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In this paper, we present an alternative root-n consistent estimator for panel data

fixed-effects binary choice models. The proposed estimator relaxes one of the key con-

ditions that are required for the consistency of the estimator proposed in Honoré and

Lewbel (2002), and is shown to be consistent and asymptotically normally distributed

under some sufficient conditions. An easy to compute consistent estimator for the as-

ymptotic covariance is provided.
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1 Introduction

THIS PAPER CONSIDERS estimation of the following panel data binary choice model:

(1) yit = 1(vitλo + x
′

itβo + αi − εit > 0), i = 1, 2, ...n; t = 1, 2, ..., T,

where 1(·) denotes the indicator function equal to one when · is true and to zero otherwise, vit is a

regressor with a nonzero coefficient λo, xit is a J × 1 vector of regressors with unknown coefficients
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βo, αi is the individual specific effect, and εit is the error term of the model. The subscript i indexes

individual and t indexes time. Estimation of the unknown parameter θo = (λo, βo) of this model

has been studied by several researchers under various assumptions on the error term, the individual

effect, and the regressors. For instance, Rasch (1960) and Andersen (1970) show that θo can be

estimated consistently at the rate
√
n by a conditional likelihood approach if the error term has

logistic distribution and is independent of the regressors and the individual effect. Their estimator

does not require specifying the joint distribution of the regressors and the individual effect, and hence

is a fixed-effects estimator. Manski (1987) presents a conditional maximum score approach under the

assumptions: (i) the error term is stationary conditional on the regressors and the individual effect

and (ii) vit is a continuous variable. Manski’s estimator does not require specifying the error term

distribution; nor does it require specifying the joint distribution of the regressors and the individual

effect. Thus, Manski’s estimator is a fixed-effects semiparametric estimator. However, Manski’s

estimator is shown to be less than
√
n consistent and its asymptotic distribution is unknown. The

difficulty to establish the statistical properties of Manski’s estimator is often attributed to the non-

smoothness of his score function. Horowitz (1992) modifies Manski’s estimator by smoothing the

score function and shows that the modified estimator can have a convergence rate arbitrarily close

but never equal to
√
n. Honoré and Kyriazidou (2000) extend the conditional likelihood approach

and the conditional maximum score approach to the case where the regressors include the lagged

dependent variables. Their estimator, like Manski’s estimator, is also less than
√
n consistent.3

In light of these results, one may wonder if it is possible at all to obtain a
√
n consistent

estimator for panel data fixed-effects binary choice models besides the panel data fixed-effects logit

model. Chamberlain (1993) gives a partial answer to this question. He shows that, even if the

3For other estimators for panel fixed-effect binary choice models, see Lee (1999,2001), Hahn (2001) and Hahn and
Newey (2004).
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error term is independent of the regressors and the individual effect and its distribution is known,

the logit model is the only model where it is possible to achieve
√
n consistency. An important

implication of this result is that
√
n consistency cannot be obtained through restrictions on the

distribution of the error term only. If
√
n consistency is achievable at all, it must be achieved through

restrictions on the joint distribution of the regressors and the individual effect. Following exactly

this approach, Honoré and Lewbel (2002) propose a
√
n consistent estimator. Their estimator

imposes a restriction on the joint distribution of the regressors and the individual effect through a

"special regressor", say vit. The "special regressor" is required to satisfy three conditions. First,

the "special regressor" is a continuous variable and has a positive coefficient λo. Second, the

"special regressor" is independent of the individual effect and the error term conditional on the

other regressors (e.g., xit) and some instrumental variables wit. The instrumental variables here

can include individual specific characteristics that do not vary over time, such as gender. Third,

conditional on the regressors, the instrumental variables, the individual effect, and the error term,

the "special regressor" vit has a support (vt, vt) that is large enough to contain the support of

εit−x
′

itβo−αi, and that vt is bounded and finite. The first condition allows us to integrate out the

"special regressor" while the second condition permits weighting data through density weighting

so that the weighted expectation is easily computable. Specifically, let ft(vit|xit, wit) denote the

conditional density of vit given (xit, wit) and, without loss of generality, normalize the coefficient λo

to one. Then, under the first and the second condition, simple calculations give

E

{
yit

ft(vit|xit, wit)
|xit, wit, αi, εit

}
= 1

{
εit − x

′

itβo − αi � vt

}
+

1
{
vt < εit − x

′

itβo − αi � vt

}
∗ (vt − εit + x

′

itβo + αi).

The third condition on the "special regressor" guarantees that 1
{
vt < εit − x

′

itβo − αi � vt
}
= 1
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holds with probability one; this in turn implies that

E

{
yit

ft(vit|xit, wit)
|xit, wit, αi, εit

}
= vt − εit + x

′

itβo + αi.

Notice that vt = E
{

1{vit>0}
ft(vit|xit,wit)

|xit, wit, αi, εit
}
. It follows that

E

{
yit − 1{vit > 0}
ft(vit|xit, wit)

|xit, wit, αi, εit
}
= −εit + x

′

itβo + αi.

Thus, the "special regressor" allows us to transform a nonlinear regression problem into a linear

regression problem through integrating out the "special regressor". The preceding equation gives a

linear panel data model with yit−1{vit>0}
ft(vit|xit,wit)

as the dependent variable. Replacing the unknown density

ft(vit|xit, wit) with a consistent nonparametric estimator and applying standard panel regression

techniques after differencing out the individual effect, Honoré and Lewbel show that such procedure

yields a
√
n consistent and asymptotically normally distributed estimator.4

The three conditions on the "special regressor" are critical for Honoré and Lewbel’s procedure.

Without any one of the three conditions, their estimator might be inconsistent. Thus it is useful

to discuss briefly these conditions. The first condition on the "special regressor" is less restrictive

than it appears. For models of this sort, it is known that the unknown parameter cannot be

identified if all regressors are discrete when the error term distribution is not parameterized. For

identification purpose, at least one regressor must be continuous variable. Thus, the first condition is

part of an identification condition and must be imposed. The positive coefficient is not restrictive.

If the "special regressor" has a negative coefficient, all we need to do is to define −vit as the

special regressor. In practice, we do not know what kind of coefficient that vit has. But we can

4Their procedure is actually slightly more general than the one here, allowing for the special regressor to be
endogenous/predetermined. See their paper for details.
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apply the technique developed in Ghosal et al. (2000) to test the significance and the sign of λo.

The second condition requires conditional independence between the "special regressor" and the

error term and between the "special regressor" and the individual effect. The first part of this

condition is not unusual since the error term is often assumed to be independent of the regressors

in this model. The second part of the condition, however, is usually not assumed in the fixed-

effects model. Nevertheless, this part of the condition is not too difficult to satisfy since in many

applications personal characteristics such as age can be argued to be independent of the error term

and the individual effect once the other characteristics are controlled for. Besides, the instrumental

variables help picking up some of the dependence between the "special regressor" and the individual

effect. The third condition on the support of the "special regressor", however, is more difficult to

justify, especially since the error term and the individual effect are not observed; and there are

no reasons to expect their support to be smaller than the support of the "special regressor". In

addition, this condition rules out widely used probit and logit models. Thus, it is important to

find an alternative estimator that does not impose such stringent restriction on the support of the

"special regressor".

The main objective of this paper is to present such an alternative estimator. Our estimator

does not require the third condition on the support of the error term and the other regressors;

keeps the first condition; but strengthens the second condition. The strengthened second condition

requires that the error term εit is independent of all regressors, the instruments, and the individual

effect with unknown cumulative distribution function F (ε). To explain why the third condition

is not needed when the strengthened second condition is imposed, notice that, for any s > t, the

strengthened second condition implies

E{yit|vit, xit, wit} =
∫

F (vit + x′itβo + α)gt(α|xit, wit)× dα = mt(vit + x′itβo, xit, wit),
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E{yis|vis, xis, wis} =
∫

F (vis + x′isβo + α)gs(α|xis, wis)× dα = ms(vis + x′isβo, xis, wis),

where gj(α|xij, wij) is the conditional density of the individual effect αi given the regressors xij

and the instruments wij. The preceding equation implies an index regression with yij as dependent

variable, vij + x′ijβo as the index, and mj(.) as unknown positive and monotonically increasing (in

its first argument) function. Unfortunately, this index regression does not identify βo. To see this,

we write

mj(vij + x′ijβo, xij , wij) = mj(vij + x′ijβ + x′ij(βo − β), xij , wij) = m̃j(vij + x′ijβ, xij , wij), j = t, s

where m̃j(vij, xij , wij) = mj(vij+x
′
ij(βo−β), xij, wij) is clearly a positive and monotonically increas-

ing function of the index vij + x′ijβ. This means that (mj , βo) and (m̃j, β) cannot be distinguished

for any β using only cross sectional information, and hence the true value βo is not identified. To

identify βo, we must use the restriction across time periods. To illustrate, let zit,s denote the union

of xit, xis, wit, wis. Notice that the functional form of the conditional density of the individual effect

given zit,s, denoted by gt,s(α|zit,s) does not depend on time j = t, s but depends on the pair (t, s).

Write

(2) mt,so(vij + x′ijβo, zit,s) = E{yij|vij , zit,s} =
∫

F (vij + x′ijβo + α)gt,s(α|zit,s)× dα, .j = t, s

mt,so is still a positive and monotonically increasing function of the index vij+x
′
ijβo. The functional

form of mt,so does not vary with j = t, s. This turns out to be the key for identifying βo (see Section

2 for details).

The index equation (2) suggests a semiparametric nonlinear least squares regression where the

unknown function mt,so will be either estimated nonparametrically or approximated arbitrarily by

6



sieve method. In this paper, we adopt the method of sieve.5 Details of the method of sieve and

the proposed estimator will be described in Section 3. The asymptotic properties of the estimator

will be derived in Section 4.

2 Identification

Before introducing our estimation procedure, we show that index restriction (2) identifies the true

value (mt,so, βo). Notice that mt,so is a probability function and must satisfy the shape restriction

of the probability function. We write mt,so = Φ(ht,so) for some ht,so, where Φ is the standard

cumulative distribution function. Such reparameterization is useful since ht,so does not have to

satisfy the same shape restriction. Indeed, any known cumulative distribution function would have

been used here just as well. For any pair s > t, let ∆t,s denote the first difference operator between

period s and period t. Let B denote the finite dimensional parameter space that contains the

true value βo. Let Xt denote the support of xit and let Zt,s denote the support of zit,s. Define

vt,s = minj=t,s;β∈B;x∈Xj{vj + x′β} and vt,s = maxj=1,2;β∈B;x∈Xj{vj + x′β}. Let Ht,s denote the space

of the unknown functions mapping (vt,s, vt,s)×Zt,s into R and suppose that Ht,s contains the true

value ht,so. Suppose that the following conditions are satisfied.

Assumption 2.1. (i) For j = 1, 2, ..., T , vij is a continuous random variable with support

(vj, vj) and has a positive effect on yij; for any pair (t, s) and j = t, s: (ii) the error term

εij is independent of (vij, zit,s, αi) with the monotonically increasing cumulative distribution func-

tion F (ε) and (iii) conditional on zit,s, vij is independent of αi; and for some pair (t, s): (iv)

5Ai (1997) studies a maximum likelihood estimation of index model.
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Pr (vt − vs < ∆t,sx
′
iβo < vt − vs) > 0 and (v) E {(xks − xit)(xks − xit)

′|(vit + x′itβo, zit,s) = (vks + x′ksβo, zkt,

is nonsigular.

Under this condition, notice that, for any β ∈ B and ht,s ∈ Ht,s, Assumption 2.1(ii) implies

E
{(

yij − Φ(ht,s(vij + x′ijβ, zit,s))
)2}

= E
{(

yij −mt,so(vij + x′ijβo, zit,s)
)2}

+

E
{(

mt,so(vij + x′ijβo, zit,s)− Φ(ht,s(vij + x′ijβ, zit,s))
)2}

which is minimized when β = βo and ht,s = ht,so. Suppose that there exist other β ∈ B and

ht,s ∈ Ht,s that minimize the above population criterion function. Then we must have

ht,so(vij + x′ijβo, zit,s) = ht,s(vij + x′ijβ, zit,s), for j = t, s.

Assumption 2.1(i)(ii) imply that ht,so is monotonically increasing in its first argument. The preced-

ing equation says that ht,s must also be monotonically increasing in its first argument. Rewriting

the above equations with v = vij + x′ijβo, we have

ht,so(v, zit,s) = ht,s(v + x′ij(β − βo), zit,s), for j = t, s.

This means that we have two definitions for the function ht,so(v, z). For period t, we use

ht,so(v, z) = ht,s(v + x′it(β − βo), z).

For period s, we use

ht,so(v, z) = ht,s(v + x′is(β − βo), z).
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Since the function ht,so(v, z) must have only one value for each (v, z), individuals with the same

explanatory variables must have the same function value regardless of the time periods they are

in. Specifically, if individual i in period t and individual k in period s have the same values:

(vit + x′itβo, zit,s) = (vks + x′ksβo, zkt,s), then we must have

ht,so(vit + x′itβo, zit,s) = ht,so(vks + x′ksβo, zkt,s)

which in turn implies

ht,s(v + x′it(β − βo), zit,s) = ht,s(v + x′is(β − βo), zit,s)

for all values of the regressors satisfying vit + x′itβo = vks + x′ksβo = v. The monotonicity of ht,s

implies

(xks − xit)
′(β − βo) = 0.

If there are enough individuals from both periods satisfying (vit + x′itβo, zit,s) = (vks + x′ksβo, zkt,s)

so that

E {(xks − xit)(xks − xit)
′|(vit + x′itβo, zit,s) = (vks + x′ksβo, zkt,s)}

is nonsingular, then we have β = βo, which in turn implies ht,s = ht,so for any pair (t, s).

Lemma 2.1. Under Assumption 2.1,

(3)
T−1∑

t=1

T∑

s=t+1

∑

j=t,s

E
{(

yij − Φ(ht,s(vij + x′ijβ, zit,s))
)2}

is minimized over β ∈ B and ht,s ∈ Ht,s if and only if β = βo and ht,s = ht,so.
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It is worth pointing out that Lemma 2.1 still holds true even if the error term depends on the

individual effect and other regressors zit,s, provided that the form of the conditional distribution

function does not depend on the time. Thus, our procedure allows for some form of heteroskedastic-

ity. In fact, Lemma 2.1 still holds true even if the error term and the individual effect depend on the

"special regressor", as long as the conditional mean function is monotone in vit and its functional

form does not vary with time.

3 Estimator

The population criterion function (3) suggests a least squares regression for estimation of the model

parameter βo. The problem with the least squares regression is that the unknown function is

infinite dimensional and cannot be estimated consistently from finite data points. This diiffculty

can be overcome with the method of sieve (see Shen (1997) and Ai and Chen (2003) for other

applications of the method of sieve). The method of sieve simply replaces the unknown function with

a finite dimensional series approximation, then treats the series approximation as if it is the correct

specification and applies the nonlinear least squares regression. To ensure that the approximation

error does not bias the parameter estimate, the method of sieve requires the dimension of the series

approximation to grow with sample sizes so that the approximation error tends to zero as sample

sizes go to infinity. For a sample of observations

{(yit, vit, xit, wit), i = 1, 2, ...., n; t = 1, 2, ..., T},

we now describe the method of sieve.
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3.1 Sieve NL regression

Recall that zis,t is the union of xit, xis, wit, wis. Denote v = mint,s{vt,s}, v = maxt,s{vt,s}, and

Z = ∪t,sZt,s. Let

pk(v, z) = (p1(v, z), ....., pk(v, z))
′

denote known basis functions that are defined over the support (v, v)×Z . The known basis functions

can approximate any square integrable function of (v, z) arbitrarily well as k → ∞. Commonly

used basis functions include power series, Fourier series, Hermite polynomials, splines, wavelets, and

neural networks. From the asymptotics point of view, all of these series basis functions work equally

well provided some sufficient conditions given below are satisfied. Thus, there is no preference given

to a particular series, though in practice splines tend to work better than the other series basis

functions. Once a particular class of series basis functions is chosen, we approximate any function

ht,s ∈ Ht,s with:

ht,sk(v, z) = pk(v, z)′πt,s,

where πt,s denote the unknown sieve coefficients that will be estimated jointly with βo and k is some

known integer. The integer k is called the smoothing parameter; and it must be given before the

method of sieve is applied. Although several approaches have been suggested to select the smoothing

parameter from a given sample, we assume k is known and satisfy the conditions given below. Once

k is chosen, the method of sieve treats ht,sk(v, z) as if it is the correct specification of ht,s0(v, z) and

proceeds to apply the nonlinear least squares regression. To ensure consistency of the estimator of

the model parameter, the method of sieve requires that ht,sk(v, z) converges to ht,s(v, z) under some

metric ‖·‖s as k → ∞. Examples of the metric include the sup norm ‖h(v, z)‖s = supv,z |h(v, z)|

and the L2 norm ‖h(v, z)‖s =
√∫

h(v, z)2φ(v, z)dvdz, where φ is a known weighting function. The
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sieve space is defined as

Ht,sk =
{
hk(v, z) = pk(v, z)′π : π′π ≤ C

}

for some constant C.

The sieve nonlinear least squares estimator (hereafter denoted by SNL) (β̂, π̂) = (β̂, π̂t,s, 1 ≤ t ≤

T − 1; t < s ≤ T ) is defined as

(β̂, π̂) = arg min
β∈B,hs,t∈Hs,tk

n∑

i=1

T−1∑

t=1

T∑

s=t+1

∑

j=t,s

(
yij − Φ(ht,s(vij + x′ijβ, zit,s))

)2
(4)

= arg min
β∈B,π′t,sπt,st≤C

n∑

i=1

T−1∑

t=1

T∑

s=t+1

∑

j=t,s

(
yij − Φ(pk(vij + x′ijβ, zit,s)

′πt,s)
)2
.

And the unknown function is estimated by ĥt,s(v, z) = pk(v, z)′π̂t,s. Under some sufficient conditions,

we show that the SNL estimator ĥt,s is consistent and β̂ is asymptotically normally distributed.

4 Asymptotics

In this and the next section, we derive the asymptotic properties of the proposed SNL estima-

tor (β̂, ĥt,s). We begin by resenting sufficient conditions under which we show that the proposed

estimator is consistent, and compute their convergence rates. We then establish the asymptotic

distribution of β̂, and provide an easy to compute covariance matrix. Notice that the proposed

SNL estimator is a special case of the modified SMD estimator proposed in Ai and Chen (2007,

equation (5) with no endogenous regressors and no unconditional moment restrictions; hereafter

AC). We derive the asymptotic properties of the SNL estimator by verifying AC’s conditions. The

following assumption implies Assumption 3.1 in AC.

Assumption 4.1. (i) For each t, {(yit, vit, xit, wit), i = 1, 2, ...., n} is an independent and identi-
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cally distributed random sample; (ii) for each pair (t, s), the support of (vit, zit,s) is compact with

nonempty interior; (iii) the density of (vit, zit,s) is bounded and bounded away from zero.

Assumption 4.1 permits time series dependency but rules out cross-sectional dependency. The

cross-sectional independence assumption, however, is not critical for the asymptotic results derived

below. Our main results can still be proved for cross-sectionally dependent data by employing the

technique developed in Chen and Shen (1998).

To verify other conditions in AC, we need a metric under which the estimator will be shown

to be consistent. There are many metric (e.g., sup metric, L2 metric, etc.) to choose from. We

choose the one that is convenient for derivation of the asymptotic distribution. Let ‖·‖E denote the

Euclidean norm. Denote

H =
∏

1≤t<T,s>t

Ht,s and Hk =
∏

1≤t<T,s>t

Ht,sk.

Denote the parameter space by A= B ×H with α0 = (β0, h0) and denote the sieve approximating

space by Ak = B×Hk. For any α = (β, h) ∈ A and α = (β, h) ∈ A, the following metric is adopted

in this paper:

‖α− α‖s =
∥∥β − β

∥∥
E
+

∑

1≤t<T,s>t

sup
v,z

∣∣ht,s(v, z)− ht,s(v, z)
∣∣

+
∑

1≤t<T,s>t

sup
v,z

∣∣∣∣
∂ht,s(v, z)

∂v
− ∂ht,s(v, z)

∂v

∣∣∣∣ .

Let N(ε,Ak, ‖·‖s) denote the total number of balls with radius ε that cover the entire space Ak

under ‖·‖s. Let Πk denote a mapping from A to Ak.

We are now ready to verify other conditions in AC. Assumption 3.2 in AC is not relevant for
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our application. Assumption 3.3 is an identification condition that is satisfied by Assumption 2.1.

Since our model is correctly specified, Assumption 3.4(i)-(ii) in AC is satisfied by:

Assumption 4.2. For all h ∈ H, h(v, z) has continuous derivative with respect to v, and ‖α‖s <

∞ for all α ∈ A. For all k ≥ 1, (i) Ak is compact under ‖·‖s; (ii) Ak ⊆ Ak+1 ⊆ A, and

‖Πkα0 − α0‖s = o(1) as k →∞.

Note that this condition does not require the parameter space A to be compact; it only requires the

sieve space to be compact. The latter is much easier to satisfy because the approximating space

is finite dimensional. Under our chosen metric, Assumption 4.2 requires the unknown function to

have bounded derivative.

Denote

ρijt,s(α) = yij − Φ(ht,s(vij + x′ijβ, zit,s)).

For any α ∈ A, notice that

ρijt,s(α)
2 ≤ yij + 1.

The random variable yij + 1 obviously has finite second and third moment.6 Thus, the sample

criterion function satisfies the envelope condition defined in AC (definition 3.1).

6In fact, since the dependent variable is bounded, yit + 1 has finite moment of any order.
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For any α ∈ A and α ∈ A, we have

∣∣ρijt,s(α)2 − ρijt,s(α)
2
∣∣ =

∣∣ρijt,s(α) + ρijt,s(α)
∣∣×
∣∣ρijt,s(α)− ρijt,s(α)

∣∣

≤ 2(yij + 1)
∣∣ρijt,s(α)− ρijt,s(α)

∣∣

≤ C × 2(yij + 1)
∣∣ht,s(vij + x′ijβ, zit,s)− ht,s(vij + x′ijβ, zit,s)

∣∣

≤ C × 2(yij + 1)




∣∣ht,s(vij + x′ijβ, zit,s)− ht,s(vij + x′ijβ, zit,s)
∣∣

+
∣∣ht,s(vij + x′ijβ, zit,s)− ht,s(vij + x′ijβ, zit,s)

∣∣




≤ C × 2(yij + 1)
(
sup
v,z

∣∣ht,s(v, z)− ht,s(v, z)
∣∣+ C ×

∥∥β − β
∥∥
E

)

≤ 2(yij + 1)× C × ‖α− α‖s

for some generic constant C, where the first inequality follows from application of the mean value

theorem and the fact that the standard normal density function is bounded; and the second to the

last inequality follows from ∂h(v,z)
∂v

and xit being bounded by Assumption 4.1 and 4.2. Thus, the

sample criterion function is Hölder continuous, in the sense of AC (definition 3.2). This together

with Lemma 2.1 and the following Assumption 4.3 imply Assumption 3.4 in AC. Notice that the

conditional variance of yij given (vij, zit,s) is always bounded, Assumption 3.5(i)(ii) in AC is satisfied.

Assumption 3.6(i) and 3.7(i) in AC are satisfied by the following Assumption 4.3.

Assumption 4.3. (i) k →∞ and k
n
→ 0; (ii) ln[N(ε,Ak, ‖·‖s)]÷ n→ 0.

Assumption 4.3 requires the number of the approximating terms in the series approximation to grow

with the sample size but not to grow too fast. This condition places an upper bound on the growth

rate of k. The bound depends on the type of basis functions. For instance, for power series, Fourier

series, and wavelet linear sieves, we have ln[N(ε,Ak, ‖·‖s)] = O(k). In this case, Assumption
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4.3(ii) is implied by Assumption 4.3(i). For nonlinear sieves such as neural network and ridgelet,

ln[N(ε,Ak, ‖·‖s)] = O(k ln(k)). In this case, Assumption 4.3(ii) is satisfied if k ln(k) ÷ n → 0.

Applying Lemma 3.1 of Ai and Chen (2007), we obtain:

Lemma 4.1. Under Assumption 2.1 and 4.1 - 4.3, we obtain ‖α̂− αo‖s → 0 in probability.

The consistency result of Lemma 4.1 is useful in the sense that the estimator is shown to be in a

neighborhood of the true value. It is, however, not enough for deriving the asymptotic distribution

of β̂. To derive the asymptotic distribution of β̂, we need the convergence rate, particularly the

convergence rate of ĥt,s. To compute the convergence rate, it is often easier to use a metric that

is locally equivalent to the criterion function. We now show that the following metric is locally

equivalent to the criterion function:

‖α− αo‖2 =
1

n

n∑

i=1

T−1∑

t=1

T∑

s=t+1

∑

j=t,s

E





ϕ(ht,so(vij + x′ijβo, zit,s))
2×




ht,s(vij + x′ijβo, zit,s)− ht,so(vij + x′ijβo, zit,s)

+
∂ht,so(vij+x

′

ijβo,zit,s)

∂v
× x′ij(β − βo)




2





,

where ϕ is the standard normal density function.

It is easy to show that ‖α− αo‖2 ≤ C × ‖α− αo‖2s for some constant C over all α ∈ A. Thus,

the metric ‖·‖ is weaker than ‖·‖s. Assumption 3.4(iv) in AC is satisfied by

Assumption 4.2. (iii) ‖Πkα0 − α0‖ = O(k−µ) and k−µn1/4 → 0.

Assumption 3.2(iii), Assumption 3.5(iii)(iv), and Assumption 3.6(ii) in AC are not relevant for our

application. Assumption 3.7(ii) in AC is satisfied by

Assumption 4.3. (iii) ln[N(ε,Ak, ‖·‖s)]÷
√
n→ 0.
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Let W denote the completion of A− {αo} under the metric ‖·‖. Because B is finite dimensional,

we can write

W = B ×Wh = B ×
∏

1≤t<T,s>t

Wt,sh.

With wdt,s(·) ∈ Wt,sh for d = 1, 2, ...,dim(β), denote

wt,s(·) = (w1t,s(·), w2t,s(·), ..., wdim(β)t,s(·))′.

Let w∗(·) denote the solution:

(5) w∗ = argmin
wt,s

1

n

n∑

i=1

T−1∑

t=1

T∑

s=t+1

∑

j=t,s

E





ϕ(ht,so(vij + x′ijβo, zit,s))
2×

∥∥∥∂ht,so(vij+x
′

ijβo,zit,s)

∂v
× xij − wt,s(vij + x′ijβo, zit,s)

∥∥∥
2

E




.

Denote

Dt,s(vij , xij, zit,s)

= ϕ(ht,so(vij + x′ijβo, zit,s))

(
∂ht,so(vij + x′ijβo, zit,s)

∂v
× xij − w∗t,s(vij + x′ijβo, zit,s)

)
.
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We obtain

‖α− αo‖2

= (β − βo)
′ × E

{
1

n

n∑

i=1

T−1∑

t=1

T∑

s=t+1

∑

j=t,s

Dt,s(vij, xij , zit,s)×Dt,s(vij , xij , zit,s)
′

}
× (β − βo)

+E





1
n

n∑

i=1

T−1∑

t=1

T∑

s=t+1

∑
j=t,s ϕ(ht,so(vij + x′ijβo, zit,s))×

(
ht,s(vij + x′ijβo, zit,s)− ht,so(vij + x′ijβo, zit,s) + w∗t,s(vij + x′ijβo, zit,s)

′(β − βo)
)2





≥ λmin × ‖β − βo‖2E

where λmin is the smallest eigenvalue of the matrix

Ω = E

{
1

n

n∑

i=1

T−1∑

t=1

T∑

s=t+1

∑

j=t,s

Dt,s(vij , xij , zit,s)×Dt,s(vij , xij, zit,s)
′

}
.

Applying the inequality (a+ b)2 ≥ a2 − b2, we obtain

‖α− αo‖2 ≥ 1

n

n∑

i=1

T−1∑

t=1

T∑

s=t+1

∑

j=t,s

E





ϕ(ht,so(vij + x′ijβo, zit,s))
2×

(
ht,s(vij + x′ijβo, zit,s)− ht,so(vij + x′ijβo, zit,s)

)2





−1
n

n∑

i=1

T−1∑

t=1

T∑

s=t+1

∑

j=t,s

E





ϕ(ht,so(vij + x′ijβo, zit,s))
2×

(
∂ht,so(vij+x

′

ijβo,zit,s)

∂v
× x′ij(β − βo)

)2




.

Hence

‖h− ho‖22 ≡ 1

n

n∑

i=1

T−1∑

t=1

T∑

s=t+1

∑

j=t,s

E





ϕ(ht,so(vij + x′ijβo, zit,s))
2×

(
ht,s(vij + x′ijβo, zit,s)− ht,so(vij + x′ijβo, zit,s)

)2





≤ ‖α− αo‖2 + C × ‖β − βo‖2E .
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Suppose that the following condition is satisfied.

Assumption 4.4. (i) w∗ exists and is finite, and Ω is nonsingular.

Under this assumption, the metric ‖α− αo‖ is equivalent to the L2 norm:

‖α− αo‖22 = ‖β − βo‖2E + ‖h− ho‖22 .

After some manipulations, we can show that Assumption 3.8 in AC is satisfied by the following

lemma. :

Lemma 4.2. Under Assumption 2.1 and 4.2 - 4.4, in the neighborhood defined by ‖α− αo‖s = o(1),

there exist some constants C1, C2 such that

C1 ‖α− αo‖2 ≤ 1

n

n∑

i=1

T−1∑

t=1

T∑

s=t+1

∑

j=t,s

E
{
ρijt,s(α)

2 − ρijt,s(αo)
2
}

≤ C2 ‖α− αo‖2 .

Lemma 4.2 and the derivation above imply that the population criterion function is locally

equivalent to the L2 norm. This result will be useful in the derivation of the asymptotic distribution

of the estimator β̂. Applying Theorem 3.1 in AC, we obtain the following result.

Theorem 4.1. Under Assumption 2.1 and 4.1 - 4.4, we have ‖α̂− αo‖ = op(n
−1/4).

Lemma 4.2 and Theorem 4.1 imply ‖α̂− αo‖2 = op(n
−1/4).
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4.0.1 Asymptotic normality

Having computed the convergence rate of the SNL estimator, we now derive the asymptotic distri-

bution of β̂. For any λ, denote f(β) = λ′(β − βo). Denote v∗β = Ω
−1λ and v∗t,sh = −w∗′t,sv∗β. Let 〈·, ·〉

denote the inner product induced by the metric ‖·‖:

〈α, α〉 = 1

n

n∑

i=1

T−1∑

t=1

T∑

s=t+1

∑

j=t,s

E





ϕ(ht,so(vij + x′ijβo, zit,s))
2×

(
ht,s(vij + x′ijβo, zit,s) +

∂ht,so(vij+x′ijβo,zit,s)

∂v
× x′ijβ

)
×

(
ht,s(vij + x′ijβo, zit,s) +

∂ht,so(vij+x
′

ijβo,zit,s)

∂v
× x′ijβ

)





.

Assumption 4.1 in AC is satisfied by Assumption 4.4(i) and

Assumption 4.4. (ii) βo is an interior point of B.

Notice that

1

n

n∑

i=1

T−1∑

t=1

T∑

s=t+1

∑

j=t,s

E





ϕ(ht,so(vij + x′ijβo, zit,s))
2×

(
∂ht,so(vij+x

′

ijβo,zit,s)

∂v
× xij − w∗t,s(vij + x′ijβo, zit,s)

)
×

wt,s(vij + x′ijβo, zit,s)





= 0 for all wt,s ∈ Wt,sh

Denote v∗h = vec{v∗t,sh, 1 ≤ t < T, t < s ≤ T} and v∗ = (v∗β, v
∗
h). By substituting for v∗ and applying
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the preceding equation, we obtain:

〈α− αo, v
∗〉

=
1

n

n∑

i=1

T−1∑

t=1

T∑

s=t+1

∑

j=t,s

E





ϕ(ho(vt + x′tβo, z))
2×




ht,s(vij + x′ijβo, zit,s)− ht,so(vij + x′ijβo, zit,s)

+
∂ht,so(vij+x

′

ijβo,zit,s)

∂v
× x′ij(β − βo)


×

(
∂ho(vt+x′tβo,z)

∂v
× xt − w∗(vt + x′tβo, z)

)′
v∗β





=
1

n

n∑

i=1

T−1∑

t=1

T∑

s=t+1

∑

j=t,s

(β − βo)
′E





ϕ(ho(vt + x′tβo, z))
2×

(
∂ho(vt+x′tβo,z)

∂v
× xt − w∗(vt + x′tβo, z)

)
×

(
∂ht,so(vij+x′ijβo,zit,s)

∂v
× xij − w∗t,s(vij + x′ijβo, zit,s)

)′
v∗β





= λ′(β − βo) = f(β).

Denote v∗k = Πkv
∗ = (v∗β, v

∗
hk) and v∗hk = −w∗′k v∗β. Given the result of Theorem 4.1, Assumption 4.2

in AC is satisfied by

Assumption 4.5. ‖v∗k − v∗‖ = o(n−1/4) as k →∞.

Notice that

dρijt,s(α0)

dα
[v∗k] = −ϕ(ht,so(vij + x′ijβo, zit,s))

[
v∗hk(vij + x′ijβo, zit,s) +

∂ht,so(vij + x′ijβo, zit,s)

∂β′
v∗β

]

is bounded for all vij and zit,s. Moreover, it is easy to show that ϕ(ht,s(vij + x′ijβ, zit,s)) and

∂ht,s(vij+x
′

ijβ,zit,s)

∂β′
are Hölder continuous in h and β. Hence, Assumption 4.3(i) in AC is satisfied.

Assumption 4.3(ii) in AC is satisfied if the following condition is satisfied.

Assumption 4.6. For any h ∈ H, h has up to second order derivatives with respect to the first
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argument and all derivatives are bounded.

Assumption 4.3(iii) is not relevant for our application.

After some algebraic manipulation, we also can show that Assumption 4.4 in AC holds in the

neighborhood ‖α− αo‖2 = op(n
−1/4). Since ‖·‖ is equivalent to ‖·‖2, Assumption 4.6 in AC is

satisfied trivially. Assumption 4.5 in AC is satisfied by

Assumption 4.7. (iii)

∫ √
ln[N(ε,Ak, ‖·‖s)]dε <∞.

Denote

uijt,s = ρijt,s(αo).

Applying the results of AC, we have

(β̂ − βo) = −Ω−1
1

n

n∑

i=1

T−1∑

t=1

T∑

s=t+1

∑

j=t,s

uijt,sDt,s(vij, xij , zit,s) + op(
1√
n
).

Denote

Σ =
1

n

n∑

i=1

E





[
T−1∑

t=1

T∑

s=t+1

∑
j=t,s uijt,sDt,s(vij, xij, zit,s)

]
×

[
T−1∑

t=1

T∑

s=t+1

∑
j=t,s uijt,sDt,s(vij , xij, zit,s)

]′




.

Applying Theorem 4.1 in AC, we obtain:

Theorem 4.2. Under Assumption 2.1 and 4.1 - 4.7, we obtain
√
n(β̂ − βo)→ N(0,Ω−1ΣΩ−1).

It is worth pointing out the obvious discrepancy between the conditions imposed here for Theorem

4.2 and the conditions imposed in Ai and Chen (2003) for their Theorem 4.1. On the surface, it
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appears that Ai and Chen (2003) impose more conditions than we do here. The fact of the matter is

that most conditions imposed in Ai and Chen are trivially satisfied here because (i) the dependent

variable is bounded here; (ii) the regression function here is continuously differentiable so we do

not have to assume that the directional derivatives exist; and (iii) our estimator converges to the

true value in probability under the stronger L2 norm at rate faster than n−1/4 so we do not have to

control for the higher order bias terms.

4.0.2 Covariance

The asymptotic distribution derived in Theorem 4.2 is useful only if a consistent covariance matrix

is provided. In this section, we present a consistent covariance matrix for Ω−1ΣΩ−1. First, we

present a consistent estimator for Ω. To this end, we need a consistent estimator of w∗t,s. Notice

that the criterion function in (5) is globally convex. we have w∗t,s ∈ Wt,sh ⊂ Wt,sh with Wt,sh

compact under the sup metric. Suppose that the following condition is satisfied.

Assumption 4.8. For any j and some constant c > 0, w∗t,s ∈ Λ2c(V).

Then, without loss of generality, we can restrictW t,sh to a Hölder ball and approximate W t,sh with

Wt,shk = W1t,shk × · · · ×Wdim(β)t,shk and

Wjt,shk = {pk(v, z)′π : π′π ≤ C} ⊂ Λ2c(V)
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for some constant C. We estimate w∗t,s by

ŵt,s(·) = arg min
wt,s(·)

1

n

n∑

i=1

T−1∑

t=1

T∑

s=t+1

∑

j=t,s

ϕ(ĥt,s(vij + x′ijβ̂, zit,s))
2 ×(6)

∥∥∥∥∥
∂ĥt,s(vij + x′ijβ̂, zit,s)

∂v
× xij − wt,s(ĥt,s(vij + x′ijβ̂, zit,s))

∥∥∥∥∥

2

E

.(7)

Notice that wt,s(·) is linear in series basis functions. The above problem is a system of seemingly

unrelated regression with no cross equation restrictions on the coefficients. Since the SNL estimator

α̂ is consistent under the strong metric ‖·‖s and the sieve approximation Wjt,shk is in the Hölder

ball, it is straightforward to show

1

n

n∑

i=1

T−1∑

t=1

T∑

s=t+1

∑

j=t,s

ϕ(ĥt,s(vij + x′ijβ̂, zit,s))
2 ×

∥∥∥∥∥
∂ĥt,s(vij + x′ijβ̂, zit,s)

∂v
× xij − wt,s(ĥt,s(vij + x′ijβ̂, zit,s))

∥∥∥∥∥

2

E

=
1

n

n∑

i=1

T−1∑

t=1

T∑

s=t+1

∑

j=t,s

ϕ(ht,so(vij + x′ijβo, zit,s))
2 ×

∥∥∥∥
∂ht,so(vij + x′ijβo, zit,s)

∂v
× xij − wt,s(ht,so(vij + x′ijβo, zit,s))

∥∥∥∥
2

E

+ op(1).

Moreover, since

ϕ(ht,so(vij + x′ijβo, zit,s))
2

∥∥∥∥
∂ht,so(vij + x′ijβo, zit,s)

∂v
× xij − wt,s(ht,so(vij + x′ijβo, zit,s))

∥∥∥∥
2

E

is bounded (and hence satisfies the envelope condition) and satisfies the Lipschitz condition, applying
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Lemma A.1 of Ai and Chen (2003), we obtain

1

n

n∑

i=1

T−1∑

t=1

T∑

s=t+1

∑

j=t,s

ϕ(ht,so(vij + x′ijβo, zit,s))
2 ×

∥∥∥∥
∂ht,so(vij + x′ijβo, zit,s)

∂v
× xij − wt,s(ht,so(vij + x′ijβo, zit,s))

∥∥∥∥
2

E

= E





1
n

n∑

i=1

T−1∑

t=1

T∑

s=t+1

∑
j=t,s ϕ(ht,so(vij + x′ijβo, zit,s))

2×
∥∥∥∂ht,so(vij+x

′

ijβo,zit,s)

∂v
× xij − wt,s(ht,so(vij + x′ijβo, zit,s))

∥∥∥
2

E




+ op(1)

uniformly over wt,s ∈ W t,sh. This and the compactness ofWt,sh implies ŵt,s(v, z) = w∗t,s(v, z)+op(1)

uniformly over (v, z). Denote

D̂t,s(vij , xij , zit,s) = ϕ(ĥt,s(vij + x′ijβ̂, zit,s))×(
∂ĥt,s(vij + x′ijβ̂, zit,s)

∂v
× xij − ŵt,s(ĥt,s(vij + x′ijβ̂, zit,s))

)
;

Ω̂ =
1

n

n∑

i=1

T−1∑

t=1

T∑

s=t+1

∑

j=t,s

D̂t,s(vij , xij , zit,s)D̂t,s(vij , xij , zit,s)
′.

Then D̂t,s(vij, xij , zit,s) = Dt,s(vij, xij, zit,s) uniformly over (vij , xij , zit,s) and hence Ω̂ = Ω + op(1).

Next, we present a consistent estimator for Σ. Denote

ε̂ijt,s = yij − Φ(ĥt,s(vij + x′ijβ̂, zit,s)).

It follows from Lemma 3.1 that ε̂ijt,s = εijt,s + op(1) uniformly over i and j. We estimate Σ by

Σ̂ =
1

n

n∑

i=1





[
T−1∑

t=1

T∑

s=t+1

∑
j=t,s ε̂ijt,sD̂t,s(vij, xij , zit,s)

]
×

[
T−1∑

t=1

T∑

s=t+1

∑
j=t,s ε̂ijt,sD̂t,s(vij , xij, zit,s)

]′




.
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The uniform convergence of ε̂ijt,sD̂t,s(vij , xij, zit,s) implies Σ̂ = Σ + +op(1).

Theorem 4.3. Under Assumption 2.1 and 4.1 - 3.8, we obtain Ω̂−1Σ̂Ω̂−1 = Ω−1ΣΩ−1 + op(1).

Theorem 4.3 provides standard errors for the β estimator that can be used in statistical inference.

5 Conclusion

In this paper, we study estimation of the panel fixed effect binary choice model. Panel fixed-

effect binary choice model is common in empirical studies; but its estimation is known to be quite

difficult. Honoré and Lewbel (2003) presents a root-n consistent estimator at the cost that a "special

regressor" exists. In this paper, we also present a root-n consistent estimator at the cost of a "special

regressor". However, our "special regressor" is not required to satisfy a stringent support condition

that their "special regressor" is required to satisfy. The key insight is that the conditional mean

of the dependent variable has an index form which does not vary with time and hence satisfies a

cross-equation restriction. This cross-equation restriction is the key to identify the parameter of

interest. Under some sufficient conditions, we show that our estimator is root-n consistent and

asymptotically normally distributed. We also provide an easy to compute and consistent covariance

matrix.

Our estimator, however, has limitations. For instance, it rules out models with predetermined

regressors such as lagged dependent variables. Extension of our approach to allow for predetermined

regressors is conceivable and will be pursued in a future study.
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