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Linear Equation System without Endogeneity (Seemingly Unrelated Regressions): 
 
Example: A basic utility maximization problem: 
 

Suppose we are interested in estimating household demand functions for a set of 
goods. The basic utility maximization problem is given by: 
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To characterize the solution of the problem, the demand function is a function of 

prices and income y: 
 

  housing = H(houseprc, foodprc, clothprc; income) 
  food  = F(houseprc, foodprc, clothprc; income) 
  clothing  = C(houseprc, foodprc, clothprc; income) 
  

If we know the functional form the utility function U(·), then we can precisely 
obtain the functional forms of H(·), F(·), and C(·). In most cases, all three functions are 
likely to be nonlinear in prices and in y. So we may use the nonlinear least square to 
estimate the model. The empirical econometric model is: 
  
 housing = H(houseprc, foodprc, clothprc; income;θ) + u1
  food  = F(houseprc, foodprc, clothprc; income;θ) + u2
  clothing  = C(houseprc, foodprc, clothprc; income; θ) + u3
 
 However, if we do not know or we are not willing to make assumptions on the 
utility functional forms, then we consider a linear model as an approximation of the first-
order Taylor expansion of any nonlinear model: 
 
housing = β10 + β11 houseprc + β12 foodprc + β13 clothprc + β14 income + β15 size + .. u1
food = β20 + β21 houseprc + β22 foodprc + β23 clothprc + β24 income + β25 size + .. u2
clothing = β30 + β31 houseprc + β32 foodprc + β33 clothprc + β34 income + β35 size + .. u3
 
 After the model is estimated, it is possible to “recover” the implied direct and 
indirect functional form by Roy’s identify. For example, the demand for housing can be 
derived based on the Roy’s identify: 
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One solve for the differential equation to recover the functional form of the 

indirect utility function V(·). Hausman (1981, AER) argues that the importance of this 
method. 

 
Notes: 

(i)  In the previous equation, we assume that all regressors are uncorrelated with 
errors. A system of equations with such an assumption is called seemingly unrelated 
regression (SUR) model. 

 
(ii) If the model is estimated equation by equation, consistency only requires that 

ug is uncorrelated with xg for the gth equation, i.e., cov(ug, xg) = 0. This assumption is 
called the weak exogeneity. However, if we are interested in obtaining more efficient 
estimates by working with all three equations simultaneously, it is necessary to have the 
so-called the strong exogeneity, i.e., all regressors in all equations are uncorrelated with 
all errors in all equations, cov(ug, xk) = 0, for all g and k. Furthermore, there are 
correlations among error terms.  

 
(iii) We include the family size in the model. We may also include, for example, 

more detailed family composition variables, including the number of children in certain 
age ranges, if the household lives in urban areas, and other variables. These variables are 
often called control variables (as a modification of the constant term.)  

 
(iv) In the previous model, regressors in all three equations are the same. This is 

NOT necessary. In fact, in many cases regrssors are different across different models. 
Further, in the previous model, coefficients are different across different equations. Again 
this is NOT necessary. Some coefficients can be the same across different equations.  
 
Example (Panel Data Model): Consider one of the most famous panel data sets: Panel 
Study of Income Dynamics (PSID): since 1969, we observe the set of about 10,000 same 
households year after year.  
 
 Suppose we are interested in knowing how savings vary: 
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where returnit is the investment return, for example. It may depend on individuals 
because of different compositions in their investment portfolio. In this example, the 
strong exogeneity assumption is that: 
 
   Cov(xit, uis) = 0 for all t and s.  
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In such a model, however, it may be difficult to maintain the strong exogeneity 
assumption. For example, when the lagged dependent variable is present: 
 
 ( ) itititititit uzreturnaincomeasavingasaving +++++= − γρ 2110 )log(log)log(  
 
 In this equation, the strong exogeneity assumption is violated, cov(xit, uit-1) ≠0.  
 
 In general, we write SUR models as following: 
 

  ,  

GGGG uxy

uxy
uxy

+=

+=
+=

β

β
β

M

2222

1111

where E(xg
’ug) = 0 for g = 1, …, G. Note xg is NxKg, and βg is Kgx1. 

 
Write the system of equations in the matrix form: ( )'21 ,, iGiii yyyy L= ,  and 

. ( )'21 ,, iGiii uuuu L=
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where i = 1, …, N 
 

• It is possible to write: iGi xIX ⊗=  
• Since yi is Gx1, and therefore y is NGx1.  
• Xi is Gx(K1+K1+ … + KG). Define K=K1+K1+ … + KG, and X is NGxK.  
• β is (K1+K1+ … + KG)x1 = Kx1.  

 
With the weak exogeneity assumption: E(xg’ug) = 0, the simple OLS estimator is 

consistent and asymptotically normal, similar to what we have before.  
 

However, it is possible to improve efficiency of the estimator if correlations 
Cov(ug, uk) ≠ 0. The method is the Generalized Least Square, or GLS: 

 
A transformation (by multiplying a matrix) of Xi would typically lead to a linear 

combination of Xi and ug, and the weak exogeneity assumption would not be sufficient.  
 
 
Generalized Least Squares (GLS) 
 
 Let ( )'iiuuE≡Ω , which is GxG.  
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The GLS estimator is to obtained by pre-multiplying 2/1−Ω : 
 
 ,   or:  iii uXy 2/12/12/1 −−− Ω+Ω=Ω β ***

iii uXy += β
 
 It is easy to show that ( ) IuuE ii ='**  
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It is therefore sufficient to show that: ( ) 01' =Ω−

ii uXE . 
 
This is where the strong exogeneity assumption becomes necessary. In this 

equation,  is a linear combination of x1' −ΩiX ig, g = 1, …, G. The weak exogeneity 
assumption is no longer sufficient for consistency.  

 
For example, consider a two equation system, and let:  
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 Therefore, the weak exogeneity ensures that ( ) 0111
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But the strong exogeneity assumption is necessary to ensure ( ) 0212
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 However, if , i.e., there are no correlations between the errors in 

two equations, the strong exogeneity is not necessary, and will not help.  
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 From the (1), the asymptotic distribution of the estimator is given by: 
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where   'ˆ̂ˆ̂1ˆ
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≡Ω , where  is the residual from the OLS estimation.  iû̂

 
Notes: (1) Note in general: 
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 Therefore, to write this model into the usual GLS or FGLS format, additional 
assumption ( ) ( )'' | iiiii uuEXuuE =  is necessary.  
 
 
SUR Revisited: 
 

(1) If Ω is a diagonal matrix, i.e., there are no correlations among error terms, 
GLS and OLS are the same.  

 
(2) If xi1 = xi2 = … = xiG, i.e., if the same regressors show up in each equations 

(for all observations), then OLS equation by equation and FGLS are identical.  
 

 
Example: A model of the demand for inputs in the production process.  
 

Consider a firm who minimizes its cost: 
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 Solving this equation to get a demand for K, L and M for firm i.   
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 The total cost of production is given by the cost function: 
 
   ****
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 If there are constant return to scale, then 
 
  , or  ( )iMiLikii pppcYC ,,= ( )iMiLikii pppcYC ,,lnlnln += , 

 
where  is the unit or average cost function. ( iMiLik pppc ,, )
 
 The cost minimization factor demands are obtained by applying Shephard’s 
lemma,  
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 By expanding  in a second-order Taylor series at the point lnp( iMiLik pppc ,,ln ) ij = 0,  
j = K, L, M, we obtain: 
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where all derivatives are evaluated at the expansion point, i.e., lnpij = 0.  
 
 If we let the derivatives be coefficients (parameters), then we have: 
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 This is the transcendental logarithmic, or translog, cost function. Note in the 
previous equation, it is necessary the case that γjk = γkj because .  jkkj pppp lnlnlnln =
 
 The cost share equations are given by: 
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 Note because shares are used, we must have:  

 
siK + siL + siM = 1    

 

  
( ) ( )

( ) ( 0lnln
ln

=+++++ )
++++++

MMLMKMiMLMLLKLiL

KMKLKKikMLK

pp
p

γγγγγγ
γγγγγγ

 

 
 Because this is true for all i, it is therefore necessarily true that: 
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 With these restrictions, we can rewrite previous models as: 
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 Further, you may want to add some control variables and an error term: 
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 This two share equations consists a SUR where uK and uL are expected to be 
correlated. 
 
  

Linear Equation System with Endogeneity: General Method of Moments (GMM) 

 
Example: labor supply and wage offers. 
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 In this model, it is obvious that E(wi, ui1) ≠ 0, and E(hi, ui2) ≠ 0.  
 

In general, consider a system of equations: 
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Again, write the system of equations in the matrix form. Define 
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where i = 1, …, N 
 

o Since yi is Gx1, and therefore y is NGx1.  
o Xi is Gx(K1+K1+ … + KG). Define K=K1+K1+ … + KG, and X is 

NGxK.  
o β is (K1+K1+ … + KG)x1 = Kx1.  

 
A general approach to the endogeneity problem is to find a set of instruments zg 

for equation g:  
 
Assumption 1: E(zg

’ug) = 0, zg is NxLg.  
Assumption 2: E(zg

’xg) ≠ 0, xg is NxKg, therefore  E(zg
’xg) is LgxKg, and Lg≥Kg.  

  
 Alternatively, Assumption 2 can be rephrased as the rank condition: Rank E(zg

’xg) 
= Kg. 
 

We already know how to estimate the model equation by equation consistently 
using 2SLS. Again the issue here is to improve efficiency.  
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where Zi is Gx(L1+L2 + … +Lg) ≡ GxL. It is possible to write iGi zIZ ⊗= . 
 
S-Assumption 1: ( ) 0' =iiuZE .  
S-Assumption 2: rank ( ) KXZE ii ='   

 
Note: S-Assumption 1 requires that IVs at equation g, zg, to be uncorrelated with 

all errors in all equations, analogous to the strong exogeneity condition in the SUR model.  
 
S-Assumption 2 requires that each of the equation to be identifiable, Lg ≥ Kg, for 

all g, and therefore, L ≥ K.  
 

S-Assumption 1 suggests comment conditions: 
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 However, when L > K, we have more IVs than necessary. In other words, we have 
more equations than unknowns. The intuition is that we choose  such that the Lx1 
vector in (2) as small as possible. One possibility is the squared term of (2) is as small as 
possible.  

β̂

 
Example: In the simplest case, suppose we have two unknowns, a, and b, and two 
equations: 
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 For this system of three equations and two unknowns, it is unlikely that we can 
find a and b such that all three equations are perfectly satisfied. A solution to this 
problem is to find a and b to minimize the following equation: 
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The solution to this problem: 
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and the covariance of the estimator: 
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’Zi). This is a very long but intuitive covariance matrix. It is also easy 

to establish the asymptotic normality by using the central limit theorem.   
 
 One of the choices for W is given by: 
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 We have: 
   ( )( ) ( ) YZZZZXXZZZZXMM ''''''ˆ 111 −−−=β
 
 This is precisely the 2SLS, called pooled 2SLS estimator.  
 
The Optimal Weighting Matrix and GMM: 
 
 The next step is to find the optimal weighting matrix W, which is the GMM.  

 
 It turns out, when W = Λ-1, then the optimal covariance matrix is reached. In this 
case,  
 

  , and  ( ) YZZXXZZXGMM ''''ˆ 111 −−− ΛΛ=β
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 How to obtain in practice? GMMβ̂

a. Let  be an initial consistent estimator of β. In most cases this is the 2SLS 
estimator. 

β̂̂

b. Obtain the Gx1 residual vectors:  
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c. A generally consistent estimator of  Λ is: 
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Discussions:  
 

(1) We develop the GMM with linear models. The moment conditions used here are 
( ) 0' =iiuZE . However, GMM is an estimator that is much more general than linear 

models or linear regressions. In fact, any expectations can serve as moment 
conditions. One may write a general form: 

 
( )[ ] 0; =θiwqE  

where wi  represents the set of data, θ is the set of Kx1 parameters to be estimated, q(wi; θ) 
is Lx1, with L ≥ K.  
 

Examples of q(wi; θ): 
 

(a) If q(wi; θ) is the first-order conditions of the log-likelihood function, MLE can 
be considered as a special case of GMM. 

 
(b) If q(wi; θ) is the first order condition of (yi - Xiβ)2, which is, , the 

OLS is a special case of GMM. 
( )βiii XyX −'

 
(c) One of the popular method to obtain moment conditions is by the first order 

conditions.  
 

(2) Hansen and Singleton (1982, Econometrica). 
 
Consider a maximization problem over time: 
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where Ct is consumption in period t, β is a discount factor. Suppose the consumer has the 
choice of investing in a collection of N assets, with maturities Mj, j = 1, …, N. Let Qjt 
denote the quantities of asset j held at t he end of period t, Pjt be the price of asset j at t, 
and Rjt be the date t payoff from holding a unit of Mj-period asset purchased at date t- Mj. 
The labor income is Wt. The budget set is given by: 
 

    t

N

j
Mjtjt

N

j
jtjtt WQRQPC

j
+≤+ ∑∑

=
−

= 11

 
 The first order condition is given by: 
 
   ( ) ( )[ ]

jj

j
MtMjtt

M
tjt CURECUP ++= '' β ,   j = 1, …, N, 

 Or: 

   
( )
( ) 01

'

'
=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−

++

jt

Mjt

t

MtM
t P

R

CU

CU
E jjjβ    

 The previous equation suggests N moment conditions, with each moment 
condition for each asset j. Note the moment conditions work even if one does not have 
information on all assets but rather a subset of assets.  
 

Note if asset j represents a stock or a one-year deposit, Mj = 1, then Rjt+1/Pjt = 1 + 
rjt, where rjt is the one-year return of this stock. Further, let ( ) )1/(1 γγ −= −

tt CCU , we obtain 
a familiar model:  

 

   ( ) 0111 =
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

+
t

t

t
t r

C
CE

γ

β  

 
 The parameters to be estimated are γ and β.  
  
 
The Three Stage Least Squares Estimator (3SLS) 
 

3SLS is a GMM estimator that uses a particular weighting matrix.  
 
Assume that: E(Zi

’uiu’i Zi) = E(Zi
’ΩZi).  

 
This equality will hold if E(uiui’|Zi) = E(uiui’) 
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Define: 'ˆ̂ˆ̂1ˆ
1

i

N

i
iuu

N ∑=
=Ω . The 3SLS is the GMM with the weighting matrix W being: 

 

 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
Ω= ∑

=

N

i
ii ZZ

N
W

1

' ˆ1ˆ  

  
 
 
Simultaneous Equation Models 
 
Example: consider a model of demand and supply: 
 

   
2222

1111

uzpqq

uzpqq
D

S

++==

++==

δγ

δγ

 
Suppose γ1 ≠ γ2, i.e., the demand and supply curves have different slopes. The 

difference between the two equations, the second equation – the first equation, and we 
have: 
 

  

2222211

12

21
2

12

2
1

12

1

vzz

uuzzp

++=
−
−

+
−

−
−

=

ππ
γγγγ

δ
γγ

δ
 

 
 The identification of this model is rather simple and intuitive. The reduced form 
model of p serves as the instrumental regression for the two structural equations.  
 

• To identify the supply equation, there is at least one element of z2 that does not 
appear in z1. For example, prices of other substitutable goods should be part of z2 
but not necessary in z1.  

 
• To identify the demand equation, there is at least one element of z1 that does not 

appear in z2. For example, prices of input (to produce this good) should be part of 
z1 but not necessary in z2.  

 
Example: labor supply and demand for married women. 
 

 
22221202

114131211101

)log(
)log(

uexpreducwagehours
uothinckidsageeducwagehours

++++=
++++++=

δδδγ
δδδδδγ

 

 
The first equation is the labor supply model while the second equation is the labor 

demand equation. The variables (age, kids, and othinc) appear in the labor supply 
equation but not in labor demand equation. These variables can serve as IVs for the 
wage in the labor demand equation. The variable (expr) appears in the labor demand 
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but not in labor supply and can serve as the IV for the labor supply equation.  
However, if expr = age – educ – 6, as typically calculated, then it cannot be used as a 
valid IV.  

 
 More formally, consider a system of equations,  
 

    
0

0111

=++

=++

GGG uzy

uzy

δγ

δγ
M

 
 where , 1 x G,  ( Gyyy ,...,1= ) ( )',...,1 kGkk γγγ = , G x 1.  
  , 1 x M, ( Gzzz ,...,1= ) ( )',...,1 kMkk δδδ = , M x 1 
 
 Write in the matrix form, 
 

   ( ) ( ) 0

0

==⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
Δ
Γ

=

=+Δ+Γ

Bzyzy

uzy
   (3) 

 
where  , 1 x G,   ( Gyyu ,...,1= )

Γ is G x G with gth column γg 

Δ is M x G with gth column δg

  B is (M+G) x G 
  
 When the endogenous variables are represented in terms of exogenous variables, 
we call this type of models as the reduced form model. Here, the reduced form is 
given by: 
  ( ) ( ) vzuzy +Π≡Γ−+ΔΓ−= −− 11   
 
 An unconstrained model such as (3) is not identified. To see this point, one may 
multiply (3) by a matrix of F, the equality still holds. 
 
 Without loss of generality, we consider identification of the first equation: 
 
    0111 =++ uzy δγ  
 
 Or,  0112121111212111 =+++++++ uzzzyyy MMGG δδδγγγ LL   
 
 Since the unconstrained model is not identified, it is necessary to add some 
constraints or restrictions to the model. Therefore, our problem becomes if a given 
restriction, denoted as R1, is necessary and sufficient to identify the first equation.  
 
 The first restriction is normalization – one element of γ1 is -1. Let:  
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⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

1

1
1 δ

γ
β  

which is (G+M)x1. However, because of the normalization, there are only G+M-1 
unknown elements in β1.  

 
Assume that the restrictions about β1 can be expressed as: 

 
    011 =βR  
 

where R1 is J1x(G+M) matrix of known constants, and J1 is the number of 
constraints on β1 (in addition to the normalization restriction.  

 
To understand if R1 is sufficient to identify the model: 
 
Define F = (f1, f2, .., fG), and let . We are interested in finding out:  
if and only if f

1
*
1 Bf=β

1
*
1 ββ = 1 = (1, 0, …, 0)’. 

 

  ( ) ( )
( ) 1121

11211111
*
11

,,,0
,,,

fRR
fRRRfBRR

G

G

ββ
ββββ

L

L

=
==

 
(i) When R1B has a rank of G-1, then the only possibility that  is  

f
0*

11 =βR
1 = (1, 0, …, 0)’  (subject to a constant).  

(ii) When f1 = (1, 0, …, 0)’, it is obvious that  if R0*
11 =βR 1B has a rank of 

G-1. Therefore,  
 
Theorem: Rank R1B = G-1 is the sufficient and necessary condition for identification for 
the identification of β1.  
 

Note since R1B is J1xG, and R1β1 = 0. Therefore, R1B cannot have rank that is 
larger than G-1 because R1β1 = 0. Since Rank R1 = J1, then a necessary condition for the 
identification of β1 is J1 ≥ G-1.  
 
 To intuitively understand this model, J1 suggests how many excluded exogenous 
variables, and G-1 is the number of endogenous variables (one endogenous variable, y1, is 
now the dependent variable after the normalization). Therefore, when J1 ≥ G1, the model 
is identified in most cases.   
 
Check Identification: 
 

(1) Set one element of J1 to -1 as a normalization. 
(2) Define the J1x(G+M) matrix R1. 
(3) If J1 < G-1, then the first equation is not identified.  
(4) If J1 ≥ G-1, the equation might be identified. Check the rank condition of R1B.  
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Example: (G = 3, M = 4): 
 

   
3434333321313

21211212

13131113132121

uzzzzy
uzyy

uzzyyy

z ++++=
++=

++++=

δδδδ
δγ

δδγγ

 
where z1 = 1, E(ug) = 0, g = 1, 2, 3, and each zj is uncorrelated with ug. Note the third 
equation is already a reduced form.  
 
 Consider the identification of equation (1). In this equation, γ11 = -1 
(normalization), and two constraints, δ12 = 0, and δ14 = 0, i.e., J1 = 2, but G = 3  J1 = G-
1. Therefore, the model is potentially identifiable.  
  
 Intuitively, there are two excluded exogenous variables, z2 and z4, and there are 
two endogenous variables, y2 and y3. The model satisfies the necessary condition for 
identifications.  
 
 To check the rank condition, let β1 = (-1, γ12, γ13, δ11, δ12, δ13, δ14)’.  The 
constraints δ12 = 0, and δ14 = 0 can be written as: 
 

   ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

1000000
0010000

1R

 
 Let B be the full 7x3 matrix of parameters with only the three normalizations 
imposed, so: β2 = (γ21, -1, γ23, δ21, δ22, δ23, δ24)’ and β3 = (γ31, γ32, -1, δ31, δ32, δ33, δ34)’.  
 

   ⎟⎟
⎠

⎞
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⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
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00
δ
δ
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since from y2 equation, we also have additional restrictions: δ22 = 0, and δ24 = 0. 
  
 Therefore, with all restrictions, the rank of R1B is 1. The model is not identified.   
 

Intuition: Note in this example, although from y1 equation, it looks like we have 
two excluded exogenous variables, z2 and z4 that may serve as IVs for y2 and y3. However, 
neither z2 nor z4 is correlated with y2. So in fact no valid IVs exist for y2. This is the 
reason that why locally that R1 may be sufficient to identify the model but globally it may 
not be.  
  
Estimation after Identification 
  
 To estimate the model, we rewrite the model in a form, 
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( ) ( )

( ) ( ) GGGGGGGGG uxuzyy
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βδγ

βδγ
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where y(1) includes all y except y1. This is also a normalized model.  
 

Estimating this model is same as estimating previous models with endogenous 
variables – we use GMM.  
 
 
Basic Panel Data Models 
 

Many panel data sets are publicly available. The most well-known ones for 
economists include Panel Study of Income Dynamics (PSID), Health and Retirement 
Study (HRS), NLSY (National Longitudinal Study of Youth), and COMPUSTAT. The 
first three are at household or individual level, and the last one is at firm level.  
 

Collecting panel data sets is typically a lot more expensive per observation than 
collecting cross section data sets. Compare with the cross section data sets, panel data 
sets have two distinguishing advantages. 

 
(1) Dynamics. When studying dynamic behavior, using panel data sets is more 

appropriate than cross section data. Studying dynamics typically requires understanding 
the evolvement of some stock variables. For example, at household level, how wealth, 
human capital, and health capital evolve is typically very important in understanding 
many household behaviors. Studying these stock variables often requires following how 
these variables evolve over time. In this regard, observing the same households across 
time is very critical. At the firm level, it is even more important since almost all 
important factors such as capital stock, inventory stock, human capital, etc are stock 
variables. 

 
(2) Endogeneity. Having observed the same household or firm multiple times can 

take care of one important source of endogeneity – the time-invarying unobserved 
heterogeneity. This can be seen more directly by the following example: 
 

Consider a simple linear model:  
   

E(BMIi |x, c) = α0 +  α0 * calorie-intakei +Xβ+ ci.     (4) 
 

In (4), ci  represents unobserved factors such as genetics, for example. 
 
If Cov(x,c) = 0, then OLS is consistent. If Cov(x,c) ≠ 0, then OLS is NOT 

consistent.  We have two ways to solve this problem:  

(i) using a proxy --  BMI of siblings, etc.  
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(ii) using the IV approach: Cov(z, c) = 0, and Cov(z, x) ≠ 0, where z may include 

income, number of people in the family, # of kids in the family, etc.   

 
However, if we observe the same person repeatedly, then more options arise. 

Suppose y and x are observed at two time periods.  
 
  E(yt|Xt, c) = β0 + Xt β + c,    t = 1, 2   (5) 
 

Again, assume c is consistent (time invariant).  Add an error term: 
 

E(yt | Xt, c) = β0 + Xt β + c + ut     (6) 
 

By definition E(Xt
’ ut) = 0.  If we assume E(Xt

’ c) = 0, then OLS produces 
consistent estimates, otherwise no consistency. 

 
Alternatively, if E(Xt

’ c) ≠ 0,  take the difference over time of (6): 
 
  Δyt = ΔXtβ + Δut . 

 
We now can use OLS if:   (a) E(ΔXt

’ Δut) = 0  
(b) rank of E(ΔXt

’ ΔXt) has full rank.  
 
Condition (a) implies: 
  

( ) ( ) ( ) ( ) ( )
( ) ( )2

'
11

'
2

2
'
11

'
21

'
12

'
2

'

uXEuXE

uXEuXEuXEuXEuXE tt

−−=

−−+=ΔΔ
 

 
So E(Xt

’ut) = 0 cannot guarantee  E(ΔXt
’ Δut) = 0. More conditions are necessary.  

 
Discussions: consider the general panel model: 

 
yit = Xit β + ci + uit,    t = 1, 2, … T,  and i = 1, 2, … N.   (7) 

 
 

(1) Random effect or fixed effect? (ci) 
 

Random effect : ci is random. More precisely, E(xit
’ ci) = 0. 

Fixed effect:  ci is an arbitrary constant. More precisely, E(Xit
’ ci) ≠ 0. 

  
If random effect, ci is drawn independent of xit. Example: N(0,σc

2).  If fixed effect, ci can be drawn from a distribution of xit. Example: N(g(xit),σ2(xit)).  
 

Note here in the fixed effect model, ci could be random. Therefore, the 
difference between the so-called random effect model and the fixed effect model 
is NOT about randomness of the ci. The difference is all about if ci is correlated 
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with xit. More recently, the panel data model is often referred as unobserved 
effects model.  

 
(2) Strict exogeneity of xit:  

 
It is possible for yit  to affect xit  for s > t. For example, in the example that 

studies the effect of debt level on inflation, inflation at t will affect debt level at 
later years. 

 
Strict exogeneity: 
 
 E(yit|xi1, xi2,… xiT)= E(yit|xit) = xitβ + ci 

  
This assumption implies:  
 
 E(uit|xi1, xi2,… xiT, ci ) = 0, or E(xit

’uis) = 0, for any i and s. 
 

This is a necessary condition for estimation. 
 

(3) Failures of the strict exogeneity condition: 
 
Example 1:  Cross country data. Study the effect of debt on inflation.  
 

   itiititit ucDebtXCPI +++= γβ  
 
 Problem: past debt level may affect future inflation level.  
 
Example 2: Program evaluation, consider a work-training program, denoted as 
pwgit:  

 
log(wageit) = θt + zitγ + δ pwgit + ci + uit
  

Problem: participation in the program may not be random. It is possible that:  
 
Cov(uit, pwgit) > 0. 

 
Those who are more active in the labor are more likely to seek work 

training program. 
 

Example 3: Distribution lag model: 
. 

iti

k

itittit ucRDzpatents ++++= ∑
=

−
0τ

ττδγθ  
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Is RDit-j correlated with today’s uit? A shock in patents may affect the 
earning ability of the firm, and hence affect future spending in R&D. Cov(uit,xit+1) 
≠ 0, So strict exogeneity fails. 

 
Example 4: Lagged dependent variable 
 

log(wageit) = θ log(wageit-1)+ zitγ +  ci + uit. 
 

In this case, since Cov(log(wageit),cit) > 0, it must be the case that: 
Cov(xit+1,cit) > 0, since xit+1 includes log(wageit).  So the Strict Exogeneity 
condition fails.  

 
Example 1 again: it may be useful to include lagged dependent variable in the 
model.  

 

itiitit

K

itit ucDebtXCPICPI ++++= ∑ − γβα
τ

ττ  

 
Estimation: Random Effect Model 
 

The basic model is:  
 

yit = xitβ + ci + uit
 
Assumptions RE1: 
 

(a) E(uit|xit, ci) = 0, where   t=1,……,T 
(b) E(ci|xit) = 0, where t=1,……,T 
 
Rewrite (1) into: yt = Xt β + cijT+ ut, where jT is the Tx1 vector of ones:  
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The model becomes: yi = xiβ+ vi.    Let Ω = E(vi,vi

’).  
 
Assumption RE2: Rank  E(xi

’Ω-1xi)=K. 
Assumption RE3: Homoskedasticity, which can be written as: 
 
  E(uiui

’|xi,ci) = σc
2I,  and E(ci| xi) = σc

2. 
 

With these two assumptions, we have: 
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Therefore, in the model yi = xiβ+ vi, the error term vi is no longer iid. An 

estimator that can do better than OLS is GLS (generalized least square). 
 

Consider  yi = xiβ+ vi,       (8)  or: 
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The covariance matrix of (8) is given by  
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  In this model, Ω is known. However, when Ω is unknown, we could use 

, which requires us to obtain estimates for both σΩ̂ →Ω c
2 and σu

2. Note we have: 
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= + = ∑     for all i. 

Therefore, averaging vit
2 across all i and t would give a consistent estimate 

of σv
2:  

2 2
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where  is the residual from the OLS regression: ˆ̂
itv

  
ˆ ˆˆit it it OLSv y x β= − .  

 
Next we need to find a consistent estimator for σc

2. Recall that σc
2 =E(vit vis) 

all t ≠ s. Therefore, for all i, there are T/(T-1)/2 non-redundant error products that 
can be used to estimate σc

2: 
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is a consistent estimator of σc

2. Given  and , then we can obtain :    2ˆ cσ 2ˆ vσ 2ˆuσ
          (9) 222 ˆˆˆ cvu σσσ −=

Note in practice (9) may not be positive. A negative value for  is 
indicative of a substantial amount of negative serial correlation of u

2ˆuσ
it. If this 

occurs, we must use heteroscedastic-robust covariance matrix to construct ˆ
REβ . 

 
Robust variance matrix estimator: 

  
If Assumption 3 (homoscedastic) doesn’t hold, then we must calculate the 

heteroscedastic-robust covariance matrix. Define the Tx1 residual vector from the 
pooled OLS regressions: ˆ ˆˆi i i OLv y x Sβ= − ,  where i = 1, …, N. Define: 
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The reason that  because it is the average over N. The random 

effect estimator is given by: 
ˆ pΩ⎯⎯→Ω
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The necessary condition for the estimator to work is iid across individuals.  
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Estimation: Fixed-Effect model  

Consider the panel model again: 
 

yit = xit β + ci + uit,  i = 1, 2, …, N; t = 1, 2, … T. 
 
Assumption FE1:  E(uit|ci, xi) = 0, but E(ci|xit) ≠ 0,  where t = 1, …, T.    

One way to estimate the model is by running a regression with a dummy 
variable for each individual:  

1

N

it it i it it
i

y x c D vβ
=

= + +∑ ,     

where Dit =1 if ith person;  and Dit = 0 otherwise.  
 
In this case, it is important to note that  iff T→∞. Note this is 

not the typical assumption of . In fact, we often assume T is fixed but 
N→∞ for the purpose of robust covariance estimation.  

i
p

i cc ⎯→⎯ˆ
N →∞

 
Therefore, typically  is not a consistent estimator of ciĉ i. However,  is 

an unbiased estimator of c
iĉ

i.  In many applications, ci is a nuisance parameter, so 
we don’t really need to know them.  
 

There are many ways to get rid of ci before we estimate our model. 
 

Method 1: Time-Demeaning:  
 
Take away ci by taking way the average across i: 
 

i i i iy x c uβ= + +  
 

( ) (it i it i it i )y y x x u uβ− = − + − , or  ititit uxy &&&&&& += β       (10) 
 
Given the strict exogeneity condition, uit is uncorrelated with xit for all 

t=1,…..,T: 
 
( ) ( ) ( )( ) 0'' =−−= iitiititit uuxxEuxE &&&&  

 
The OLS estimator of (5) is consistent: 
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Is  efficient asymptotically? Or the question: is  iid? FEβ̂ itu&&

 
For the same individual,  
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⇒  homoscedasticity across individual t.  For t ≠ s, the covariance is: 

 

( )
T

uuE u
isit

2σ
−=&&&&  

Which shows the time demeaned error  serially correlated. As T gets 
large, this correlation becomes smaller.  

itu&&

 
As it can be seen later, however, this serial correlation does not cause any 

problems. Because asymptotically, it is as if the covariance structure were iid with 
some minor correlation.  
 

This set of de-meaned equation can be obtained by premultiplying a time 
demeaning matrix, QT, defined as: 
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QT is symmetric, idempotent with rank T-1. We have: 

( ) 0'' 1 =−≡ −
TTTTTTTTT jjjjjjIjQ  
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  Therefore, we have: 

 
iiiiT yyyyQ &&=−= . Similarly, iiiiT xxxxQ &&=−= .   

iiiiT uuuuQ &&=−= . Therefore, (10) can be written as: 
 

iTiTiT uQxQyQ += β      (11) 
 
The correlation between the transformed xi and transformed ui is given by: 
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Note: 
    
  ( ) 0' =iiuxE && , and  
   

( ) ( ) ( )iiuiiiiii xxExuuxEuxVar &&&&&&&&&& '2''' σ==   
 

By CLT,  

( )( )iiu
d

N

i
ii xxENux

N
&&&&&& '2' ,01 σ⎯→⎯∑ . 

 
Then we must have: 
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⎟
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Therefore, the asymptotic covariance of is the same as if were iid, 

with one difference:  

FEβ̂ itu&&
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If OLS,  .  ( ) ( )
1
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Note ( ) ( )ituit uVaruVar =≠ 2σ&& . We need to make an adjustment of the 

variance estimate directly from OLS.  

 
Now how to estimate 2

uσ ? 
 
Note the error term in FE model is , so we cannot directly use the SSR. itu&&

( ) 2

1

2 )1( u

T

t
it TuE σ−=∑

=

&&  which means ( ) 22
uituE σ≤&& . Therefore, directly using OLS 

variance estimate would yield a smaller variance estimate. In another words, OLS 
still problematic in calculating variance, but since the difference is only a constant, 
we can correct it – in this sense that OLS of the demeaned equation does not 
cause problems.  
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Now define fixed effect residual:  .  FEititit xyu β̂ˆ &&&& −=

A consistent and unbiased estimator of ( )2
ituE &&  is:  

  ( ) ∑∑
= =−

=
N

i

T

t
itit u

KNT
uE

1 1

22 ˆ1
&&  

Then a consistent estimator of 2
uσ  is: 

 ( )∑∑
= =−−

=
N

i

T

t
itu uE

KTN 1 1

22 ˆ
)1(

1σ̂  

 .  

In the denominator is N(T-1)-K  instead of NT-K. This difference could be 

substantial if T is small.  

 

More complications: 
  
1. Serial correlation:  uit = ρuit-1 + εit

 
 Typically, we simply use the residual to test if there is a serial correlation. 
However, it is not simple in this case because the error term after the transformation is .  itu&&
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Since ( )
T

uuE u
isit

2σ
−=&&&& , for the equation ititit uu εδ += −1&&&& , the H0 of no-serial 

correlation is: H0: δ = -1/(T-1). 
 

To find if there a serial correlation, let , run a regression of  on 
, t = 2,,……T, and   i=1,….N. Test if the coefficient is -1/(T-1). Note the standard 

error for the coefficient used in the test should be robust standard error. 

FEititit xyu β̂ˆ &&&& −= itû

1ˆ −itu

 
If we find serial correlation, then we have to use robust variance estimator in the 

original FE estimator.   
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This robust variance matrix estimator is valid in the presence of heteroskedasticity 

or serial correlation provided that T is small relation to N. 
 
 
Method 2: First Differencing  
 

Again, consider the linear panel data model, 
 

yit = xit β + ci + uit,  i = 1, 2, …, N; t = 1, 2, … T.      (12) 
 
 To get rid of the unobserved ci, take the first differencing, we have: 
 

Δyit = Δxit β + Δuit,.    (13) 
 

A pooled regression of Δyit on Δxit, denoted as , can yield consistent estimator 
of β, given the assumptions: 

FDβ̂

 
Assumption FD1:  E(Δxit’Δuit) = 0,  t = 2, 3,…,T. 

Assumption FD2:  rank  is K. t = 2, 3,…,T. (∑
=

ΔΔ
T

t
itit xxE

2

' )

 
With the two assumptions, the OLS estimate of (13) is consistent.  
 

If uit in (12) follows random walk, then the OLS estimates of (13), , is 
efficient. If u

FDβ̂
it in (12) is iid, then Δuit in (13) will be serially correlated: 

 
( ) 22 uituVar σ=Δ  , and . ( ) 2

1 uitit uuE σ−=ΔΔ −

 
Therefore, we would adopt robust variance matrix: 
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where .  FDititit xyu β̂ˆ Δ−Δ=Δ
 
Discussions: serial correlation of uit.  
  
 Again, when uit are iid, then a regression of the following model should yield: 
 
  ΔuiT = ρΔuiT-1 + εit. 
    
 Testing if there is a serial correlation is equivalent to testing if H0: ρ=0.5. 
Note here that we only use the observation at T and T-1 for ΔuiT  and T-1 and T-2 for 
ΔuiT-1. We are not use information from other years to avoid the unnecessary panel data 
issue. 
 
 It is possible that Δuit is actually iid. This occurs when uit  is random walk.  
 
Comparing and : FEβ̂ FDβ̂
 

Depends on error structure: If uit is serially uncorrelated, the FE is more efficient. 
However, when uit is a random walk, then FD is more efficient.  

It is important to note that when there is a strong exogeneity, the difference 
between FD and FE is only the sampling error. Therefore, one can use Hausman-type test 
(to compare the difference between the FE estimates and FD estimates). 

Prefer FD: 1. easier to estimate 
Prefer FE: 1. more efficient (FD losses N observations)    

 
Test of strict exogeneity: when T > 2, we can use the FE method.  

 
yit = xit β + wit+1δ + ci + uit,  

 
where wit+1 is a subset of xit+1. Testing δ =0 is a test for strict exogeneity.  

 
Test of strict exogeneity when T = 2. In this case, we may have to use FD method 
only.  

 
  Δyit = Δxit β + wtδ + Δuit, 
  

where wt is a subset of xt.  Again, testing δ =0  is a test for strict exogeneity.  
 
 
Comparing  and  FEβ̂ REβ̂
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In some situations, it is often only possible to apply random effect model. The key 
variable we are interested in have no variation or very little variation over time.  
  
Example: we are interested in how the size of the local labor market affect local the 

unemployment rate (Gan and Zhang, Journal of Econometrics, 2006, page 127-
152.).  We have panel data of 295 monthly city unemployment rates.   

 
 unemployment ratect = αc + Xctβ + γ log(sizec) + uct
 
where Xct includes: unemployment benefit, measurement of industry composition, 
percentage of people who are young (youth share), net migration rates, log of square 
miles of area (not changing over time), and finally the log of the size of the market 
(average employment), which does not change overtime. 

 
There is a model developed in the paper that argues that a larger size of the 

market would yield a lower unemployment.  
 
 

 
 
 
The paper finds that an increase in two standard deviation of the city size would 

result a decrease of 0.15 percentage points of unemployment rate.  
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In this example, T is relatively large. Given that, we can show next that  and 

 are close to each other.  
FEβ̂

REβ̂
 
In the case of varying xit, we can compare  and . These two estimators do 

exhibit some interesting relationships.  
FEβ̂ REβ̂

 
Again, define: 
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Then: 
( ) 0'' 1 =−≡ −

TTTTTTTTT jjjjjjIjQ  
 

For FE model, the transformed equation can be written as: 
 

iTiTiT uQxQyQ += β     (14) 
 
For RE model: 
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Define   ( ) TTT QPS ηη +≡ . Note we have: PTPT = I, and PTQT = 0, PT = IT-QT. 

It is easy to show that TTT QPS
η
11 +=−  by showing  . ISS TT =−1

Again, one can also show that TTT QPS
η
12/1 +=− , since . 12/12/1 −−− = TTT SSS

 
Given that, ( )( )TTcu QPT ησσ ++=Ω 22  and the previous equation, we have: 
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−=−= . Then, 
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Further, define GT=IT - λPT. Consider a transformation of  
   

iTiTiT vGxGyG += β     (15) 
 
 
It is easy to verify that the error term in (15) is iid: 
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Therefore, OLS of (14) yields an estimate:   
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Rewrite equations (14) and (15) here: 
   
   iTiTiT vQxQyQ += β     (14) 

iTiTiT vGxGyG += β     (15) 
 
where GT=IT - λPT and QT=IT - PT. The difference between the two transformation is: 
    

( ) 2/122
1

cu

u

Tσσ
σλ
+

−= . 

 
As T is large or σc/σu is large,  λ→1,  random effect model and the fixed effect is 

close to each other. Note whether T is large is not related to N. It has nothing to do with 
the N.  
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Hausman and Taylor-Type Models 
 
 
Consider a model: 
   yit = xitβ + ziγ + ci + uit. 
 
 We allow Cov(xit,ci) ≠ 0, but assume Cov(zi,ci) = 0, and the strict exogeneity on uit. 
The key coefficient here is γ. Since zi do not vary with time, so the fixed-effect model 
cannot be used. A typical way to estimate this is to apply the random-effects model, 
where it is assumed that Cov(xit,ci) = 0. The Hausman-Taylor type model has less strict 
assumption than the random-effects model by allowing xit and ci being correlated.  
 
 To estimate this model, first we estimate the fixed-effect model – note the both 
the ziγ term and ci term are eliminated at this stage. From the estimates of the fixed-
effects model, we can get residual. Note the residual includes three terms: ziγ term, ci 
term, and the uit term.  
 

Second, we take the average (over time, for each i ) to minimize the effect of the uit 
term. The averaged residual now mostly consists of the zi term and the ci term. Because 
these two terms (zi term and the ci term) are uncorrelated, and zi is observed, we can run 
regression of the averaged residual on zi to obtain the consistent estimate of γ.  
 
Example: we are interested in how the size of the local labor market affect local the 

unemployment rate (Gan and Zhang, Journal of Econometrics, 2006, page 127-
152.).  We have panel data of 295 monthly city unemployment rates.   

 
 unemployment ratect = αc + Xctβ + γ log(sizec) + uct
  
 It is possible to allow αc and Xct to be arbitrarily correlated, but assume that αc and 
log(sizec) to be uncorrelated. 
 
 How to estimate such a model: 
 
 Since E(zi’ci) = 0, we have an extra moment condition that can be used to identify 
γ. 
 
 Intuition: we first estimate β by fixed effect model. Then we use the residual to 
estimate γ, given 
  
  ( ) ( )( )βγ iiiii xyzEzzE −= ''  
  

The estimate is given by: 
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STATA Deviation 
 
Simple command for panel data model: 
 
(1) xtreg  
 
Example:  
 
xtreg ln_w grade age* ttl_exp ttl_exp2 tenure tenure2 black not_smsa south, fe i(idcode) 
 
fe – fixed effect model 

“re” -- random effect model GLS 
“be” – between-effects model 
“mle” – random effect MLE  

 
i(idcode), specifies the variable name that contains the unit to which the observation 
belongs 
 
 
(2) Given the model: 

yit = xitβ + ci + uit
 
 We can allow uit to be serially correlated:  uit = ρuit-1 + εit  
 
 Since the model has a time series aspect, we need to tsset the data. 
 
tsset 
xtregar ln_w grade age* ttl_exp ttl_exp2 tenure tenure2 black not_smsa south, fe 
 
 
(3) Hausman-Taylor 
 
Consider the model:  yit = xitβ + ziγ + ci + uit. 
 

The STATA command on this type of models is xthtaylor. This command 
defines endogenous and exogenous variables. The endogenous variables are variables that 
are allowed to be correlated with ci, while exogenous variables are variables that are not 
allowed to be correlated with ci. In order to be able to identify γ, it is necessary to have at 
least one exogenous variable zi to ensure the moment condition E(zi’ci) = 0. If all zi are 
endogenous, then the model becomes the typical panel data fixed-effects model where γ 
cannot be identified. 
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The advantage of Hausman-Taylor model over the typical random-effects model 

is that it allows endogenous variables in xit (allowing ci and xit) to be correlated. It even 
allows some of the zi to be correlated.  

  
Example 1: In Gan and Zhang, Journal of Econometrics 2006, page 127-152.) 
 

In this example, the endogenous variables (that are allowed to be correlated with 
ci) are Xct, and the exogenous variables (that are uncorrelated with ci) are log(sizec). 
 
xthtaylor unemployment_rate Xct log(sizec), endog(Xct) 
 
 
Example 2: wage is a function of  
 How long this person has worked for the firm, wks 
 Binary variables if lives in a metropolitan area or in the south, smsa, and south 
 Marital status, ms; 
 Years of education, ed 
 A quadratic of work experience 
 In manufacturing or not,  
 Black or not, blk 
 Female or not, fem 
 
It is expected that time-varying variables exp, exp2, wks, ms, and union are all correlated 
with the unobserved individual effect. 
 
Assume exogenous variables occ, south, smsa, ind, fem, and blk are instruments for the 
endogenous, time-invarying variable ed.  
 
 
xthtaylor lwage occ south smsa ind exp exp2 wks ms union fem blk ed, endog(exp exp2 

wks ms union ed) 
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