demands are obtained by applying Shephard’s
lemma,

K = aC(Yi;pikspiLapiM)
P

With constant returns to scale,

puK; P OC (Y, Py> Piss Pirt)

C(Yi;pikapm aPiM) B C(Yz sPirs> Pir ’piM) Opix
_ PaY; oA Pi> Piv>Pint) _0ln (P> P> Pir)
Y[C(pik s Pirs Pim ) Opix Oln py

Sik

By expanding Inc(p,, p;,p,, ) in @ second-order Taylor series at the point Inp;; = 0,
j=K, L, M, we obtain:

Inc= g, + z (alnc jlnijr% Z
k=K,L,M

j~kim\Olnp;

&

j=K.L.M

_ e L,
olnpolnp, | /M

where all derivatives are evaluated at the expansion point, i.e., /np; = 0.

If we let the derivatives be coefficients (parameters), then we have:

1
Inc~ f3, + Zﬂjlnpj+5 > Dyulnp,Inp,

j=K.L.M k=K,L.M j=K,L.M

This is the transcendental logarithmic, or translog, cost function. Note in the
previous equation, it is necessary the case that y; =y because Inp, Inp, =Inp, Inp,.

The cost share equations are given by:



Sk =Vx YV py +y Inp, +yq,Inp,
Sy =V, tyvgWnpy+y, Inp, +y,,Inp,

Sy =V TV M Py + 7 Inpy + 70,0 py,
Note because shares are used, we must have:
Sk T sip tsm=1 >

(71( 7 +7M)+lnpik(71<1< + 7k +7KM)+
lnpiL(yKL TV +7LM)+lnp[M(7KM +Vim +7MM):O

Because this is true for all 7, it is therefore necessarily true that:

Tk trotry =1
Yxk ¥Vt Vku =0
Ve ¥ Vi + 7w =0
Vi ¥ Vs + Vo =0

With these restrictions, we can rewrite previous models as:

Sk =V T Vkx ln(p_[KJ + 7k ln(&J

M Piy
Sy =Vt ln[p_lk) +7 IHL&J
P Piv

Further, you may want to add some control variables and an error term:

Si =20k + Vix ln(&] + 7 ln(&] +uy

iM iM
Sy =20, + Vi ln(&j +7. ln(&] +u,
iM iM

This two share equations consists a SUR where ux and u;, are expected to be
correlated.

Linear Equation System with Endogeneity: General Method of Moments (GMM)

Example: labor supply and wage offers.



hy =yw; +2,6, +uy,

w; =720 2,0, +u,
In this model, it is obvious that E(w;, u;;) # 0, and E(A;, u;») # 0.

In general, consider a system of equations:
n=xp0+u

):’2 =X, [, +u, where E(x, ug) # 0.

2

Yo =XcPs +ug
Again, write the system of equations in the matrix form. Define
yi =iy vig) » and =y up, )

Vi xp 0 - 0B U

. 0 «x 0 U,
).112 I i2 . éz + ‘,2 X f+u
Yic 0 0 Xic \Bs UG

wherei=1,...,N

0 Since y; is GX1, and therefore y is NGX1.

0 X;is GX(K;+K;+ ... + K¢). Define K=K;+K;+ ... + K5, and X is
NGXK.

o pBis (K;+K+ ... + Kg)X1 = KX1.

A general approach to the endogeneity problem is to find a set of instruments z,
for equation g:

Assumption 1: E(zg ug) = 0, z is NXL,. ,
Assumption 2: E(z, xg) # 0, x¢ is NXKj, therefore E(zg x,) is LoXK,, and Ly=K,.

Alternatively, Assumption 2 can be rephrased as the rank condition: Rank E(z, }cg)
=K,

We already know how to estimate the model equation by equation consistently
using 2SLS. Again the issue here is to improve efficiency.

Define the matrix of all instruments:

z; O 0
0 z 0

212 — Zi
0 0 Zig



where Z;is GX(L+L; + ... +Lg) = GXL. It is possible to write Z, =, ®z,.

S-Assumption 1: E (Z;ul.): 0.
S-Assumption 2: rank E(Z;X i): K

Note: S-Assumption 1 requires that IVs at equation g, z,, to be uncorrelated with
all errors in all equations, analogous to the strong exogeneity condition in the SUR model.

S-Assumption 2 requires that each of the equation to be identifiable, L, > K, for
all g, and therefore, L > K.

S-Assumption 1 suggests comment conditions:
E(Ziu) = B(Z (v~ XiB)) = 0

Suppose z is LXN, and S is KX1, and L>K. The previous equation has L linear
equations. Let the solution to the previous equation be given by:

¥ 2l-x4)-0 o

When L = K, we can write previous equation to be:
G T e e A
p= _ZZiXi _Zziyi :(Z'X)ilzvy
N i=l1 N i=l1

However, when L > K, we have more [Vs than necessary. In other words, we have
more equations than unknowns. The intuition is that we choose f such that the Lx1

vector in (2) as small as possible. One possibility is the squared term of (2) is as small as
possible.

Example: In the simplest case, suppose we have two unknowns, a, and b, and two
equations:

Yy =a+bx;
Yoy = a+bxy,
It is trivial to solve to a, and b, given x;, and y,; where1=1,2, ..., N,and g =1, 2.

Now instead, we have y,; and x,;, g =1, 2, 3, such that:

Y =a+bx;
Yo =a+bxy,
V3 =a+bxy



For this system of three equations and two unknowns, it is unlikely that we can
find a and b such that all three equations are perfectly satisfied. A solution to this
problem is to find @ and b to minimize the following equation:

(yli _a_bxli)2 +(J’2i —a _bx2i)2 +(J’3 —a—bx3i)2

M=

I
—_

In general, the objective is to find S, such that:

/
i (25| | 22 x5)
The solution to this problem:
B =(X'ZWZ' X)' X' ZWZ'Y
= p+(X'zZWz X)X ZWZ'u’
and the covariance of the estimator:
Var(ﬁMM ): (X' zwz' X)' X' ZWAWZ' X (X' ZWZ' X )"

where A = E(Z; uju; Z;). This is a very long but intuitive covariance matrix. It is also easy
to establish the asymptotic normality by using the central limit theorem.

One of the choices for W is given by:

1 Y (1
W=|—>2z :(—Z’Z)
N& N

-1

We have:

B =\x'2(22)' 2X) X 2(22) 27
This is precisely the 2SLS, called pooled 2SLS estimator.
The Optimal Weighting Matrix and GMM:
The next step is to find the optimal weighting matrix W, which is the GMM.

It turns out, when W = A7 , then the optimal covariance matrix is reached. In this
case,

Bon = (X'ZA_]Z'X)_IX'ZA_IZ'Y, and

10



(x'zA'Z x ) X ZA AN Z X (X' ZA 22 X )
(xza'zx)' xza' 2 x(x'za ' 2 x )
(x'za'z x)"

Var( AGMM)

How to obtain ,5’6 .y 10 practice?

a. Let ,5’ be an initial consistent estimator of 4. In most cases this is the 2SLS

estimator.
b. Obtain the Gx1 residual vectors:

1’:{[ =y -4X [ﬂA .
c. A generally consistent estimator of A is:

~ 1Y aa

A=— ﬁﬁ
N2

and choose: W =A™

Discussions:

(1) We develop the GMM with linear models. The moment conditions used here are
E (Z,fu,.): 0. However, GMM is an estimator that is much more general than linear

models or linear regressions. In fact, any expectations can serve as moment
conditions. One may write a general form:

E[q(w;60)]=0
where w; represents the set of data, @ is the set of Kx1 parameters to be estimated, g(w;; 0)
i1s Lx1, with L > K.
Examples of g(w;; 6):

(a) If g(wy; ) is the first-order conditions of the log-likelihood function, MLE can
be considered as a special case of GMM.

(b) If g(wy; ) is the first order condition of (y; - X; ﬂ) which is, X;(y, - X,), the
OLS is a special case of GMM.

(c) One of the popular method to obtain moment conditions is by the first order
conditions.

(2) Hansen and Singleton (1982, Econometrica).

Consider a maximization problem over time:

11



vax £/ 30|

where C, is consumption in period t, £ is a discount factor. Suppose the consumer has the
choice of investing in a collection of N assets, with maturities M;, j =1, ..., N. Let Oy
denote the quantities of asset j held at 7 he end of period t, P;; be the price of asset j at ¢,
and Rj; be the date t payoff from holding a unit of M;-period asset purchased at date t- M;.
The labor income is W,. The budget set is given by:

N N
C + ZPjr 0 S ZRﬁ ji-m, + W,
Jj=1

Jj=1

The first order condition is given by:

PU'(C,)= ﬂM’Et[R_,-HM/U’(CHMj Il j=1,...,N,
Or: ( )
M, U CHMj- R‘I+Mj 1l
K i

The previous equation suggests N moment conditions, with each moment
condition for each asset j. Note the moment conditions work even if one does not have
information on all assets but rather a subset of assets.

Note if asset j represents a stock or a one-year deposit, M; = 1, then R;+,/P;; =1+
r;, where 75, is the one-year return of this stock. Further, let U(C,)=C/"” /(1-y) , we obtain

a familiar model;
-7
E[ﬂ(%j (1+r)- ] -0

The parameters to be estimated are y and f.

The Three Stage Least Squares Estimator (3SLS)

3SLS is a GMM estimator that uses a particular weighting matrix.
Assume that: E(Zl ’u,-u )i Zl) = E(Zl .QZI)

This equality will hold if E(uu;’

Zi) = E(u,u,» ’)

12



N AA
Define: Q= %Z“ u,'. The 3SLS is the GMM with the weighting matrix W being:
i 1 &
(g

Simultaneous Equation Models

Example: consider a model of demand and supply:

qS:q:71p+Zlél+“1
qD =q=y,p+2,0, +tu,

Suppose y; # 2, i.e., the demand and supply curves have different slopes. The
difference between the two equations, the second equation — the first equation, and we
have:

0. 1) U, —u
p= | z, - 2 z, + 1 2

V2—N V2—N Vo= N
=470 T 27T, Y,

The identification of this model is rather simple and intuitive. The reduced form
model of p serves as the instrumental regression for the two structural equations.

e To identify the supply equation, there is at least one element of z, that does not
appear in z;. For example, prices of other substitutable goods should be part of z,
but not necessary in z;.

e To identify the demand equation, there is at least one element of z; that does not
appear in z,. For example, prices of input (to produce this good) should be part of
z; but not necessary in z,.

Example: labor supply and demand for married women.

hours = y,log(wage) + 9,, + J,,educ + 6,,age + 6,;kids + 6,,0thinc + u,
hours = y, log(wage) + 6,, + 6, ,educ + 0,,expr + u,

The first equation is the labor supply model while the second equation is the labor
demand equation. The variables (age, kids, and othinc) appear in the labor supply
equation but not in labor demand equation. These variables can serve as Vs for the
wage in the labor demand equation. The variable (expr) appears in the labor demand

13



but not in labor supply and can serve as the IV for the labor supply equation.
However, if expr = age — educ — 6, as typically calculated, then it cannot be used as a

valid IV.

More formally, consider a system of equations,
yy,+z0,+u, =0

VY +2z05+u; =0

where y = (yl,...,yG), 1XG, y, = (;/kl,...,}/kG)', Gx 1.
2=(2102g)s L XM, 8, =(8yes 0y, ), M X 1

Write in the matrix form,

W+zA+u=0
3)

=(y Z)[D =(v z)B=0

where u = (yl,...,yG), 1 XG@G,
I'is G X G with gth column y,
4 i1s M X G with gth column J,
Bis (M+G)x G

When the endogenous variables are represented in terms of exogenous variables,
we call this type of models as the reduced form model. Here, the reduced form is

given by:
y= Z(— AF_1)+ u(— F_I>E zIT+v

An unconstrained model such as (3) is not identified. To see this point, one may
multiply (3) by a matrix of F, the equality still holds.

Without loss of generality, we consider identification of the first equation:
vy, +z0,+u; =0
YuVitYnYatVigYe + 012 + 012y +o o+ 6y zy 1y =0

Or,

Since the unconstrained model is not identified, it is necessary to add some
constraints or restrictions to the model. Therefore, our problem becomes if a given
restriction, denoted as R, is necessary and sufficient to identify the first equation.

The first restriction is normalization — one element of y; is -1. Let:

14
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57|

which is (G+M)X1. However, because of the normalization, there are only G+M-1
unknown elements in £;.

Assume that the restrictions about £; can be expressed as:

R1ﬂ1 =0

where R; is J;X(G+M) matrix of known constants, and J; is the number of
constraints on £; (in addition to the normalization restriction.

To understand if R; is sufficient to identify the model:

Define F= (f3, f5, .., f), and let g, = Bf,. We are interested in finding out:
B = p,ifand only if /; = (1,0, ..., 0).

Rlﬁl* = (RIB)fl = (Rlﬂlﬂ RlﬂZ’ ) RlﬂG )fl

= (O: RSy, RlﬁG) 1
(i) When R;B has a rank of G-1, then the only possibility that R, 4 =0 is
fi=(1,0,...,0) (subject to a constant).
(i1) When f; = (1, 0, ..., 0)’, it is obvious that R, =0 if R;B has a rank of

G-1. Therefore,

Theorem: Rank R;B = G-1 is the sufficient and necessary condition for identification for
the identification of f;.

Note since R;B is J;xG, and R;f#; = 0. Therefore, R;B cannot have rank that is
larger than G-1 because R;f; = 0. Since Rank R; = J;, then a necessary condition for the
identification of #; is J; > G-1.

To intuitively understand this model, J; suggests how many excluded exogenous
variables, and G-1 is the number of endogenous variables (one endogenous variable, y;, is
now the dependent variable after the normalization). Therefore, when J; > G, the model
is identified in most cases.

Check Identification:
(1) Set one element of J; to -1 as a normalization.
(2) Define the J;x(G+M) matrix R;.

(3) If J; < G-1, then the first equation is not identified.
(4) If J;> G-1, the equation might be identified. Check the rank condition of R;B.

15



Example: (G=3, M =4):

Vi =YYy Vi3V +052 05323
Y2 =Vl + 632 +uy
V3 =052+ 03,2, + 03325 + 0342, + s

where z; = 1, E(u,) =0, g =1, 2, 3, and each z; is uncorrelated with u,. Note the third
equation is already a reduced form.

Consider the identification of equation (1). In this equation, y;; = -1
(normalization), and two constraints, 6;, =0, and d,,=0, 1.e.,J; =2, but G=3 > J; = G-
1. Therefore, the model is potentially identifiable.

Intuitively, there are two excluded exogenous variables, z, and z,, and there are

two endogenous variables, v, and y;. The model satisfies the necessary condition for
identifications.

To check the rank condition, let £7 = (-1, y;2 713, 011, 012, 053, 514)7. The
constraints d;, = 0, and d;4 = 0 can be written as:

00001O0O0
R, =
000 0O0O0°1

Let B be the full 7x3 matrix of parameters with only the three normalizations
imposed, s0: B2 = (y21, -1, y23, 021, 022, 023, 024) and B3 = (ys1, 32, -1, 931, 332, 033, 034) -

RIB — (512 622 532) — (O 0 532)
Oy Oy Oy 0 0 oy

since from y, equation, we also have additional restrictions: d,, = 0, and 02, = 0.

Therefore, with all restrictions, the rank of R;B is 1. The model is not identified.

Intuition: Note in this example, although from y,; equation, it looks like we have
two excluded exogenous variables, z, and z, that may serve as [Vs for y, and y;. However,
neither z, nor z4 is correlated with y,. So in fact no valid IVs exist for y,. This is the
reason that why locally that R; may be sufficient to identify the model but globally it may

not be.

Estimation after Identification

To estimate the model, we rewrite the model in a form,

16



V1= YaYa) T 20 tup = x 6 +u

Y6 =Y\ (6) T 2606 tug =xc P +ug
where y ;) includes all y except y;. This is also a normalized model.

Estimating this model is same as estimating previous models with endogenous
variables — we use GMM.

Basic Panel Data Models

Many panel data sets are publicly available. The most well-known ones for
economists include Panel Study of Income Dynamics (PSID), Health and Retirement
Study (HRS), NLSY (National Longitudinal Study of Youth), and COMPUSTAT. The
first three are at household or individual level, and the last one is at firm level.

Collecting panel data sets is typically a lot more expensive per observation than
collecting cross section data sets. Compare with the cross section data sets, panel data
sets have two distinguishing advantages.

(1) Dynamics. When studying dynamic behavior, using panel data sets is more
appropriate than cross section data. Studying dynamics typically requires understanding
the evolvement of some stock variables. For example, at household level, how wealth,
human capital, and health capital evolve is typically very important in understanding
many household behaviors. Studying these stock variables often requires following how
these variables evolve over time. In this regard, observing the same households across
time is very critical. At the firm level, it is even more important since almost all
important factors such as capital stock, inventory stock, human capital, etc are stock
variables.

(2) Endogeneity. Having observed the same household or firm multiple times can
take care of one important source of endogeneity — the time-invarying unobserved
heterogeneity. This can be seen more directly by the following example:

Consider a simple linear model:

E(BMI; |x, ¢) = ap + oy * calorie-intake; +Xf+ c;. 4)

In (4), ¢; represents unobserved factors such as genetics, for example.

If Cov(x,c) = 0, then OLS is consistent. If Cov(x,c) # 0, then OLS is NOT
consistent. We have two ways to solve this problem:

(1) using a proxy -- BMI of siblings, etc.
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(i) using the IV approach: Cov(z, ¢) = 0, and Cov(z, x) # 0, where z may include

income, number of people in the family, # of kids in the family, etc.

However, if we observe the same person repeatedly, then more options arise.
Suppose y and x are observed at two time periods.

EWiX, o) =pot X f +c, t=1,2 (5)
Again, assume c is consistent (time invariant). Add an error term:
Ei [ X ©) =fot Xifp+c+uy (6)

By definition E(X; u,) = 0. If we assume E(X; ¢) = 0, then OLS produces
consistent estimates, otherwise no consistency.

Alternatively, if E(X, ¢) # 0, take the difference over time of (6):
Ay, = AXp + Au, .

We now can use OLS if: (a) E(AXI’Aut) =0
(b) rank of E(4X, AX,) has full rank.

Condition (a) implies:

E(AX Au, )= E(X,u, )+ E(Xu,)- E(Xou,)- E(X/u,)
= —E(Xu,)- E(Xu,)

So E(X, uy) = 0 cannot guarantee E(AX, Au,) = 0. More conditions are necessary.

Discussions: consider the general panel model:

yitZ)(}tﬁ+ci+uit, t:1,2,...T, andi=1,2,...N. (7)

(1) Random effect or fixed effect? (c;)

Random effect : ¢; is random. More precisely, E(x; ¢;) = 0. ’
Fixed effect: c¢; is an arbitrary constant. More precisely, E(X;; ¢;) # 0.

If random effect, ¢; is drawn independent of x;. Example: N(0, 002).
If fixed effect, ¢; can be drawn from a distribution of x;;. Example: N(g(xi), 0" (xi)).

Note here in the fixed effect model, ¢; could be random. Therefore, the

difference between the so-called random effect model and the fixed effect model
is NOT about randomness of the ¢;. The difference is all about if ¢; is correlated
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with x;;. More recently, the panel data model is often referred as unobserved
effects model.

(2) Strict exogeneity of x;.:

It is possible for y;, to affect x;; for s > ¢ For example, in the example that
studies the effect of debt level on inflation, inflation at ¢ will affect debt level at
later years.

Strict exogeneity:

E(idlxiz, xi2, ... xir)= Eielxie) = xisfp + ci
This assumption implies:

E(uilxis, xi2, ... xir, ¢ ) =0, or E(xl-t’u,vs) = (), for any i and s.

This is a necessary condition for estimation.
(3) Failures of the strict exogeneity condition:
Example 1: Cross country data. Study the effect of debt on inflation.
CPIl, =X, [+ yDebt, +c, +u,
Problem: past debt level may affect future inflation level.

Example 2: Program evaluation, consider a work-training program, denoted as
pw8ir

log(wagei)) = 6,+ ziy + 0 pwgi + ¢; + uy
Problem: participation in the program may not be random. It is possible that:
Cov(ui, pwgir) > 0.

Those who are more active in the labor are more likely to seek work
training program.

Example 3: Distribution lag model:

k
patents, =0, +z,y + Z O.RD,  +c, +u,

7=0

t
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Is RD;.; correlated with today’s u;? A shock in patents may affect the
earning ability of the firm, and hence affect future spending in R&D. Cov(u;,xir+;)
# 0, So strict exogeneity fails.

Example 4: Lagged dependent variable

log(wage;) = 6 log(wage;. 1))+ zyy + ¢ + uj.

In this case, since Cov(log(wage;),ci)) > 0, it must be the case that:
Cov(xi+,¢ir) > 0, since x;+; includes log(wage;;). So the Strict Exogeneity

condition fails.

Example I again: it may be useful to include lagged dependent variable in the
model.

K
CPl, =Y a.CPI, . +X,B+yDebt, +c, +u,

Estimation: Random Effect Model

The basic model is:
Yie =X + ci + uy
Assumptions RE1:

(a) E(uidxi, ;) =0, where ¢=1,......,T
(b) E(cilxi)) =0, where t=1, ... ... T

Rewrite (1) into: y, = X, f + ¢jrt+ u, where jris the Tx/ vector of ones:
1 ¢, U ¢, tu,
Jr=l Let Vi = L= :

1 Tx1 Ci uiT Ci + uiT

B

The model becomes: y; = x;,f+ vi. Let Q=E(v,v;).

Assumption RE2: Rank E(x; Q'x;)=K.
Assumption RE3: Homoskedasticity, which can be written as:

E(u,»u,-’|x,-,c,-) = 0'02[, and E(¢)| x;) = 002.

With these two assumptions, we have:
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E(v,vl)= E (ci +u, c, + u”)
c; + U,
o +o*j . af
= : =0
af af +0o

Therefore, in the model y; = x5+ v;, the error term v; is no longer iid. An
estimator that can do better than OLS is GLS (generalized least square).

Consider y; = x;,+ v;, (8) or:
3 X Vi
=| : |B+]| : (8)
Y Xy Yy

The covariance matrix of (8) is given by

Q 0 0
A=[0 . 0
0O 0 Q
A _ _1 ' _
,BGLS:(x'AIx) xAly
-1
Q' 0\ x Q' 0\
= (xl x;v (x1 Xy
0 Q' |\ x, 0 Q' \y,
-1
Xy i
= (xiQ_l x, Q7 (le_l Q'
Xy Yn
N Ty '
= inleij inQ’lyi
i=1 i=1

In this model, 2 is known. However, when £ is unknown, we could use
Q-0 , which requires us to obtain estimates for both 062 and auz. Note we have:
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T
c’=0c’+0, Z%ZE(VHZ) for all i.

. 2 . . ) )
Therefore, averaging v;;~ across all i and # would give a consistent estimate

ofavzz
I\ V& N
T NT- KZZV

where \3” is the residual from the OLS regression:

Vi = Vi = XuBovs -

Next we need to find a consistent estimator for ¢.2. Recall that 5, =E(vit Vis)
all ¢ # 5. Therefore, for all i, there are 7/(7-1)/2 non-redundant error products that
can be used to estimate .:

T-1

N ro.
) A A
o [NT(T—I)/2 ZH SZV i

+1

. . . 2 - ~ ~ . A
is a consistent estimator of .. Given & and &, then we can obtain &~ :

6,=6,-6; )
Note in practice (9) may not be positive. A negative value for & is
indicative of a substantial amount of negative serial correlation of u;,. If this

occurs, we must use heteroscedastic-robust covariance matrix to construct £, .

Robust variance matrix estimator:

If Assumption 3 (homoscedastic) doesn’t hold, then we must calculate the
heteroscedastic-robust covariance matrix. Define the Tx! residual vector from the

pooled OLS regressions: \% =y, - xiBOLS , where i =1, ..., N. Define:

A

Q=

=»
=»

13
N

The reason that Q—2—Q because it is the average over N. The random
effect estimator is given by:

N ey
RE = (Z‘x;Q_l‘xi] (ngg_lyij
il i=1

The necessary condition for the estimator to work is iid across individuals.

22



Estimation: Fixed-Effect model

Consider the panel model again:
yi,=xitﬂ+ci+uit, I = 1, 2, ,N, t= 1, 2, ... T.
Assumption FEI: E(u;|c, x;) =0, but E(cix;) #0, wheret=1, ..., T.

One way to estimate the model is by running a regression with a dummy
variable for each individual:

N
Vi = xitﬂ + ZCiDit Vi
i=1

where D;, =1 if ith person; and D;= 0 otherwise.

In this case, it is important to note that ¢, —2— ¢, iff 7—oo. Note this is

not the typical assumption of N — co. In fact, we often assume 7 is fixed but
N—oo for the purpose of robust covariance estimation.

Therefore, typically ¢, is not a consistent estimator of ¢;. However, ¢, is
an unbiased estimator of ¢;. In many applications, ¢; is a nuisance parameter, so

we don’t really need to know them.

There are many ways to get rid of ¢; before we estimate our model.

Method 1: Time-Demeaning:
Take away c; by taking way the average across i:
Vi =xpB+c+u,
yiz_J7i:(xit_fi)ﬂ'i'(uit_l’_[i)!or j}[t :jéizﬂ+iiiz (10)

Given the strict exogeneity condition, u; is uncorrelated with x;, for all
=1,.....T:

E(jéit'iiit):E((xit _)_Ci)'(uit _L_li)):()

The OLS estimator of (5) is consistent:
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i

-1

Is ,3FE efficient asymptotically? Or the question: is i, 1id?
For the same individual,
- 2 2
E(u[t ): E(un - ui)
1
= guz 1——
T
= homoscedasticity across individual 7. For ¢ # s, the covariance is:

2

E (i i, ):_‘?

it™"is
Which shows the time demeaned error i, serially correlated. As T gets
large, this correlation becomes smaller.
As it can be seen later, however, this serial correlation does not cause any
problems. Because asymptotically, it is as if the covariance structure were iid with

some minor correlation.

This set of de-meaned equation can be obtained by premultiplying a time

demeaning matrix, Qr, defined as:

Or=1I; _jT(jT’jT)_le'
1

ZIT _?jTjT'
-1 1
T T
1 L
T T

Or is symmetric, idempotent with rank 7-/. We have:

. . I N
O jr =1, jr = jrUr' i) Jy' Jy =0
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Ory, =11y, _jT(jT'jT)_le'yi

1 1
_o 1
Yi T . Yi
1 1
=Yi—Vi

Therefore, we have:

O,y, =y, =y, =y, Similarly, Q,x, =x, - X, = %,.
Q,u, = u, —u, =1,. Therefore, (10) can be written as:

Ory, =0 x, B+ 0y, (11)

The correlation between the transformed x; and transformed u; is given by:

X,y = (eri )' Oru,
= xiQT'QTui

_ ! ] _ .!
- x[QT ui - x[tu[

Therefore,

Note:

E(xlul): 0, and

Var(iu, )= E(fuui )= o2 E(i 5,)

rr

By CLT,
|
e

u,—>N(0,62E(%%,)).

Then we must have:
. 1 & -
JN (ﬂF - ﬁ)% N[O, o’ (ﬁ Z)‘é;)'c'ij J

Therefore, the asymptotic covariance of f,, is the same as if i, were iid,

with one difference:
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If OLS, Varlfy, )=Varli, [Z J

Note Var(ii, ) # o> = Var(u, ). We need to make an adjustment of the

variance estimate directly from OLS.

Now how to estimate o ?

Note the error term in FE model is i, , so we cannot directly use the SSR.

it >
T
ZE (iil.t) (T —=1)o> which means E ( )< o . Therefore, directly using OLS

variance estimate would yield a smaller variance estimate. In another words, OLS
still problematic in calculating variance, but since the difference is only a constant,
we can correct it — in this sense that OLS of the demeaned equation does not

cause problems.
N T

i S S H)=

=1 t=1
Now define fixed effect residual: #, = y, — X, ,5’FE .

A consistent and unbiased estimator of E ( ) 1S:

In the denominator is N(7-1)-K instead of N7-K. This difference could be

substantial if 7" is small.

More complications:
1. Serial correlation: wu; = pu;.; + &;

Typically, we simply use the residual to test if there is a serial correlation.

However, it is not simple in this case because the error term after the transformation isi,, .
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2
o, , +¢,, the Hy of no-serial

)=-2

, for the equation i, =

Since E(u”ul.s =

correlation is: Hy: 0 = -1/T-1).
To find if there a serial correlation, let @, = y, — X, ,BFE , Tun a regression of #, on
T,and i=1,....N. Test if the coefficient is -1/(7-1). Note the standard

U, ,t=2,,......
error for the coefficient used in the test should be robust standard error.

If we find serial correlation, then we have to use robust variance estimator in the

original FE estimator.

Avar(/?FE ): (ixx]l (ix

N -1
i uxJ(Zxx]
i=1
This robust variance matrix estimator is valid in the presence of heteroskedasticity

171l

or serial correlation provided that 7 is small relation to V.

Method 2: First Differencing

Again, consider the linear panel data model,
yi,=xitﬁ+ci+uit, 1= 1, 2, ,N, t= 1, 2, ... T (12)

To get rid of the unobserved c;, take the first differencing, we have:
(13)

Ayﬁ = Axitﬁ + Auj,.
A pooled regression of Ay; on Ax;,, denoted as ﬁ > can yield consistent estimator

of 8, given the assumptions:

Assumption FDI: E(dx; ' Auy) =0, t=2,3,...,T.
T
Assumption FD2: rankZE(Ax”' Ax,)isK.t=2,3,....T.

=2

With the two assumptions, the OLS estimate of (13) is consistent.

If u; in (12) follows random walk, then the OLS estimates of (13), ,é s 18
efficient. If u;, in (12) is 1id, then Au;, in (13) will be serially correlated:

2
o,.

Var(Au,)=20? ,and E(Au,Au, )=—

Therefore, we would adopt robust variance matrix:
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A var(ﬁm)= [ﬁ: Ax;Axijl (i AX AGLAG Ax](i Ax;Axij1

i=1 i=1

where Au, = Ay, - AxitﬁAFD :
Discussions: serial correlation of u;.

Again, when u;, are iid, then a regression of the following model should yield:

Auwir = pAuir 1 + &ir.

Testing if there is a serial correlation is equivalent to testing if Ho: p=0.5.
Note here that we only use the observation at T and T-1 for Au;7 and T-1 and T-2 for
Au;r.;. We are not use information from other years to avoid the unnecessary panel data

issue.

It is possible that Au;, is actually iid. This occurs when u;, is random walk.
Comparing f3,,and f3,,:

Depends on error structure: If u;, is serially uncorrelated, the FE is more efficient.
However, when u;; is a random walk, then FD is more efficient.

It is important to note that when there is a strong exogeneity, the difference
between FD and FE is only the sampling error. Therefore, one can use Hausman-type test
(to compare the difference between the FE estimates and FD estimates).

Prefer FD: 1. easier to estimate

Prefer FE: 1. more efficient (FD losses N observations)

Test of strict exogeneity: when T > 2, we can use the FE method.

Vit = Xi B+ Wi 10 + ¢i + uiy,

where wj;1; 1s a subset of x;+;. Testing 0 =0 is a test for strict exogeneity.

Test of strict exogeneity when T = 2. In this case, we may have to use FD method
only.

Ayﬁ = Ax; ﬁ +wio + Auyy,

where w;, is a subset of x,. Again, testing =0 1is a test for strict exogeneity.

Comparing f3,, and S,
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In some situations, it is often only possible to apply random effect model. The key
variable we are interested in have no variation or very little variation over time.

Example: we are interested in how the size of the local labor market affect local the
unemployment rate (Gan and Zhang, Journal of Econometrics, 2006, page 127-
152.). We have panel data of 295 monthly city unemployment rates.

unemployment rate., = a. + X.ff + y log(size.) + uy

where X, includes: unemployment benefit, measurement of industry composition,
percentage of people who are young (youth share), net migration rates, log of square
miles of area (not changing over time), and finally the log of the size of the market
(average employment), which does not change overtime.

There is a model developed in the paper that argues that a larger size of the
market would yield a lower unemployment.

Unemployment Rates

9 10 11 12 13 14 15 18
log(city size)

Fig. 2. Logarithm of city size and mean unemployment rates.

The paper finds that an increase in two standard deviation of the city size would
result a decrease of 0.15 percentage points of unemployment rate.
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Table 6
Unemployment rate mean regression results

Variables (0 (2)
time fixed effect Yes Yes
city random effect Yes Yes
constlant 0.485 1.423
{0.520) {0.539)
Lagged unemployment rate 0.874 0.873
{(0.0020) (0.0021)
INDCOM 18.64 18.66
(1.033) (1.033)
RISK 10.61 1.467
(5.69) (5.88)
INDCOM x RISK 360.8 4249
{163.8) {163.4)
unemployment benefit 1.058 1.019
(0.128) (0.127)
youth share 1.765 2147
(0.528) (0.531)
mean nel migralion rate 0.0051 0.0080
{0.011) {0.011)
]Ug[mi]c.ti:] 0.141 0.203
{0.140) (0.139)
[]L}g[}?!f!ﬂ'.‘;‘zﬂz 0.0105 0.0179
{0.0095) {0.0095)
logisize) 0.0752
{0.0129)
Rr? 0.915 0.916
No. of obs. 50439 50439

Standard errors are in parentheses.

In this example, T is relatively large. Given that, we can show next that ﬁFE and

,@RE are close to each other.

In the case of varying x;;, we can compare ,[;’FE and ,é «z - These two estimators do
exhibit some interesting relationships.

Again, define:
O,=1I; _jT(jT'jT)ile': I, - P

1
=1, JTJT
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Then:
Orjr = Irjr = Jr s ir)  Jr'jr =0

For FE model, the transformed equation can be written as:
Ory; =0rx,f+ 0y, (14)

For RE model:

Q= O-jlr +O_c2jTjT'
= O-ZIT +TO_§jT(jTjT')_]jT'
:O-j(PT +QT)+TO-3PT
= (03 +T03)PT +0.0,

2
:(O-j +TO-3{PT+LQTJ

o) +To!
:(65+T0-3XPT+77QT)

2
u

where 7 = ———.
o, +To!

Define S, (77) = P, + nQ, . Note we have: PrPr= 1, and PrQr= 0, Pr=Ir-QOr.
It is easy to show that S, = P, + lQT by showing S,S,” =1.
n

-1/2 1 —-1/2 -1/2 -1

Again, one can also show that S, =P, + TQT ,since S, S, =S,
n
Given that, Q = (aj +To? XPT + 70, ) and the previous equation, we have:

Q' =02+ Tof)_m(PT +

ﬁgfj-

Again, define 4 =1- \/; =1- L. Then,

5 2 \1/2
(au +TGC)
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_ 1-1 1
S e
1
:U_(PT — AP, +QT)
1
:O__(IT _/UJT)

u

Further, define Gy=Ir - AP7. Consider a transformation of

Gy, =Gx,f+ Gy, (15)

It is easy to verify that the error term in (15) is iid:

E(GTVI‘V;GT ) = %QIE(VI.V; ) = Lz

Therefore, OLS of (14) yields an estimate:

R N Ty
Pows = zxiGTGTxi] zxiGTGTyi

Rewrite equations (14) and (15) here:

O0ry; =0rx, B+ 0, (14)
Gry; = Grx,f+ Gy, (15)

where Gr=Ir - APrand Qr=Ir - Pr. The difference between the two transformation is:

A=l—F72 —.
(03 +Taf)l/2

As T is large or 0./0, is large, A—1, random effect model and the fixed effect is
close to each other. Note whether 7 is large is not related to V. It has nothing to do with
the N.
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Hausman and Taylor-Type Models

Consider a model:
Vi =Xy +ziy + ¢ + uyy.

We allow Cov(x;,c;) # 0, but assume Cov(z;c;) = 0, and the strict exogeneity on u;;.
The key coefficient here is y. Since z; do not vary with time, so the fixed-effect model
cannot be used. A typical way to estimate this is to apply the random-effects model,
where it is assumed that Cov(x;,c;) = 0. The Hausman-Taylor type model has less strict
assumption than the random-effects model by allowing x;; and c; being correlated.

To estimate this model, first we estimate the fixed-effect model — note the both
the z;y term and ¢; term are eliminated at this stage. From the estimates of the fixed-
effects model, we can get residual. Note the residual includes three terms: z;y term, ¢;
term, and the u; term.

Second, we take the average (over time, for each 1) to minimize the effect of the u;
term. The averaged residual now mostly consists of the z; term and the ¢; term. Because
these two terms (z; term and the ¢; term) are uncorrelated, and z; is observed, we can run
regression of the averaged residual on z; to obtain the consistent estimate of y.

Example: we are interested in how the size of the local labor market affect local the

unemployment rate (Gan and Zhang, Journal of Econometrics, 2006, page 127-

152.). We have panel data of 295 monthly city unemployment rates.

unemployment rate,; = a. + X, + y log(size.) + uy

It is possible to allow a. and X, to be arbitrarily correlated, but assume that o, and
log(size.) to be uncorrelated.

How to estimate such a model:

Since E(z;’c;) = 0, we have an extra moment condition that can be used to identify

Intuition: we first estimate S by fixed effect model. Then we use the residual to
estimate y, given

E(Zivzi)y :E(Zi'(yi _)_Ciﬂ))

The estimate is given by:
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STATA Deviation
Simple command for panel data model:
(1) xtreg
Example:
xXtreg In_w grade age* ttl exp ttl exp2 tenure tenure2 black not_smsa south, fe i(idcode)
fe — fixed effect model
“re” -- random effect model GLS
“be” — between-effects model

“mle” — random effect MLE

i(idcode), specifies the variable name that contains the unit to which the observation
belongs

(2) Given the model:
Vi =Xiufp + i+ uy

We can allow u; to be serially correlated: wu;, = pu;.; + &;

Since the model has a time series aspect, we need to tsset the data.
tsset
xtregar In_w grade age* ttl exp ttl exp2 tenure tenure2 black not_smsa south, fe
(3) Hausman-Taylor
Consider the model:  y; = x;f + ziy + ¢ + ujy.

The STATA command on this type of models is xthtaylor. This command
defines endogenous and exogenous variables. The endogenous variables are variables that
are allowed to be correlated with ¢;, while exogenous variables are variables that are not
allowed to be correlated with ¢;. In order to be able to identify y, it is necessary to have at
least one exogenous variable z; to ensure the moment condition E(z;’c;) = 0. If all z; are

endogenous, then the model becomes the typical panel data fixed-effects model where y
cannot be identified.
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The advantage of Hausman-Taylor model over the typical random-effects model
is that it allows endogenous variables in x;; (allowing ¢; and x;/) to be correlated. It even
allows some of the z; to be correlated.

Example 1: In Gan and Zhang, Journal of Econometrics 2006, page 127-152.)

In this example, the endogenous variables (that are allowed to be correlated with
ci) are X,, and the exogenous variables (that are uncorrelated with ¢;) are log(size,).

xthtaylor unemployment rate X, log(size.), endog(X)

Example 2: wage is a function of
How long this person has worked for the firm, wks
Binary variables if lives in a metropolitan area or in the south, smsa, and south
Marital status, ms;
Years of education, ed
A quadratic of work experience
In manufacturing or not,
Black or not, blk
Female or not, fem

It is expected that time-varying variables exp, exp2, wks, ms, and union are all correlated
with the unobserved individual effect.

Assume exogenous variables occ, south, smsa, ind, fem, and blk are instruments for the
endogenous, time-invarying variable ed.

xthtaylor Iwage occ south smsa ind exp exp2 wks ms union fem blk ed, endog(exp exp2
wks ms union ed)
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